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1. Introduction  

         In the field of Finsler geometry, recurrent spaces have been a topic of significant interest 

due to their deep structural and geometric properties. This paper focuses on a particular class of 

Finsler spaces, referred to as generalized   -recurrent spaces (denoted as    -   ). These 

spaces are characterized by a specific condition on the Cartan's third curvature tensor, where the 

non-null covariant vector fields        and    play a crucial role. By exploring various 

relationships and conditions, such as transvection by the metric tensor and covariant derivatives, 

we derive essential results regarding the properties of    -   , including the non-vanishing of 

important geometric tensors like the Ricci tensor, curvature vector, deviation tensor, and the 

curvature scalar. The study not only provides a clearer understanding of the structure of these 

spaces but also contributes new identities that hold within    -   , which further enhance the 

broader theory of recurrent spaces in Finsler geometry. 

Abstract: In this paper, we investigate a class of Finsler spaces, termed generalized   -

recurrent spaces (denoted as    -   ), where the Cartan's third curvature tensor satisfies a 

specific condition involving non-null covariant vector fields. We provide several 

characterizations and properties of these spaces, starting with the equivalence of two distinct 

forms of the curvature condition, and prove key theorems about the non-vanishing of essential 

tensors like the Ricci tensor, curvature vector, deviation tensor, and the curvature scalar. 

Furthermore, we derive important identities associated with the covariant differentiation of 

tensors in these spaces, such as the h-covariant derivative of the h(v)-torsion tensor and 

deviation tensor. These identities play a crucial role in understanding the geometric structure 

of    -   , and the results contribute to the broader theory of recurrent spaces in Finsler 

geometry. The paper concludes by presenting several new identities, which hold in    -   , 

thus advancing the theoretical framework of generalized recurrent spaces in differential 

geometry.  

Keywords: Finsler space, Generalized    -recurrent space, h(v)-torsion tensor.         

mailto:adel.math.edu@aden.net
https://doi.org/10.47372/jef.(2024)18.2.7119


JEF/Journal of Education Faculties  

     Volume 18, Issue (2), 2024   

 جامعة عدن –كليات التربية مجلة 

 م 0202 ،(2عدد )، ال81 لدالمج   

 

Generalized   -Recurrent Spaces in Finsler Geometry  .....                                                                           Al-Qashbari 

622 

In recent years, the study of Finsler spaces, particularly in the context of recurrent and projective 

curvature tensors, has gained significant attention in the field of differential geometry and 

mathematical physics. Researchers such as AL-Qashbari et al. (2024, 2025) have made 

considerable contributions to the understanding of R-projective curvature tensors and their 

relations in recurrent Finsler spaces, with notable works focusing on mixed birecurrent Finsler 

spaces and generalized recurrent tensor fields. These studies explore the Lie derivative’s role in 

various curvature tensors, as seen in works by AL-Qashbari and Baleedi (2023) on the M-

projective curvature tensor and K-curvature inheritance. Moreover, Atashafrouz and Najafi 

(2021) delved into D-recurrent Finsler metrics, offering a framework that further expands the 

general theory of curvature tensors in Finsler geometry. The contributions by Ghadle et al. 

(2024) and Opondo (2021) provide additional insights into generalized BP-recurrent spaces, 

laying the groundwork for deeper analyses of tensor fields and their applications. This body of 

work, complemented by foundational texts such as Rund's (1959) The Differential Geometry of 

Finsler Spaces, has paved the way for this research, which seeks to extend these ideas and 

explore new relationships in higher-order generalized Finsler spaces. In particular, this paper will 

focus on the study of M-projective curvature tensors in the context of    -     spaces, using 

Lie derivatives as a critical tool in understanding their geometric properties. 

         Let us consider an n-dimensional Finsler space equipped with the metric function F 

satisfying the requisite conditions [15]. Let consider the components of the corresponding metric 

tensor    , Cartan's connection parameters    
   and Berwald’s connection parameters

     
  . These 

are symmetric in their lower indices and positively homogeneous of degree zero in the 

directional arguments.  

The two sets of quantities     and its associate tensor     are related by  

(1.1)             
     

   {   
                              
                              

     

The vectors      and     satisfies the following relations 

(1.2)        a)             
    ,     b)       

       ,      c)        ̇      ̇      , 

               d)        
  

 

 
  ̇   

    ̇            and      e)    ̇   
    

    . 

The tensor        defined by   

(1.3)            
 

 
 ̇      

 

 
  ̇   ̇   ̇   

        

is known as (h) hv-torsion tensor. It is positively homogeneous of degree  -1 in the directional 

arguments and symmetric in all its indices.    

The (v) hv-torsion tensor       
 and its associate (h) hv-torsion tensor       are related by 

(1.4)       a)          
         

         
       and    b)      

        
        . 
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The (v)hv-torsion tensor      
 is also positively homogeneous of degree -1 in the directional 

arguments and symmetric in its lower indices.   

 . Cartan deduced the h-covariant derivative for an arbitrary vector filed    with respect to      

(1.5)        
 ׀
      

  ( ̇   
 )   

         
      . 

The metric tensor      and the vector     are covariant constant with respect to a above process. 

(1.6)       a)       ׀      ,    b)    
 ׀
        and    c)     

 ׀

      .  

The process of h-covariant differentiation with respect to    commute with partial differentiation 

with respect to     for arbitrary vector filed     , according to 

 ׀ ) ̇        (1.7)
 )  ( ̇  

 )
 ׀
   ( ̇     

  )  ( ̇  
 )     

    ,   where  

(1.8)       a)     ̇    
       

     ,    b)       
          

      and   c)        
         

  . 

The tensor      
  is called v(hv) –torsion tensor and its associate tensor       is given by 

(1.9)              
        .    

The quantities       
 and    

  form the components of tensors and they called h-curvature tensor 

of Berwald  (Berwald curvature tensor) and torsion tensor, respectively, and defined as follow: 

(1.10)     a)       
        

     
      

       
     

            

and         b)      
         

      
     

      ⁄   . 

They are skew-symmetric in their lower indices, i.e.    and   . Also they are positively 

homogeneous of degree zero and one, respectively in their directional arguments. They are also 

related by   

(1.11)     a)        
        

     ,   b)       
       

     and   c)      
       

   . 

These tensors were constructed initially by mean of the tensor     
 , called the deviation tensor, 

given by  

(1.12)       
        

        
            

        
     

  . 

The deviation tensor     
 is positively homogeneous of degree two in the directional arguments.  

In view of Euler's theorem on homogeneous functions and by contracting the indices i  and  h  in 

(1.11) and (1.12), we have the following:       

(1.13)     a)       
           

        
   and     b)        

     . 

The quantities        
 and      

 are satisfies the following  

(1.14)     a)                   
   ,   b)                 

   and   c)           
     . 

Cartan's third curvature tensor     
  satisfies the identity known as Bianchi identity  

                                                             
*       ⁄  means the subtraction from the former term by interchanging the indices  h  and k  . 
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(1.15)     a)    
 ׀   
   

 ׀   
   

 ׀   
  (    

     
      

     
      

     
 )      

and         b)                      (         
           

           
 )        , 

where     c)        
   ̇    

    
 ׀  
      

  
  ׀  
     . 

The Ricci tensor      , the deviation tensor   
  and the curvature scalar   of the curvature tensor 

    
  are given by 

(1.16)     a)       
       

      
     ,   b)                 

     ,   c)          
         , 

               d)       
             ,   e)       

        
    and   f)        

       . 

The contracted tensor    (Ricci tensor) and    (Curvature vector) are also connected by  

(1.17)     a)       
       ,    b)       

        and   c)       
       .     

Also this tensor satisfies the following relation too 

(1.18)     a)       
      

     
       

     ,   b)                        
    

and         c)          
          ,   where 

      is the associate curvature tensor of     
  . Cartan’s fourth curvature tensor     

  and its 

associate curvature tensor of      satisfy the following known as Bianchi identities  

(1.19)     a)        
      

      
       and    b)                          .  

2. On Generalized   -Recurrent Space 

         Let us consider a Finsler space    whose Cartan's third curvature tensor     
   satisfies the 

following condition  

(2.1)        
 ׀   
        

    (  
        

     )  
 

 
  (  

       
    )   ,       

      ,  where 

       and     are non-null covariant vectors field. We shall call such space as a generalized   -

recurrent space. We shall denote it briefly by    -     . 

Transvecting of (2.1) by the metric tensor     , using (1.6a), (1.16b), (1.16f) and (1.1), we get  

(               )             ׀             (2.2)  
 

 
  (             )  . 

Conversely, the transvection of the condition (2.2) by the associate tensor     of the metric 

tensor      ,  yields the condition (2.1). Thus, the condition (2.2) is equivalent to the condition 

(2.1). Therefore, a generalized   - recurrent space characterized by the condition (2.2). 

This compelling evidence leads us to conclude that 

Theorem 2.1. An    -    space , may characterized by the condition (2.2). 

Let us consider     -       characterized by the condition (2.2). 

Transvecting the condition (2.1) by   , using (1.6b), (1.16a) and (1.2a), we get  

(2.3)        
 ׀  
        

    (  
       

    )  
 

 
  (  

        
   )   . 
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Further, transvecting (2.3) by   , using (1.6b), (1.13a), (1.2b) and in view of (1.1), we get  

(2.4)        
 ׀ 
       

    (  
         

 )  
 

 
  (   

       
     

 )   . 

Hence, it follows that the experiment was successful 

Theorem 2.2. In    -    space, the h-covariant derivative of the h(v)-torsion tensor     
  and 

the deviation tensor     
  is given by the conditions (2.3) and (2.4), respectively. 

Contracting the indices i and h in the condition (2.1), using (1.17c) and (1.1), we get  

        (   )        ׀          (2.5)
 

 
  (         )  , where    

     . 

Transvecting (2.5) by    , using (1.6b), (1.17a), (1.2b) and (1.2a), we get  

       (   )        ׀         (2.6)
 

 
  (       )   . 

Further, transvecting the condition (2.1) by the associate tensor     of the metric tensor      , 

using (1.6c), (1.16e) and in view of (1.1), we get  

(2.7)        
 ׀ 
        

  (   )      
  

 

 
  (   

      
   

 )  . 

Contracting the indices i  and  h  in condition (2.7) and using (1.1), we get  

    (   )         ׀        (2.8)
 

 
  (   )   , where     

    . 

The conditions (2.5), (2.6), (2.7) and (2.8), show that the Ricci tensor     , the curvature vector 

   , the deviation tensor    
  and the curvature scalar   of a generalized   -recurrent space 

cannot vanish, because the vanishing of them imply the vanishing of the covariant vector field  

   ,  i.e.       ,  a contradiction. 

This compelling evidence leads us to conclude that 

Theorem 2.3. In     -     space, the Ricci tensor     , the curvature vector    , the deviation 

tensor     
  and the curvature scalar    are non-vanishing. 

3. Certain Identities  

         In this section we shall obtain some identities in    -    .   

Taking h-covariant differentiation of the formula (1.15b) with respect to    in the sense of Cartan 

and transvecting (1.15b) by the associate tensor     of the metric tensor      , using (1.6c), 

(1.16a), (1.16d) and (1.4a), we get  

                
 ׀   

   ׀          
   )  ׀       

    
             

              
 )

 ׀
    . 

Using equation (2.1) in the above equation, we get 

(3.1)             
    (  

        
     )  

 

 
  (  

       
    )   

   ׀        
  ׀        

                 (   
     

              
              

 )
 ׀
     . 

Transvecting (3.1) by   , using (1.6b), (1.16a), (1.18c), (1.4b) and (1.4a), we get  

(3.2)             
    (  

       
    )  

 

 
  (   

       
   )     

   ׀       
 .     ׀       
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This compelling evidence leads us to conclude that 

Theorem 3.1. In    -    space, the identities (3.1) and (3.2) hold good. 

Using (1.16a) and (1.16b) in the identity (1.15b), we get 

(3.3)              
         

         
          

          
          

     . 

Now, transvecting (3.3) by    , using (1.2a) and (1.4b), we get  

(3.4)              
        

         
      . 

Also, transvecting (3.3) by    , using (1.16a), (1.14b) and (1.4b), we get  

(3.5)                                . 

Transvecting (3.4) by     , using (1.13a) and (1.2a), we get  

(3.6)             
         

     . 

Hence, it follows that the experiment was successful 

Theorem 3.2. In    -    space, the identities (3.4), (3.5) and (3.6) hold good. 

Using (1.16a) in the identity (1.15a), we get 

(3.7)             
        

        
      

     
      

     
      

     
      . 

In view of the condition (2.1), the identity (3.7), may be written as 

(3.8)              
         

         
    (  

       
    )  

 

 
  (  

       
    )  

                   (  
       

    )  
 

 
  (  

       
    )    (  

       
    )      

                
 

 
  (  

       
    )  (    

     
      

     
     

     
 )      . 

Transvecting (3.8) by     , using (1.16a), (1.2a) and (1.8c), we get  

(3.9)            
         

       
    (   

       
    )  

 

 
  (   

      
   ) 

                   (  
       

    )  
 

 
  (  

       
   )    (   

      
     )      

                
 

 
  (   

       
   )  (    

    
      

    
      

    
 )     . 

Transvecting (3.9) by   , using (1.13a), (1.2b), (1.1) and (1.8b), we get  

(3.10)           
       

       
    (    

        
 )  

 

 
  (   

      
    

 ) 

                   (     
     

   )  
 

 
  (  

     
     

   )    (  
        

   )       

                
 

 
  (   

       
   )  (    

    
      

    
 )      , 

where      
      ,      

      and       
      . 

Hence, it follows that the experiment was successful 

Theorem 3.3. In    -    space, the identities (3.8), (3.9) and (3.10) hold good. 

Transvecting (3.9) and (3.10) by the vector    , using (1.14c), (1.1), (1.13b) and (1.2b), we get   

(3.11)        (   
       

    )    
 

 
  (   

      
   )      (  

       
    )    
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  (  

       
   )      (   

      
    )    

 

 
  (   

       
   )         

                 (    
    

      
    

      
    

  )        ,   and 

(3.12)        (     
        

 )  
 

 
  (   

      
    

 )      (    
        

   ) 

                 
 

 
  (  

      
     

   )      (  
        

   )       

                 
 

 
  (   

       
   )       

      
     

      
     , respectively. 

Hence, it follows that the experiment was successful 

Theorem 3.4. In     -    space, the identity (3.11) holds good. 

Theorem 3.5. In     -    space , we have the identity (3.12). 

Transvecting (3.8), (3.9) and (3.10) by the metric tensor     , using (1.16b), (1.1), (1.9b), 

(1.14b), (1.9a) and (1.2a), we get   

(3.13)                               (                )  
 

 
  (              )       

                   (               )  
 

 
  (             )    (                ) 

                
 

 
  (             )  (    

           
          

       )      ,  

(3.14)                                (   
       

   )     
 

 
  (           ) 

                   (  
       

   )     
 

 
  (           )    (   

      
    )          

                
 

 
  (           )  (    

          
           

     )       ,   and 

(3.15)         (     
       

       
  )    (    

       )  
 

 
  (    

      )       

                  (            
 )  

 

 
  (         

 )    (             ) 

                
 

 
  (           )  (   

          
     )     , respectively. 

