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Abstract: In this article, we introduce p-Cesaro matrix, in order to generalized Fejer
kernel based on p-integer. We study approximation continuous and periodic function by

their Fourier series on interval [-L,L] . Finally, we obtain positive theorems about uniform

convergent based on p-integer.
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1. Introduction

We are asking that of whether the Fourier
series convergent to continuous function, we
research by a field known as classical
harmonic, analysis ([4],[9],).-We know that
convergence is not necessarily to given in
the general case. After all, we study some
summability approaches, just as p-Cesaro
matrix and p- Fejer kernel, in order to get
convergence of Fourier series(see [2],[13] ).
In the latest article, we use generalized Fejer
kernel on p-integer, we study uniform
convergence of Fourier series by Korovkin
theorem on interval [-L,L].

First, we introduce some mathematical
preliminaries that are important to studying
uniform convergence of Fourier

series(see[16]),

2. Preliminaries

Definition 2.1. Let S,,,f (x)([4].[15]) of an
integrable and 2L-Periodic function f(x)
such that

Smf(x) = % + Y, (akcos (%) +

bysin (k%x)) , (2.1)

the coefficients are define by

ap =[5, F(®) dt,

ay = %f_LLf(t)cos%dt,k € N u {0} and

b =71, f()sin"=dt, k € N.

L
The equation (2.1) is called Partial sums.

Definition 2.2. Let m> 0, ([3]) the
Dirichlet's kernel defined by
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D, (t) = % + X re,cos (km)

Cigp o)

-5 k=—m€ ’ (2-2)

from (2.1) we get

Smf () =7 [, fx =
The Partial sums D,,,(t) given by

t) D,,(t)dt.

sm(m+ )nt

m()_m ’

sm( ) #0. (2.3)

Definition 2.3 Let m> 0,( [4] ) we define

the Fejer kernel as

i J1¢5)
Fn(t) = é(ron+]1)
oy [simfemen (@)
- 2(m+1) sm(gg)
(”t) 0 2.4
sin oL , (2.4)
omf () = s T S ()

then, the Cesaro sums of g, f (x) is

omf () =[5 R(Of (x = )dt, (25)

where E,,(t) is Fejer kernel.

Definition 2.4. ((Korovkin)[5], [11], [12) ).

Let Y = {f € C[-L,L]: fF(L)f(~L)}.
Consider f;(t) =1, f5(t) = cos (”Tt)

f3(t) = sm( ) for t € [-L,L]. Let
P,:Y — Y be a positive linear map for
m=1,2,3,... if the sequence of functions
(Pm(fj)) converges uniformly to the
function f; for j € {1,2,3} on [—L, L], then
the sequence of functions (B, (f))
converges uniformly to the function f on
[—L,L] forall f €Y.

oo aale — ) LK 32
$ 2023 (2) aaall 17 At

Theorem 2.5. ((Abel’s summation), [14]).
Let two sums X', a; and 7., b; denoted
by B, = X%, a; Hence .

Lnajb; = Bypbm + Byby_g

" Bj(bj+1 - bj), forn € N.

Now, we define Cf, ,; the space of all
continuous and 2L periodic functions.
Hence, every f € C7, ;. the sequence
omf (x) be uniform convergence to f(x) .we
generalize Fejer kernel by p-integer..
3. P- Fejer kernel:
Now, we given some image and relations
from the p-calculus (see [14] for details).
Let p > 0, the p-integer [m],, is denote by
[ml,=1+p+p*+--+p"?
where [0], =0

Hence , if m=1,2,.., the partial summation is

,Vp # 1.

Let p > 0, then the p-Cesaro matrix

C() = [cmi®)]G.m € N U {0})
denoted by ([8], [10], [15]).

p/ o
Cmj(p) = {Im+1lp j=012..m

0, otherwie .

(3.1)

Hence , we may moulding the matrix C (p)

following:
Clp) =
1 0 0 0 0
1 P
(2], (2], 0 0 0
1 P b
(31, (31, (31p 0 0
1 P p? Pt
[1+m], [1+m], [1+m], [1+m],
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From C(p), if p=1 then the p-Cesaro matrix
in (3.1) write
ij(l):{ﬁ, m € N U {0}
0, otherwie .
Now, we give some results.
e For each p > 1, the matrix C(p) be
regular (see [8]).
e Foreach 0 < p < 1, the matrix C(p) is not

regular, because limp,_,[m + 1], =

1
1-p°
e Replaces of a fixed p, give a sequence

P={Pm} menu(o} the following is :

0 <pn<1forallme N u{0}. (3.2)
And
lim,;, 00 Pm = 1. (3.3)

Hence , from (3.2) and (3.3), then C(p) is
regular. We can moulding that

limp,[m + 1], = oo. (see [6],[7],[8]).
Since the sequence of partial sums S,,,f (x)
cannot convergence to f(x), we can to give

p-Cesaro mean :
1 .
omf (p; %) = rly j=oP’Sif(x) =

Sof () +pS1f(x)+--+p" S f (x)
[m+1], )

This implies

Umf(p; x) =
L re-o (=

[m+1],

m pr,-(t)) dt.
Then, we can write
Onf (0 2) = 7 1, f(x = OFn(p; )dt,(34)

where F,,(p; t) give by

1 . sin((m+l)n—t)
Fn;t) = Jp Lj=o P’ Té)L (3.5)

2L

oo daler — Ayl K A
¢ 2023 «(2) suadl (17 W

Called p-Fejer kernel.

From the p-Cesa'ro means in (3.4), itis a
special case of Riesz means of the partial
sums of Fourier series (see[1]), nevertheless,
it is best to study convergence behaviour of
the p-Fejer kernel in (3.5) with attention to
the properties of the p-integers. More
importantly for using p-integers, because
generalized Fejer kernel and study
converges uniformly [3].

Now, we give theorem of p-Fejer kernel.
Theorem 3.1. If p > 0and m € N U {0}.

we have, the following:
i) Fr(p; t) =

(1+p)sin(:—£)+pm+zsin((m+%)”?t) —pm+1sin((m+%)%t

2[m+ l]psin(;r—z)(l—chos(nTt)+p2)

m+1
[m+1],

1L
i) - )=, Fn(p; )dt =
iii) if 0 <p < 1then, E,(p;t) = 0.

Proof.
i) From the equation (2.5), we can moulding
that

sinf(+2)%)

Fn(03 ) = 50 j=oP’ sin(57)
2L

2[m+1], j=0
—r m j i j+l L
2[m+1]psin(;—D Im { j=0 Pje ( 2) L },

1 int ity J
:mlm{eZL Z}n:()(pelL) }’

2L

. t
1 Im eizn_; 1— m+1el(m+1)nT
2[m+1]psin(;—7z> ) 1—pe% ’

1 1_pm+1ei(m+1)nft
= ,T) Im .

. (t —imt int
2[m+1]psm(z e 2L —peal

The above equation can be written as
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Fm(p; t) =

(1+P)Sm( )+pm+zsm((m+ )T) pm+1sin((m+%)"?t>

2[m+1]psm( )(1 chos( )+p)

(i) using Definition(2.5) in (3.5), we get:
%f_LL En(p; t)dt =

j sin((]+ )T)

lfL m+1 m

—L [m+1], j=oP 2(m+1)stn(ni)
=[T’:+1{ (f Fm(t)dt)+

A -p) Ity (31, F(0adt)}

Since lf_L E, (t)dt=1, we observe that

LI B Ot = ™ +
1- pXiste }
m+1 m+1
- [m+1], {p +(1 —p)lm p} ~ [m+1],

which complete the proof.
(iii) again from Definition(2.5), then we get
that

j sin<(1+ )T)

(m+1)
Fn(p;t) = [m+11,, ] =0 2(m+1)sm(ﬂ)
= fmrals m(t) + 275 (p
P/ +1)Fj(t)}'

Hence , it is clear E, (p; t) be positive , since
O<p<s1l
Remark .3.1. we take p=1 in theorem 3.1

hence (i) implies

ZSln(ZL) +sm((m+1)”—t)—sin((m+ )m)

Fm(lit) 2(1+m)sm( )(1 Zcos( )+1)
3 sinz((mTH)m)
= () = = F(1).

Meaning of that the same equality
E,(1; t)=F,(t), also (ii) and (iii) implies

$ 2023 (2) aaall 17 At

the classical results%f_LL E, (t)dt=1and

E, (t) = 0 respectively.
Now, we give uniform convergence of p-
Fejer kernel.

Theorem 3.2. Let the sequence p=(p,,)
satisfies in (3.3) and (3.4).Then

V6 > 0,E,(pm; t) — 0,on[-L,—6]U

m—o0

[5, L].

Proof. Given § > 0, we have that for all

§<t<lL, smcesm( )>sm( )and
1 - 2pcos (%) + p?

=1-2p +p* - 2pcos (%) + p?,
=(1-p)%+2p (1 - cos”T).

So, forall § < t < L:
(1-p)?+2p(1-cos™) = (1 - p)?
+2p (1 — cos™2), thus

Fm(pm; t) <

1+pm
2[m+1]psm( )(1 p)2+2p(1 cosTs)-I_
(p )m+2
2[m+1]psm( )(1 p)2+2p(1 cosTs)
(D) ™3
2[m+1]psm( )(1 p)2+2p(1 cosnTS) )
Notice that this tends to o where m— oo,

independently of t, that is uniform
convergent on [—L,—&] U [, L], which is
the complete the proof.

Theorem 3.3. Suppose that the sequence

p=(p,) in (3.3) and (3.4). Hence, in (3.5),
be o f (Gm; x) — f(x) , f(x) € CZy

m—>00

Proof. Since o,,f(p;x)is positive and
linear, then using Definition 2.4 to prove
that

Omfi(Om; x) 3 fj(x) for j=0,1,2, (3.6)
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Using Definition.2.4 (Korovkin) be

fo(x) =1landfi(x) = sin% and f,(x) =

cos nTx ., we chick g, fo(Pm; x)

and oy, f1 (pm; x)and Omf> (pm; x)
Umfo(pm; x) = fo(x) =1 3.7)
From the p-Fejer, we get

O-mfl (pm; x) =
So f1(X)+DmS1 1 (%) D% Sz f1(X)++ DI Sy f1 (%)
(m+1]y,, ’
pmsin(%)+p$nsin(%)+~--+pmsin(%)
- [m+1ly,,
_ PmAPhttpi o (TX
= el sin ( . ) . Hence
omf1 (pm; x) =
1 . X
(1 - [m+1]pm> sin (T) . (3.8)
Likewise, we obtain
Omf2 (pm; x) =
1 X
(1 — [m+1]pm> cos (T) (3.9

We take Limit where m— oo and use (3.2)
and (3.3) observe that

lim,; 00 O fo (P x) = 1.

lim,,_, (1 - [m+11]pm) sin (”L—x) = sin (%)

And

lim,,, <1 —
We obtain
omfi(Pm; x) 3 fij(x) ,

which complete the proof.
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