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1. Introduction:The Bernoulli polynomials, which play an important role in Analytic 

numbers Theory, are usually defined by means of the generating function  
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The polynomial   ( ) is monic and has degree k. for example   ( )        ( )    
 

 
   

In 1890, Humitz found the Fourier expansions(see[4],[7]) 
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The Fourier expansions (   ) and (   ) are actually valid for      , and the 

convergence is absolute and uniform on ,   -, except for   ( ) and    ( ). 

So we can construct the periodic extension of   ( ) on ,   - to R by taking fractional parts 

* + and using   (* +) instead of   ( ), these ,   --periodic extensions are continuous (see 

[7],[11]). Then (   ) and (   ) for     becone  
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We give new theorem is the main pillar of this paper (see the third section for details). Also 

using Bernoulli polynomials where, we take k=0  in equation (1.4)(see[6]) in order to obtain 

results.  

Abstract. This paper is devoted for the study of certain generalized the inverse trigonometric 

functions in real numbers. We study on inverse trigonometric functions and periodic functions 

by their Fourier series. At the end of this paper, we got new identicals that represents a 

generalization of the inverse trigonometric functions. 

Keywords: Floor Function, Fourier Series, Inverse Trigonometric Functions, Periodic 

Functions. 
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 Finally, we got new identity, it is very important, in  an applications for finding the 

summations, which are difficult to find the partial summation of them. 

Now, we introduce some preliminaries that are very important in this paper.  

2. Preliminaries 

Definition 2.1 ( see [2] ). A series of the form      
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/       .

   

 
/ /                                                                   (   ) 

    

is called a trigonometric series.  

Definition 2.2. ( see [2] ) If the trigonometric series in (2.1) convergent uniform to the 

function  f  in [-L,L], under series of the form: 
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Then  ( )   (  ) and the coefficients is 
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Definition 2.3.  ( see [9] ). A function  ( ) of one variable x is periodic with T, if T   

and  (   )   ( ).  

Definition 2.4. ( see [12],[13],[14],[15] )The floor function of real number x is define by 

symbol ⌊ ⌋ that satisfies ⌊ ⌋    ⌊ ⌋    ; the fraction part of x denoted by symbol* + 

That satisfies   ⌊ ⌋  * +; the ceiling function of x is  denoted by symbol * + that fits  

  ⌈ ⌉     .  

Theorem  2.1. (Euler's summation formula.[1]). Let f  be Piecewise smooth on the 

interval ,   -, where       , then  

    ∑  ( )  ∫  ( )   ∫ (  ⌊ ⌋)  ( )    ( )(⌊ ⌋   )   ( )(⌊ ⌋   ) 
 

 

 

       

Theorem 2.2. (Weierstrass M-test)[3]. Let ∑   ( ) 
    is a function series and there 

exist numerical series ∑   
 
    be a convergent, such that     ,     .                     If 

|  ( )|      for all x  X,     , then the function series ∑   ( ) 
    be a convergent 

uniform on X. 

Theorem 2.3. (Dirichlet's Test[9],[3])).Let *  + and *  + is two function sequences in X 

such that. 

i) There is  m   and |∑   ( ) 
   |   ,      , x     

ii)     ( )    ( )          
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iii) *  +    uniformly on X. 

then ∑     
 
    is uniformly convergent in X. 

Now , we introduce some relations, it is very important in this paper (see[10]). 
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3. Generalized Inverse Trigonometric Functions 

Now, we use Bernoulli polynomials in (1.4), in order to prove the following theorem. 

Theorem 3.1. Let the Inverse Trigonometric Functions be an integrable in R, then the 

follows hold: 
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Where ⌊ ⌋ is Floor Function. 

Proof 

We prove this theorem by Fourier Series. 

i) Put  ( )       (    ) , such that 2L=2 . Then, used Definition 2.1. We obtain 
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  since    is even, then observe that 
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integration by Parts, we obtain 

            
 (  (  ) )

   
    Since    is odd, then     . 

Using Fourier Series in Definition 2.1 is: 
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The above is convergent uniform by Theorem .2.2. (Weierstrass M-test)  
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And, put   ( )  (  )⌊
 

 
⌋  since  ( ) is 2   periodic, then by Fourier series are: 
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Using integral from 0 to x,  x     We obtain that  
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We compare from equation(3.3),  

         ∫ (  )⌊
 

 
⌋ 

 
   

 

 
      (    )                                                                                  (   ) 

We evaluate the above integral 
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by  Theorem 2.1. Euler's summation formula, we get  
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From equation (3.5) and (3.6), we obtain on (3.1), which complete the proof. 

iii) From equation (1.4), put k=0,we obtain  
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After that, we find   (* +) by Fourier series , we put  ( )  ⌊ ⌋    
 

 
 

be a one-periodic. Then  
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Therefore, by Definition 2.1.we  obtain that 
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The above equation be uniformly convergent by  Theorem 2.3.(Dirichlet's Test). 

Then   (* +)    ⌊ ⌋  
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From equation (3.7) and (3.8), we obtain 
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Put     , which complete the proof. 

Corollary  3.1. Let the Inverse Trigonometric function  be an  integrable in R, x   , 

then the following is satisfied: 
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Proof. 
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i) put    
 

 
   in identical (3.1), we have    .

 

 
  /        which complete the 

proof. 

ii) Instead of x, take cosx in identity (2.2), we obtain on (3.10). 

iii) Put   
 

 
  , in identity (3.2) and we have    .

 

 
  /         the identity was 

to be proven. 

 (vi), (v) and (iv) are same proof identity (i) and (ii). 

Lemma 3.1. Let      . Then the following identity hold: 
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The above equation is uniformly converges by Theorem 2.3.(Dirichlet's Test). 

Now we put  ( )  (  )⌊ ⌋ is 2-perodic , then by Fourier series: 
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Then, from equation (3.16) and (3.17), we obtain (3.15). 

Now, we apply at the above Lemma in the following example. 

Example 3.1. Prove that  
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Using identity (3.15), we obtain that 
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 دراسة حىل تعًيى انذوال انًثهثية انعكسية يٍ يتسهسلات فىرية

 بناءً عهى دانة الأرض 

 

 عنتر عهي انصياد                                                                      جهاد فضم عهي انذربي

كهيت انتسبيت -قسم انسياظياث -معيد                                                            كهيت انتسبيت  -قسم انسياظياث -أستاذ           

 انيمه-جامعت نحجانيمه                                                                                     -جامعت عدن                  

 

 

 

 

 

 تستكز هري انىزقت عهى وظسيت وحيدي تعبس عه بعط اندوال انمثهثيت انعكسيت بدلانت دانت  انًهخص:

 انصحيح. ودزس اندوال انمثهثيت انعكسيت واندوال اندوزيت مه خلال متسهسلاث فىزيت. في وهايت هري 

 انىزقت, حصهىا عهى متطابقاث جديدة تمثم تعميم نهدوال انمثهثيت انعكسيت. 

 

 دانت الأزض, متسهسلاث فىزيت, اندوال اندوزيت, اندوال انمثهثيت انعكسيت.  انكهًات انًفتاحية:


