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Abstract: In this paper, we introduce a Finsler space which Cartan's third curvature tensor

R}'kh satisfies the generalized four recurrent property in sense of Cartan's, this space

characterized by the following condition

R momims = Wemns Rjgn + Vemns(859jn — 6h9ji) » Rin 0,

where |£Iminis is h — covariant derivative of fourth order (Cartan's second kind covariant

differential operator), with respect x¢ , x™ , x™ and x° , respectively, where u,,,,s and

Vymns @re non-zero covariant tensor fields of fourth order called recurrence tensor fields,

is introduced, such space is called as a generalized R" — fourrecurrent Finsler space and we

denote by GR" — FR — E, and we obtained some generalized fourrecurrent in this space.
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1. Introduction:  Finsler spaces have
different connection, because this recurrence
of different curvature tensor have been
studied by various mathematicians. H.S.
Ruse [11] considered a three dimensional
Riemannian space having the recurrent of
curvature tensor and he called such space as
Riemannian space of recurrent curvature.
This idea was extended to n-dimensional
Riemannian and non- Riemannian space by
A.G. Walker [6], Y.C. Worg and K. Yano
[21] and others. The generalized curvature

tensor in recurrent Finsler space used the

sense of Berwald and Cartan curvature
tensor discussed by AL-Qashbari and others
(111 121, [31 . [4] . [5] . [7] and [19]). The
generalized birecurrent, trirecurrent Finsler
space and higher order recurrent are studied
in ([8], [9], [11] ., [12], [14] and [15]). The
recurrent of n-dimensional space was
extended to Finsler space ([10] and [20]) for
the first time.

Due to different connections of Finsler
space, the recurrent of Cartan's third
curvature tensor R}kh have been discussed

by, R. Verma [17] , birecurrent of Cartan's
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third curvature tensor R‘kh have been
discussed by S. Dikshit [18] and the
generalized birecurrent of Cartan's third
curvature tensor R}kh have been discussed
by F. Y. A. Qasem [10] .P. N. Pandey, S.
Saxena and A. Goswani [16] introduced a
generalized H-recurrent Finsler space.
Let F, be An n-dimensional Finsler space
equipped with the metric function a F(x,y)
satisfying the request conditions [11] .
The vectorsy; , y'and the metric tensor gij
satisfies the following relations
(11) a) y;y'=F* ,
b) gij =0;y; =07 . €) V=0
d) yi=0
H gi=0 ,

. 1 if i=k
glk = 5k = ’
9 997 = 0 {0 if i*k.

The two

e)gijik=0

processes  of  covariant
differentiation, defined above commute with

the partial
(12) @) 9;(X{e) -

=Xx"(9;

(9%,

1}»}(1) - (arXi) J?;c ’
b) gir Plih = Prrn -

The vector y; , metric g;; and 5% also satisfy
the following relations
(13) a) &y =y", b) Syi=w
(14) a) 8 gji=gjx, b) giny’ =y
The associate curvature tensor R;j, of the
curvature tensor R]kh IS given by
(15) a) Rijkn = grjRixn and

b) Rjrkn 97 =R

The R —Ricci tensor R j, of the curvature
tensor R kn » the tensor Ry, the curvature
scalar R and the deviation tensor R; is given
by

(16) a) Rj;=Rj , b) Rpg® =R
o) Rpy*=R; and d) R},9"=R}.
Cartan's third curvature tensor lekh and the

Berwald curvature tensor H'y, , satisfies

the relation
(1.7) a R}khyj = Hlich , b) Hjikh = a'jHlich
and C) R}kh = — R;hk .

They are also related by [14]
(1.8)  a) gip Hjyn = Hjpn,  and

b) ]k = 0; ) Hj..
The torsion tensor H}.,, satisfies
(19)  Hypy* = Hj, = —Hjy y*
(1.10) Hjy = Hjy
(111) He= Hy,
(1.12) gip Hjy = Hipre and
(113) H =—— Hi.
The hv —curvature tensor ]kh is positively
homogeneous of degree zero in y! and
satisfies the relation
(1.14) th)’] ffilky] Pin = C;dury :
Definition 1.1: For Riemannian space v,
the projection curvature tensor ]kh (Cartan's
second curvature tensor) is defined as [22]
(5h ik — OkRjn)

2. On Necessary and Sufficient Condition

(L15) Pl = Rl

of Generalized RP-Fourrecurrent Finsler

Space
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Let us consider a Finsler space F,, in which
Cartan's third curvature tensor R}kh satisfied
the  following

condition ( [4])
(2.1) R;khlg = A¢Rjicn + 1e(S5. gjn — 61, 9jic)

generalized  recurrence

, Rign#0 , where £ is h-covariant
derivative of first order (Cartan's second
kind covariant differential operator), with
respect to x? and A, and p, are non-zero
covariant vector fields and called the
recurrence vector fields. Such space called it
as a generalized R"- recurrent Finsler space.
Consider a Finsler space F,, whose Cartan's
third curvature tensor R}'kh satisfied the

following generalized birecurrence condition

(2.2) R;khlflm = apmRixn + bom 8k gjn —
Sk 9jk) . Ryn#0,

where |£Im is h-covariant derivative of

second order with respect to x* and x™ ,

respectively, where

Apm =1 +/14 Am

fim

and  bey = Aptym + Wy, are  NON-zero

covariant tensor fields of second order and
called recurrence tensor fields. Such space
called it as a generalized RM-birecurrent
Finsler space.
Taking h -covariant derivative of (2.2), with
respect to x™ and using (1.1d), (1.1e) and
(2.1), we get
(2.3) R;khlflmln = Cf’mnRjikh

+ domn(Bk 9jn — 61 Gji)  Rien =0,
where [#ImIn is h — covariant derivative of

third order with respect to x¢, x™ and x™,

o daale — Ayl LK A2
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respectively, where cpmn = @y + Gemin

and bymn = Apmin + b are non-zero

fmin
covariant tensor fields of third order and
called recurrence tensor fields. Such space
called it as a generalized RP- trirecurrent
Finsler space.
Taking h-covariant derivative of (2.3), with
respect to x* and using (1.1d), (1.1e) and
(2.1), we get
(2.4) R;khlflmmm = ufmnSRJikh

+ Vomns(5k9jn — Ohgji) » Rixn # 0,
where |¢Iminls is h — covariant derivative
of four order with respect to x*, x™ , x™ and

x° , respectively, where wpns +

= Ca?mnls

Comn An and Vemns = Comnlls +d are

emnis
non-zero covariant tensor fields of fourth
order and called recurrence tensor fields.
Such space called it as a generalized R"-
fourrecurrent Finsler space.

Definition 2.1. If Cartan's third curvature
tensor R}kh of a Finsler space satisfying the
condition (2.4), where uppyns and ve,,s are
non-zero covariant tensor fields of fourth
order , the space and the tensor will be called
generalized RP-fourrecurrent Finsler space,
we shall denote such space briefly by GR"-
FR-E, .

However, if we start from condition (2.4),
we cannot obtain the condition (2.1), we
may conclude

Theorem 2.1. Every generalized R"—

recurrent Finsler space is generalized R" —
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fourrecurrent Finsler space, but the converse
need not be true.
Transvecting (2.4) by the metric tensor g;, ,
using (1.1e), (1.5a) and (1.4a) ,we get
(2.9) R]rkhlflmlnls - ué’mnSRkah

+ Vomns(Gier G0 — Inr Gjk) -
Conversely, the transvection of the condition
(2.5) by g'', by using (1.1f), (1.5b) and
(1.19), yield the condition (2.4).
Thus, we may conclude
Theorem 2.2. In GR™FR-E, , the h—
covariant derivative of fourth order for the

associate curvature tensor Rj., of Cartan's
third curvature tensor R}khis given by (2.5).

Transvecting the condition (2.4) by y/ ,
using (1.1d), (1.4b) and (1.7a) we get
(2.6) H

Eizimims = WemnsHin

+ Vpmns (BkYn — 6hVi) -
Further transvecting (2.6) by y* , using
(1.1d), (1.1a), (1.3a) and (1.9), we get

(2.7) HhI{’ImInls uf’mnsH’il

+ Vomns (Y'Y — 64F2)
Thus, we may conclude
Theorem 2.3. In GR"FR-E, , the h—
covariant derivative of fourth order for the
h(v)-torsion tenser Hi, and the deviation
tensor Hi given by (2.6) and (2.7),
respectively.
Contracting the indices i and h in equations
(2.4), (2.6) and (2.7) , using (1.6a), (1.11),
(1.13) and (1.3b),(1.1g) and (1.4a) we get

(2.8) Riiemmis = UemnsRjk

+ (1 - n)v{’mns gjk .
(2.9) Hy pimmis = UemnsHy

+ (1 - n)v{’mns Yk -
(2.10) H

2

= UpmnsH — VemnsF~

Iiminis
Transvecting (2.4) and (2.8) by g’* , using
(1.1f), (1.6d) and (1.6b), we get

(2.11) R

i
heminis . 4emns Ry
i
+ v{’mns(ylyh - 5h)

(212) R ppmimis = Uemns R
+ (1 = 1) Vomns -

Thus, we conclude

Theorem 2.4. The Ricci tensor Rj, the
curvature vector H, ,the scalar curvature H
the deviation tensor R} and the scalar
curvature tensor R are behave as
fourrecurrent in GR"-FR-E, .

Differentiating (2.6) partially with respect to

v/, using (1.7b) and (1.1b), we get

(213) 3 (H}ypminss) = (Ottemns) Hi
+ UpmnsHjn + (0jVemns ) (Syn — Shyi)
+ Vpmns (8% 9jn — & gjk)

Using commutation formula exhibited by

(1.2a) for (Hkhmmm) in (2.13), we get

(2.14) { ( khmmm)}'s + Hlthw’lmm(afn”zi)

Hrl"hlflmln( ) rklt’lmln( F*Sr)

—H! (0,1, — o;lny)

khirimin

~Hiemr O113) = 01 (i) PP
= (0juemns ) Hn + UemnsHjxn
+ (0jVemns) (6kyn — Shvi)
- 5iizgjk) .

khI{’ITIn(

+ Vemns (511;9 jh
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Again applying the commutation formula
exhibited by (1.2a) for (Hkhmm) in (2.14)

and using (1.7b), we get

(2 15) { ( khlflm)}mls [Hkhht’lm(a Iﬂ;{)

rhlflm(a rk*;f) Hkr|[|m(a'rh¥

= Hirim (O ) = Hyr (0iT30)
~0r (Hlffhh?lm) ] +Hkh|t’|m|n( 'I;Zi)
—H, oo (5T ) = Hy g (015
~Heprimin O1%5) = Hip i (01505)
HisemrGT5) = 0 (i min) P
= (0jupmns)HEn + UemnsHin
+ (0vemns) (8kyn — 8hyic)
+ Vs (6kgjn — Shgj1)-
Again applying the commutation formula

exhibited by (1.2a) for (H: ,) in (2.15) and

khi
using (1.7b), we get

(2.16) {31' (H’ih”’)}lmmw +[ khw (9 I”;;l)
H;hw(a.frk’;;) - Hkrw(ajrhm

khlr(ar ) 0r ( khw) ﬁn]mls

+ [H ajl}’;{) rh|£|m(a'rk*;1r

krlt’lm(a khlrlm(ajrl’j{)
khlé’lr(a 1—'*7;1) a ( khlflm) Pr]

+Hy rh|£|m|n(a'rk§r)

khlt’lm(

*T
th

khlt’lmln( )
~Hyrsoimin (0159 ) = Higirimin (0315
khlflrln(ajl;;;g) khlflmlr(ajrn*sr)
=0y (Hl g ) Pls = (Ojttmns ) Hi
+ UpmnsHjxn + (0Vemns ) (8kyn — 81 Yi)
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+ Vomns (69 jn — 619k )-

Further, applying the commutation formula
exhibited by (1.2a) for (H},) in (2.16) and
using (1.7b), we get

(2.17) {a} (H’L;h)}nﬂmmls

Hyp (0156 = Hyyp = 0, (Hin ) Py)

+ [Hin(0,57%) -

Iminis

[Hkhn’(all;”%) + rh|t’(a r*r

rlt’(a r*r) khlr
6 (Hlihw) ﬁn]nus [Hkhmm( il

.
krlflm(af Tnn

(0; 15

rhI{’Im(a Fk*{
)ilm)

khlrlm(a I}’;‘{) khmr(a
0 (Hllchlt’lm) ] +Hkh|£|m|n(ajl—'r§i)

o Hrl'hlflmln(a rk*sr) Hkr|€|m|n(a'Fh*Sr)

— H, (0;I)—H Iir)

khirmin
Hllchlt’lmlr(afrn*sr) - ar (Hllchn’lmln) Pjrs
= (0uemns)Hin + UemnsHin
+(0yvemns) (8kyn — ki) +
Vemns (8kgjn = Sh3ji)-
Using (1.7b) in (2.17), we get
(2.18) + [ Hin (9,57

khlt’lrln(a

i
H]khlflmlnls

~Hn(0i17 ) — Hier (0137
_ar(HIl;h)sz’]lmmls + [H]:hw(ajl;:;ril)

Hih|f(ajrkm _Hlirlt’(a.'rh*&
khlr(a F*T) 6 ( khlt’) m]mls

+ [Hkhwlm(ail?;f) - Hrlh|£|m(aj17cq

kr|1£’|m(a Fh?lﬂ) Hkh|r|m(a'r£’jf)

i (85158 =0 () P
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+H o (Oi03) = HY i (0156 Transvecting (2.18) by gy, using (L.le),
* 1.8a), (1.12) and (1.4a), we get
_Hlirmmm(a' ) Hkh|r|m|n(a'11’$r) ( . ) | | [ g ( i
* (2'21) ijkhlt’lmlnls + Yip HI:h ajl;z’
kh|£’|r|n( ) kh|£|m|r(ajrnsr) -

Hypn (9157 ) = Hipr (9 1%
gip(a.TH’ih)Pﬁ] Iminis

+ [gip H]:hw(a F*l ) HTphI{’ (a

Or (Hllchmmm) J2 = (a.juf’mns)Hlih
+u{’mnsHjikh + (ajvfmns)(&iyh - 5;.13716)

TVrmns (6Ii<gjh - 6iilgjk)-

This shows that ~ Hyprio(0; i)

. hd r
(2.19) H ]khlflmlnls ufmnSHjlkh B Hkph””(ajl}m
+v{’mns(5kgjh - 6hgjk)- glpa (H’lChlf’) P]?;”]WS
if and only if

. o +\gip HY (0 53) — H (0,5
(220) [HE(9;5%) — Hin(O;T7 [ P khem AT rphiem AT

o L —H (0157
Hip (3;137) - ar(H,th)%].m.n.s kam (; r:”)
— Hkphrm\Yjten
*i
+ [Hkhw(ajrrm) hlt’(a - Hkphlflr(aj[;:lz)

km’(a ) - H}ihw(a’jrﬁ;ﬂl

—Gip 0y (H' P’
( khw) m]l ) [Hkhmm ar*z ip ( khli’lm) ]Tl]|s

TYip H;h|£|m|n(afl;?) - Hrph|£|m|n(ajrk2r)

rh|£|m(a ) Hk”f'm(ajrht: _Hkprlflmln(éjrh*sr)

J— L Nl . % . %
Hkh'r'm(a len ) Hkh'f'r(ajrmn) - Hkph|r|m|n(ajl}sr) - Hkphlt’lrln(ajrmg) -
0, (Hllfhlf’lm) ] +H’<h|f’|m|n( jl;:gl) Hkph|£|m|r(ajrn*sr) glpa (Hllcmmmm) P]Ts

_H;hmmm(a ) Hkr|£|m|n(afrhzr) = (ajufmnS)Hkph + uf’mnSHijh
—HL (1) —H, . () +9ip (0jVemns ) (8kyn — Shvic) +

. v h— i)
- khlélmlr(a i1 r) a ( khll’lmln) PJT; [mnS(gkp g]h ghP g]k)
) , This shows that
_(ajufmns)Hllch

. i ; (2'22) ijkh|1€|m|n|s = u{’mnsijkh
—(0jvemns) (85yn — Shyx) = 0.

Thus, we may conclude
Theorem 2.5. In GR"FR-E, , Berwald

+vt’mns(gkp 9jn — Gnp gjk)-
if and only if
(2-23) [gip H%h(ajl}?) - Hrph(a.]'rk}r

curvature tensor Hjikh is  generalized - N
Hkpr(ajrht’ ) — Yip (aerh)Pjt’]

fourrecurrent tensor if and only if (2.20) minis
hold good.
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+|9ip H o (0135%) = Hypio (00
Hiepr1e(0;Thim
Heonr (0;Tom
= Gin0r (Hip) Ph]
+900 Hinern(G538) ~ Hepmem (8,57)
- Hkprl#lm(a.jrh*;f
= Hyepnrim (035 )
= Hipierr (0jFn)
—~Gip O (H. i) P’”]
t Jip kmmmm(a Gy)
- H‘r‘phlt’lmln(ajrk’;r)
= Higpmeimm (9i155)
~Hiepmirimm (93155 ) = Hipriomn (9j105) —
Hygmiemr G50) = 9ip0r (Hipygymn) Pl
— (9juemns ) Hipn + 9ip(9jVemns) (8iyn —
8hyi) = 0.
Thus, we may conclude