Hence, it follows that the experiment was successful 

Theorem 3.6. In     -    space , the identities (3.13), (3.14) and (3.15) hold good.  

4. Recommendations: 

Exploration of Related Structures: It is recommended that future research extends the concept 

of    -    to explore its interactions with other geometric structures such as Riemannian 

spaces or generalized Berwald spaces. This could potentially lead to new insights or deeper 

connections between different branches of differential geometry. 

Generalizations: The work could be expanded by generalizing the conditions on the Cartan 

curvature tensor to include other forms of covariant vector fields or higher-order derivatives. 

This would allow for the exploration of more complex recurrent spaces and their potential 

applications. 
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Further Characterization of Tensors: Future studies could focus on further characterizing the 

essential tensors in    -    beyond their non-vanishing properties, aiming to provide more in-

depth geometric interpretations or classification results. 

Interdisciplinary Research: Given the theoretical importance of recurrent spaces in Finsler 

geometry, interdisciplinary research involving physics, particularly in fields like general 

relativity and quantum mechanics, may offer fruitful applications of the theoretical results 

derived here. 
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 لر:سالتكرارية في هنذسة فن-   مة معمالفضاءات ال

 ات والتوصيفاتمتطابقالخصائص وال 

القشبري عادل محمذ علي
2,6  

 انًٍٍ - عذٌ جبيعت - عذٌ - انخشبٍت كهٍت - انشٌبضٍبث قسى
6

 

 عذٌ -جبيعت انعهٕو ٔانخكُٕنٕجٍب  -كهٍت انُٓذست ٔانحبسببث  -قسى انُٓذست انطبٍت 
2

 
 

 

 

نًشبس إنٍٓب انخكشاسٌت ا-   ًت ًعًفً ْزِ انٕسقت انبحثٍت، َذسط فئت يٍ فضبءاث فُسهش، انخً حسًُى انفضبءاث انالملخص: 

، حٍث ٌحقق يٕحش الاَحُبء انثبنث نِكبسحبٌ ششطًب يعٍُبً ٌخضًٍ حقٕل يخجٓبث غٍش يعذٔيت. َقذو عذة (   -   )بـ

حٕصٍفبث ٔخصبئص نٓزِ انفضبءاث، بذءًا يٍ حكبفؤ شكهٍٍ يخًٍضٌٍ نششط الاَحُبء، َٔثبج بعض انُظشٌبث الأسبسٍت حٕل 

ٕحش الاَحشاف، ٔانًقٍبط الاَحُبئً. علأة عهى رنك، يٕحش سٌخشً، يخجّ الاَحُبء، يبسٍت يثم ٕحشاث الأسًعذو صٔال ان

-h(v) ٕحشًن -h بث ْبيت يشحبطت ببنخفبضم انًخغبٌش نهًٕحشاث فً ْزِ انفضبءاث، يثم انًشخقت انًخغبٌشةيخطببقَشخق 

ب فً فٓىًخطببقٕحش الاَحشاف. حهعب ْزِ انيالانخٕاء ٔ ًً ، ٔحسبْى انُخبئج     -    انبٍُت انُٓذسٍت نهفضبءاث بث دٔسًا حبس

-     بث جذٌذة حُطبق فًيخطببقهش. حخخخى انٕسقت بخقذٌى عذة سفً حٕسٍع انُظشٌت انعبيت نهفضبءاث انخكشاسٌت فً ُْذست فُ

 .بضهٍت، يًب ٌعضص الإطبس انُظشي نهفضبءاث انخكشاسٌت انعبيت فً انُٓذست انخف   

 .يٕثش الانخٕاء،  أحبدي انًعبٔدة -    فُسهش فضبء، حعًٍى فُسهش فضبء كلمات مفتاحيه:


