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Abstract: In this paper, we investigate a class of Finsler spaces, termed generalized R"-
recurrent spaces (denoted as GR"-RE,), where the Cartan's third curvature tensor satisfies a
specific condition involving non-null covariant vector fields. We provide several
characterizations and properties of these spaces, starting with the equivalence of two distinct
forms of the curvature condition, and prove key theorems about the non-vanishing of essential
tensors like the Ricci tensor, curvature vector, deviation tensor, and the curvature scalar.
Furthermore, we derive important identities associated with the covariant differentiation of
tensors in these spaces, such as the h-covariant derivative of the h(v)-torsion tensor and
deviation tensor. These identities play a crucial role in understanding the geometric structure
of GR"-RE,, and the results contribute to the broader theory of recurrent spaces in Finsler
geometry. The paper concludes by presenting several new identities, which hold in GR"-RE,,
thus advancing the theoretical framework of generalized recurrent spaces in differential
geometry.

Keywords: Finsler space, Generalized R"-recurrent space, h(v)-torsion tensor.

1. Introduction

In the field of Finsler geometry, recurrent spaces have been a topic of significant interest
due to their deep structural and geometric properties. This paper focuses on a particular class of
Finsler spaces, referred to as generalized R"-recurrent spaces (denoted as GR"-RE,). These
spaces are characterized by a specific condition on the Cartan's third curvature tensor, where the
non-null covariant vector fields A;,u; and y; play a crucial role. By exploring various
relationships and conditions, such as transvection by the metric tensor and covariant derivatives,
we derive essential results regarding the properties of GR"-RE,, including the non-vanishing of
important geometric tensors like the Ricci tensor, curvature vector, deviation tensor, and the
curvature scalar. The study not only provides a clearer understanding of the structure of these
spaces but also contributes new identities that hold within GR"-RE,, which further enhance the

broader theory of recurrent spaces in Finsler geometry.
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In recent years, the study of Finsler spaces, particularly in the context of recurrent and projective
curvature tensors, has gained significant attention in the field of differential geometry and
mathematical physics. Researchers such as AL-Qashbari et al. (2024, 2025) have made
considerable contributions to the understanding of R-projective curvature tensors and their
relations in recurrent Finsler spaces, with notable works focusing on mixed birecurrent Finsler
spaces and generalized recurrent tensor fields. These studies explore the Lie derivative’s role in
various curvature tensors, as seen in works by AL-Qashbari and Baleedi (2023) on the M-
projective curvature tensor and K-curvature inheritance. Moreover, Atashafrouz and Najafi
(2021) delved into D-recurrent Finsler metrics, offering a framework that further expands the
general theory of curvature tensors in Finsler geometry. The contributions by Ghadle et al.
(2024) and Opondo (2021) provide additional insights into generalized BP-recurrent spaces,
laying the groundwork for deeper analyses of tensor fields and their applications. This body of
work, complemented by foundational texts such as Rund's (1959) The Differential Geometry of
Finsler Spaces, has paved the way for this research, which seeks to extend these ideas and
explore new relationships in higher-order generalized Finsler spaces. In particular, this paper will
focus on the study of M-projective curvature tensors in the context of GBK-5RF,, spaces, using
Lie derivatives as a critical tool in understanding their geometric properties.

Let us consider an n-dimensional Finsler space equipped with the metric function F
satisfying the requisite conditions [15]. Let consider the components of the corresponding metric

tensor g;;, Cartan's connection parameters '} and Berwald’s connection parameters G, . These
gl] jk jk

are symmetric in their lower indices and positively homogeneous of degree zero in the
directional arguments.
The two sets of quantities g;; and its associate tensor gY are related by

: 1, if i=k
Ik = 8§k = ’ ’
(L) 99" =6 { 0, if i*k

The vectors y; and y' satisfies the following relations
(12) a) yi=g;y . b yiy'=F>, ¢) gi=0;y,=0;y
. 1 . . . . .

d) gl]yjzzalezFalF and e) ajy‘=6jl

The tensor C;j;, defined by
1 . 1 . . .

(13)  Cijx =30 gjx =5 0i 0; 0 F?
is known as (h) hv-torsion tensor. It is positively homogeneous of degree -1 in the directional
arguments and symmetric in all its indices.

The (v) hv-torsion tensor C/} and its associate (h) hv-torsion tensor C; jk are related by

(14) &) Cipy'=Crijy' =Cjuy'=0 and b) Chy/ =Cl;y/ =0.
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The (v)hv-torsion tensor C}, is also positively homogeneous of degree -1 in the directional
arguments and symmetric in its lower indices.

E. Cartan deduced the h-covariant derivative for an arbitrary vector filed X* with respect to x*
(15) X, =0 X' — (3, X') Gf + X" T

The metric tensor g;; and the vector y' are covariant constant with respect to a above process.
(16) @) g;,=0 , b) y: =0 and ¢) g’/=0.

The process of h-covariant differentiation with respect to x* commute with partial differentiation
with respect to y/ for arbitrary vector filed X!, according to

@n 9 (xL) - (8x9), =x"(8; Ti) - (3,X") P . where

(18) a) 9Tk = Tine + b) Piny* =0 =P y" and c) Pjikhyj :Pjikh :

The tensor P}, is called v(hv) —torsion tensor and its associate tensor Pjp, is given by

(1.9)  Grj Pin = Prjn -

The quantities Hjikh and H_, form the components of tensors and they called h-curvature tensor
of Berwald (Berwald curvature tensor) and torsion tensor, respectively, and defined as follow:
(1.10) @) Hjyp = 0; G + Gl Grj + Glyj Gi — h/k

and b) Hi, =0,G. + GL CL, — h/k .

They are skew-symmetric in their lower indices, i.e. k and h . Also they are positively

homogeneous of degree zero and one, respectively in their directional arguments. They are also
related by

(111) a) Hyny/ =Hip , b) Hjyn=0;HL, and c) Hj, = 0;H} .

These tensors were constructed initially by mean of the tensor H} , called the deviation tensor,
given by

(1.12) H.=20,G'—0,G: y" + 2G};G°—GL G} .

The deviation tensor H}, is positively homogeneous of degree two in the directional arguments.

In view of Euler's theorem on homogeneous functions and by contracting the indicesi and h in
(1.11) and (1.12), we have the following:

(1.13) a) Hyy/=—Hj;y/ =H; and b) y;H =0 .
The quantities H,, and Hj, are satisfies the following
(1.14) &) Hien =gjr Hhe + D) Hpyen = gjeHfy and ¢) y;Hj, =0 .

Cartan's third curvature tensor R}kh satisfies the identity known as Bianchi identity

* —h/k means the subtraction from the former term by interchanging the indices h and k .
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+ R;hs|k + (R;nhs jlkr + R;‘nkhpjlsr + ansk jlhr) y"=0

and b) Rijnk + Rinkj + Rixjn + (Cijs K + Cins KZkj + Ciks Krsjh) y' =0,

+ R!

(1.15) a) R !

khis

where ¢) Pjj; = 05[] — Cryyj + Clm Clgy Y™ -
The Ricci tensor Ry , the deviation tensor R}, and the curvature scalar R of the curvature tensor
R}, are given by
(1.16) &) Rixny’ = Hi = Ky’ o ) Rijnie = 9rj Rk + ©) Riknm Y’ = Hinm
d) Rhe =9 Rijnk . € Rjikh g’ =R}, and f) gipR} =Rjp .

The contracted tensor Ry, (Ricci tensor) and R, (Curvature vector) are also connected by
(117) a) Ryxy*=R; , b) Ry’ =H, and c) R =Ry .
Also this tensor satisfies the following relation too
(1.18) @) Rjn = Kjin + Cfs K3k y” + b) Rijn = Kijin + Cijs Hign
and ¢) Rignmy’ = Hgnm . Where
Rijin is the associate curvature tensor of Rf, . Cartan’s fourth curvature tensor K}, and its
associate curvature tensor of K; ;,satisfy the following known as Bianchi identities
(119) @) Kfp+Kije+ Kinj =0 and b) Kpren + Knrjie + Kirnj = 0
2. On Generalized R"-Recurrent Space

Let us consider a Finsler space F,, whose Cartan's third curvature tensor R}kh satisfies the
following condition
(2.1) R;kh” = AR, + (84 gji — 8% gjn) + iyl(Riilgjk ~Rigjn) + Rjen =0 , where
A,y and y; are non-null covariant vectors field. We shall call such space as a generalized R"-
recurrent space. We shall denote it briefly by GR"- RE, .
Transvecting of (2.1) by the metric tensor g;,, , using (1.6a), (1.16b), (1.16f) and (1.1), we get

(2.2) Ripknn = MiRjpren + (9np Gix — Irp 9jn) + iyl(thgjk — Ripin) -

Conversely, the transvection of the condition (2.2) by the associate tensor g'? of the metric
tensor g;, , Yyields the condition (2.1). Thus, the condition (2.2) is equivalent to the condition
(2.1). Therefore, a generalized R"- recurrent space characterized by the condition (2.2).

This compelling evidence leads us to conclude that

Theorem 2.1. An GR™-RE, space , may characterized by the condition (2.2).

Let us consider G R"- R E, characterized by the condition (2.2).

Transvecting the condition (2.1) by y/, using (1.6b), (1.16a) and (1.2a), we get

. . . . 1 . .
(2.3)  H,,, = A Hig + (8} yie = 61 yn) + Z)/I(R;l Ye —Riyn) -
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Further, transvecting (2.3) by y*, using (1.6b), (1.13a), (1.2b) and in view of (1.1), we get

(24)  Hy, =N Hy+m(65F? — ypy') + Z)/I(R;L FZ —Riyny")
Hence, it follows that the experiment was successful
Theorem 2.2. In GR"-RE, space, the h-covariant derivative of the h(v)-torsion tensor H}, and
the deviation tensor H}, is given by the conditions (2.3) and (2.4), respectively.
Contracting the indices i and h in the condition (2.1), using (1.17¢) and (1.1), we get

1 .
(25) Rjkll = Alek + (Tl — 1) Uy Gjk + ZYL(R Ijk — R]k) , Where Rll =R .
Transvecting (2.5) by y* , using (1.6b), (1.17a), (1.2b) and (1.2a), we get

1

Further, transvecting the condition (2.1) by the associate tensor g/* of the metric tensor Jjk »

using (1.6¢), (1.16e) and in view of (1.1), we get

27) Ry, =X4R,+{n—1) s +i)’l(Rri19 ~ R, %) -

Contracting the indices i and h in condition (2.7) and using (1.1), we get
(28) Ry=A4R+n(m—1)u+5y(g—1R ,where RL =R.
The conditions (2.5), (2.6), (2.7) and (2.8), show that the Ricci tensor R , the curvature vector
R; , the deviation tensor R} and the curvature scalar R of a generalized R"-recurrent space
cannot vanish, because the vanishing of them imply the vanishing of the covariant vector field
U, i.e. w; =0, acontradiction.
This compelling evidence leads us to conclude that
Theorem 2.3. In G R"-R E,, space, the Ricci tensor Rji , the curvature vector R; , the deviation
tensor R} and the curvature scalar R are non-vanishing.
3. Certain ldentities

In this section we shall obtain some identities in GR"-RE, .
Taking h-covariant differentiation of the formula (1.15b) with respect to x* in the sense of Cartan
and transvecting (1.15b) by the associate tensor g/? of the metric tensor Jjp » using (1.6¢),
(1.16a), (1.16d) and (1.4a), we get

R+ 97" Rinicju + 97" Riejn + (CHR + 977 Cins Hij + 977 Cues Hij ), = 0

Using equation (2.1) in the above equation, we get

(31) ARy + (S gin — 85 gix) + V(R Gin — RRGix) + 9P Ripgeju + 977 Rigjnu
+ (CLI; Hﬁk + gjpcihs Hlij + gijiks Hﬁl 1 =0
Transvecting (3.1) by y*, using (1.6b), (1.16a), (1.18c), (1.4b) and (1.4a), we get

. 1 . .
(32)  AHp + (S yr — 8k vi) + V(R v — RE Vi) + 9P Hpyju + 9P Hyjpy = 0

Generalized R"*-Recurrent Spaces in Finsler Geometry..... Al-Qashbari



JEF/Journal of Education Faculties o6 dasler — Ayl LK Y2

Volume 18, Issue (2), 2024 £ 2024 ((2) 0l 18 A

This compelling evidence leads us to conclude that
Theorem 3.1. In GR"-RE, space, the identities (3.1) and (3.2) hold good.
Using (1.16a) and (1.16b) in the identity (1.15b), we get
(3:3)  grjRink + graRixj + GriRijn + Cijs Hix + Cins Hij + Cus Hij, = 0
Now, transvecting (3.3) by y ", using (1.2a) and (1.4b), we get
(4)  yjHp+ynHgj+yeHjp =0 .
Also, transvecting (3.3) by y ¢, using (1.16a), (1.14b) and (1.4b), we get
(85 Hpjx+tHpnj+Hjrp=0
Transvecting (3.4) by y " , using (1.13a) and (1.2a), we get
(3.6) Irj Hy — grk er =0.
Hence, it follows that the experiment was successful
Theorem 3.2. In GR"-RE, space, the identities (3.4), (3.5) and (3.6) hold good.
Using (1.16a) in the identity (1.15a), we get
B.7)  Rijkn * Rinjik + Rikn)j + Hin Pijs + Hji Pips + Hij Pjgs = 0
In view of the condition (2.1), the identity (3.7), may be written as
1
(3.8) ARl + Ak Riyj + 2 Ry + 1n (87,915 — 6] gur) + ZVh(Rlcgij — R gix)
1
+ we (87 gin — 6},9:7) + ZYk(R]rgih — RLgi;) + 1i(8hgix — Sk gin)
1

+Z)/j(Rl1;gik - Rlcgih) + (Hlih Pirjs + jsk 515 + Hfij Z;cs) =0

Transvecting (3.8) by y!, using (1.16a), (1.2a) and (1.8c), we get
1
(3.9)  AwHj + A Hpj + LHi, + un(6ky; — 8]y ) + ;Vh(R;Z v; — Rl yi)
1
+ .Uk(5erh — & Yj) + ZVk(RjTYh —Rp, yj) + u;j(8h Yk — Ok Yn)
1

+Zyj(R}7;yk - R;:yh) + (HkShR]T.;' + ﬁc PIT;S + HiijPI:s) =0.
Transvecting (3.9) by y/, using (1.13a), (1.2b), (1.1) and (1.8b), we get
(3.10)  AnHg — AHp + A Hpp + un (S5 F2 =y y™) + %Yh(RIC F? =Rl yxy’)

+ e yny" = 65 F2) +2vi(RIyny? — R, F2) + 1 (8}, yie — 6 )

+v (R} i — R yn) + (HE Phy — HS Pi) =0
where 4;y/ =2, yjy/ =y and p;jy/ =u .
Hence, it follows that the experiment was successful

Theorem 3.3. In GR"-RE, space, the identities (3.8), (3.9) and (3.10) hold good.
Transvecting (3.9) and (3.10) by the vector y, , using (1.14c), (1.1), (1.13b) and (1.2b), we get

311) w8k y; — 67 vi) vr + 1 vu(REY; — RIYie) v + (6] yn — 6 )

Generalized R"-Recurrent Spaces in Finsler Geometry..... Al-Qashbari
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1 1
+2 V(BRI yn = REY;) yr + 18 yic = % yn) yr +5vi(RE Vi = R yn) ¥
+ (Hlihl:)j?;'i' ]%cP£s+HiijP£$)yr =0, and
1 .
(312) w6} F? = yi F2) + < yn(Ri F? = Rl yiy?) yr + i n F? = y, 8 F?)
1 .
+ V(R giny? — RE ;) yr + 1 (8% v — S ya) ¥
+ =¥ (Rhyi — RE yn) ¥ + HE F2Pji — H F2Pjig = 0, respectively.
Hence, it follows that the experiment was successful
Theorem 3.4. In GR"-RE, space, the identity (3.11) holds good.
Theorem 3.5. In GR"-RE, space , we have the identity (3.12).
Transvecting (3.8), (3.9) and (3.10) by the metric tensor g,.,, , using (1.16b), (1.1), (1.9b),
(1.14b), (1.9a) and (1.2a), we get
1
(3.13)  ApRimji + ARimnj + LRimin + n(Grem 9ij — 9jm Gix ) + th(kagi}' — RimGix)
1
+ (9 jm Gin = Gnm 9ij) + 7V (RimGin — Rrm3ij) + 1 (Gnm Gie = Giem in)
1
+Z)/j(Rhmgik - kagih) + (Hlih Pimjs + Hjsk Pimhs + Hrij Pimks) =0,
1
(3.14)  MHjmi + eHumj + AiHiemn + #n(85 v — 6] Vi) Grm + ZYh(kaYj — RimYk)
1
+ Hk(fsj'th —Op Yj) Irm + Zyk(ijYh - Rhm}’j) + 1 (8, Vi — Of Yn) Grm
1
+ZYj(Rhmyk - kaYh) + (Hlih ijs + Hjsk ths + HPSLj Pkms) =0 , and
1
(3-15) grm(thITcﬂ - AkHIT'Z + 4 HI:h ) + .uh(gksz — Yk ym) + th(kaFz - Rmyk)
1
it (Y Ym — Grm F?) + 2Ve(Rmyp — RymF?) + 1t (Grm Yk — Giem Yn)
+iy (RrmYk — RkmYn) + (Hg Prns — Hiy Pems) = 0, respectively.
Hence, it follows that the experiment was successful
Theorem 3.6. In GR"-RE, space , the identities (3.13), (3.14) and (3.15) hold good.
4. Recommendations:
Exploration of Related Structures: It is recommended that future research extends the concept
of GR"-RE, to explore its interactions with other geometric structures such as Riemannian
spaces or generalized Berwald spaces. This could potentially lead to new insights or deeper
connections between different branches of differential geometry.
Generalizations: The work could be expanded by generalizing the conditions on the Cartan
curvature tensor to include other forms of covariant vector fields or higher-order derivatives.

This would allow for the exploration of more complex recurrent spaces and their potential

applications.
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Further Characterization of Tensors: Future studies could focus on further characterizing the

essential tensors in GR™-RE, beyond their non-vanishing properties, aiming to provide more in-

depth geometric interpretations or classification results.

Interdisciplinary Research: Given the theoretical importance of recurrent spaces in Finsler

geometry, interdisciplinary research involving physics, particularly in fields like general

relativity and quantum mechanics, may offer fruitful applications of the theoretical results

derived here.
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Generalized R"-Recurrent Spaces in Finsler Geometry..... Al-Qashbari