Theorem 2.6. In GR"-FR-E,, the associative
curvature tensor Hj,,, of Berwald curvature
tensor ijh is generalized fourrecurrent
tensor if and only if (2.23) hold good.
Contracting the i and h in (2.18), using
(1.3b), (1.4a), (1.11) and (1.10), we get
(2.24) H + [ (0,57

) - a.r (Hk)P]@]

jkliminis
H.(0;5;) — Hir (0,7
+[HE @) + [~H,, (3T
Hy, (0T ) = Hy(0iT5m) —

0 (Hyoe) P

Iminis

[Hku{’lm a I;”nl
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Hpim (O157) = Higy i (9350 —

Hyerim (01T ) = Hy (91300

= 0r(Hyom)Pin] _ + Higpmin (03 155)

~Hpimin (01565 ) = Hipy i (1 155)
= Higrmm (G0 ) = Higgrrin (951335)

~Hyimir (011555 ) = 0 (H tsimin ) Ps

= (0jwomns)Hi + WomnsHix

+ (ajvfmns)(l
This shows that

—n)Yk + Vomns (1 — n)gjk-

(2.25) Hjppimmis = Uemns Hjk

+(1 - n)vi’mns gjk'

if and only if

(226) [Hi(0;5%) — Hr (05

Hir (0;13;") = 0r (H@Pﬁ»],mm

[H Llf(a][;”;;l) HrI{’(a
krI{’(a F*r) Hklr(a

—me%hw

+ [Hklw|m(ajfr7f) = Hyypm (137
~Hperom (010 ) = Higrin (0 57)
~Hyr (9i85) = Or (Higom) Pl
+Hys i (05 155) = Hegprmin (015
kr|{’|m|n(a Fi;r) - Hklrlmln(a.fa’zr)
~ Hiorrin (0i1%) = Hypimir (05157
~0- (H gy pimin ) Pjs — (0jtemns ) Hi
—(0jvpmns) (1 —n )y, = 0.
Thus , we have
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Theorem 2.7. In GR™FR-E, , Ricci
curvature tensor Hj; is non-vanishing if and
only if condition (2.26) hold good.

We can written (1.15) as

(2.27) Rfn = Pfen + % (8hRjk — SkRjn)
Taking the h — covariant derivative fourth
for (2.27) with respect to x?, x™, x™ and

x5, respectively, we get

) . 1,
(2.28) R;khlflmlnls = (Pflkh + 3 (6;1Rjk -
5iRy))
IYiminls

Using condition (2.4) and (2.27) in (2.28),

we get

ufmnsR;kh + vt’ms( 511; 9jn — 6;.1 gjk) =

( fen + % (8 Rk — 511;th))

IYiminls

(229) (P +2 (SR — 8R3n))

[fiminis
. 1 . .
= Upmns (lekh + g (6;1Rjk - 612th)>

+ v€m5(6licgjh - 6;1 gjk)
Thus, we have
Theorem 2.8. In GR"™FR-E,, the tensor

( fen + 5 (ShRji — 6,§th)) ish — GFR .
Transvecting (2.27) by y/, using (1.1d),
(1.7a), (1.14) and (1.6c), we get

(230) Hiy = Plp+ 5 (8iRi — SLRy).
Taking the h — covariant derivative fourth

for (2.30) with respect to x?, x™, x™ and

x%, respectively, we get
i — (pi L(sip, —
(2.31) Hypypimims = (P’éh t3 (5’11Rk

5iRn))

IYiminis

Using condition (2.6) and (2.30) in (2.31),
we get

Upmns Hlih + vﬁms( 511; Yn — 6}1'1 yk)

= (Plih + % (&R — (SliRh)>

[{iminls

(2.32) (P,ih + 1 (8iRy - 5;;Rh))

[{iminls
. 1 . .
= Upmns (Plih + 3 (‘SflLRk - Sllth))

+ v{’ms((gli Yn — aiil yk)
Transvecting (2.32) by the metric g;,, using
(1.1e), (1.4a) and (1.2b), we get

1
(2.33) (Prkh T3 (gnrRik — gkrRh)>

[Yiminls
1
= Upmns <Prkh + 3 (ghrRk - gkrRh))

+ v#ms(gkr Yn — Ynr yk)
Thus , we have

Theorem 2.9. In GR"-FR-E, the tensors
. 1 . .
(p,;h +1 (B8R - 5,@Rh))and

(Prkh +§ (gnrRk — gkrRh)) are h — GFR

For n=14.
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