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Abstract: In this paper, we presented two new (2+1) and (3+1)-dimensional Clannish Random Walker's
Parabolic (CRWP) equations of nonlinear partial differential equations (NLPDEs). We will use a new

method, namely, the (GL R g—) -expansion method to conduct this analysis. Exact travelling wave solutions

are obtained and expressed in terms of hyperbolic functions, trigonometric functions and rational functions.
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1. Introduction: Nonlinear partial differential equations (NLPDEs) are used to simulate wide range of
complicated processes arising in real life and all fields of science. Exact solutions of NLPDEs can be
implemented to produce significant predictions for many applications related to nature and living. Modern
theories of nonlinear science have been highly developed over the last half century. Particularly, integrable
nonlinear systems have attracted great interest among a number of mathematicians and physicists. It is well
known that the study of soliton generating nonlinear partial differential equations are of great interest in
recent years not only in (1+1)-dimensional system, but also in (2+1)-dimensional system under certain
conditions [1,2]. Generally speaking, analyzing coherent type soliton structures of (2+1)-dimensional system
are more complicated than (1+1)-dimensional system. The study of higher-dimensional integrable systems
is one of the main themes in integrability theory. Several models in the context of (2+1) -dimensional
equations, which are integrable have been developed by Toda and Yu [3]. So, field of integrable equations
is an active multidisciplinary area of research due to the fact that integrable equations describe the real
features and reveal the mysterious nature of the nonlinearity in science and engineering applications [4]-
[10].

In recent years, the study of integrable equations has become a hot research area in nonlinear mathematical
physics and wave propagations. This originates from the fact that these equations give qualitative and
quantitative features of several scientific aspects of many unrelated phenomena such as plasmas, fluids,
lattice vibrations of a crystal at low temperature, propagation of waves in shallow water area, traffic flow,
soliton propagation in nonlinear transmission lines, etc [11]-[17].

The (1+1)-dimensional CRWP equation reads [18]-[20]

u, —u, +u_ +ouu, =0. @
In this work, we aim to presentation two new (2+1)-dimensional and (3+1)-dimensional CRWP equations,
with constant coefficients. We first introduce a (2+1)-dimensional CRWP equation the form

u, —u, +u_ +a(u a;lux ) =0, or equivalently

u, —u_+u_ +a(uv) =0,
! )

v, =u,.

We introduce a (3+1)-dimensional CRWP equation with constant coefficients takes the form
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-1 -1
u,—u, +omu, +pu 0 u, +yu. o u, +g(05uyy +pu +yu_, ) =0,
or equivalently
u, —u, +ouu, + pvu, +ywu_ +8(auyy +pu +yu_ ): 0,

v, =u W, =u

)

Where «, [, and y are constants.

2. The New (GL,g—) -Expansion Method: In this section, we describe our new method, namely, the

(GL,g—) -expansion method for finding travelling wave solutions of nonlinear evolution equations. As
preparations, consider the third order ordinary linear differential equation:
G"+ G+ u=0, 4)

and defining for the simplicity

1 G’
P(e) =7 v() =

etk )

and

o' = e’ + Aoy,

y'= Ay’ + upy +1.
Using the general solutions of the Eq. (4), we have the following solutions:
Case 1. when A <0, the general solutions of the Eq. (4) is

G (£)=C, cosh(ﬂ(§+h))+cz sinh(ﬂ(é#h))—%g, (7)

and we have

(6)

2 2
@ —m(ﬁ‘// +2ﬂ€0'//+1), (8)
where C, and C, are two arbitrary constants and v=C; -C; .

Case 2. when A >0, the general solutions of the Eq. (4) is
G(§)=clcos(ﬁ(§+h))+c2sin(\/Z(gm))—%g, )
and we have

2 A 2
@ —m(ﬂw +2#(/"//+1), (10)

where C, and C, are two arbitrary constants and v=C; +C .

Case 3. when A4 =0, the general solutions of the Eq. (4) is

1
G(§)=— & +2CE +C L +C, an
and we have
2 1
- (2upwy +1), 12
@ Cf+2ycz(”w ) (12)

where C|,C, and C, are arbitrary constants. Now consider the general nonlinear partial differential equations
(NLPDEs), say, in two variables,

p(u,ut,ux,un,uxt,uxx,...):O, (13)
where u =u (x ,t) is an unknown function, p is a polynomial in u (x ,t) and the subscripts stand for the

partial derivatives?
We suppose that the combination of real variables X and # by a complex variable &
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u(x,t)zu(f), E=ax —ct, (14)
where a is the wave number and ¢ is the speed of the traveling wave. Now using Eq. (14), Eq. (13) is

converted into an ordinary differential equation for u =u (5) :

d

F (u,—cu Cau',ctu",—cau”,a’u ",...) =0,/=—. (15)
g
Suppose that the traveling wave solution of Eq. (15) can be expressed by a polynomial in ¢ and y as:
N i N i—
u(é)zzz‘:oail// +Zi:1bil// 1(/)’ (16)

where G =G (f) satisfies the third order LODE (4), a, (i =0,1,2,...N ), b, (i =0,1,2,...N ),a,c,/l and
M are arbitrary constants and the positive integer N can be determined by using homogeneous balance

between the highest order derivatives and the nonlinear terms appearing in ODE (15).
Substituting Eq. (16) into Eq. (15), using Eq. (6) and Eq. (8) (or using Eq. (6), Eq. (10) and Eq. (6), Eq. (12))
the left-hand side of Eq. (15) can be converted into a polynomial in y and ¢, in which the degree of ¢

is not larger than 1. Compare the like powers of " and w" ¢ equal to zero, yields a set of algebraic
equations for g, (i =0,1,2,....N ),bi (i =0,1,2,....N ),a,c,/”t, 4,C and C,. Solve the algebraic equations
with the aid of Maple. Substituting the values of a, (i =0,1,2,...,N ), b, (i =0,1,2,...,N ),a,c,A,u1,C,
and C, obtained into Eq. (16), one can obtain the travelling wave solutions expressed by the hyperbolic

functions of Eq. (15) (or expressed by trigonometric functions and rational functions).
3. (2+1)-dimensional CRWP equations: In this section, we aim first to apply our new method for solve
Eq. (2).
Substituting u (x , V.t ) =u (§ ) ,& =ax +by —ct in Eq. (2) and integrating once yields
2
~(c+a)u(§)+7
Balancing Eq. (17) give:
2N =N +1=N =1.
By the use of Eq. (16), we present the solution of Eq. (17) as:
u($)=a,+ay (&) +bp($). (18)
Case 1. When A <0 (hyperbolic function solutions)
Substituting Eq. (18) into Eq. (17), using Eq. (6) and Eq. (8) the left-hand side of Eq. (17) becomes a
polynomial in ¥ and ¢ . Setting each coefficient of this polynomial to zero yields a system of algebraic

(u (&) +au'(&)+k =0. (17)

equations in a,,a,,b,,a,b,c,a, 1t and A. After solving the algebraic equations by Maple we get,

set 1.
b2 —bu a(2aaa,—b)

a, =ay,a, =——,b, = ,C = )
a

a b

set 2.
-bA b(_#iﬂ‘ _(622 _clz)ﬂ‘) a(2aca,—b)

a, =a,,a, = b, = c=
0 0> Eh| s
2a 2a b

Putting the set (1) into Eq. (18), we get
b\/j(cl sinh(\/J(§+h))+C2 cosh(\/j(§+h)))
a(Ccosh (V=2 (&+h))+C,sinh (V=2 (£ +4)))

U =a,+
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Cw a\/q(clSinh(\/q(f-i—h))-i-czCOSh(\/J(é:-i-h)))
1= a(clcosh(ﬁ(§+h))+czsinh(ﬂ(§+h))) .

If C;#0 and C, =0,

bN-1
a

tanh (=2 (£ +1)),

u,=a,+

v, =%+“ a_ﬂ“ tanh (V=2 (¢+11)).

If C,#0 and C, =0,
bﬁcoth(ﬂ(§+h)),
(24
aa, a-1
a

v, =—C+

; coth(v=4 (£+1)).
Putting the set (2) into Eq. (18), we get
b(Clx/jsinh(\/q(&h))+C2\/3cosh(\/3(§+h)).|—_‘/—(cf—clz)/l)
2a(Ccosh (V=2 (& + 1)) +C, sinh (V=2 (£+ 1))
s, a(clﬁsmh(ﬁ(g+h))+czmcosh(m(§+h))¢ —(cf—cf)/l)
e 2(C, cosh (V=2 (& + 1)) +C, sinh (V= (£+ 1)) '
If C,#0 and C,=0,

Uy, =a,+

b

u4,5 =4a, +

bJ-2 b2

ey =+ tanh (V=2 (¢+4))7 . sech (V=2 (&+1)),
vm:%+%mh(ﬁ(§+h))¢%sech(\/3(§+h)).

If C,#0 and C,=0,

Ugy =4, +b\2/6—7(coth(\/3(§+h)).T_csch(g(rf+h))),
v&g=%+%(cotb(ﬁ(§+h))icsch(\/q(§+h))).

Case 2. When A >0 (trigonometric function solutions)
Substituting Eq. (18) into Eq. (17), using Eq. (6) and Eq. (10) the left-hand side of Eq. (17) becomes a
polynomial in ¥ and ¢ . Setting each coefficient of this polynomial to zero yields a system of algebraic

equations in a,,a,,b,,a,b,c,a, p and 1. After solving the algebraic equations by Maple we get,

set 1.
b2 ~b u a(2aaa,—b)

a,=a,,a, = b, = ,C = ,

o b

set 2.
b2 b(‘”ﬂ (022“12)/1) a(2aaa, —b)

a, =a,,a, = b, = ,C =

2a 7" 2a b
Putting the set (1) into Eq. (18), we get
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bﬁ(—Cl Sin(\/I(§+h))+C2 cos(\/z(§+h)))
a(Cl cos(x/z(§+h))+C2 sin(\/z(§+h)))
aa, NE(-Cisin(NE(£+h))+C,co8(NE(£+h)))

" e Ceos (VA h)) Con(WA (2 1)
If C,#0 and C, =0,
uzzao_b\/ztan(\/z(ﬁf"‘h))’

vV, :%_aftan(\/z(f+h)).

b
If C,#0 and C, =0,

b2

u, =a,+

. COt(\/Z(é:-l-h)),
v, =%+¥cot(ﬁ(§+h)).

Putting the set (2) into Eq. (18), we get

b({*lﬁsin(ﬁ(e;m))+czﬁcos(ﬁ(§+h))¢ (c§+cf)/1)
26(C, cos(VA (£ +h))+C,sin (VA (E+ 1))

a(—clﬁsm(ﬁ(g+h))+czﬁcos(ﬁ(§+h))J—r (c§+cf)/1)
20(C, cos (VA (& +))+C,sin (VA (£+h))) '

Uy :a0+

u4,5 =a,+

If C;#0 and C, =0,

U, =a0_b‘/z(tan(\/z(gjth)).T.sec(\/Z@%-h))),

2a
Vs :%_az\{j(tan(\/z(§+h))isec(\/z(é‘ﬁLh))).

If C,#0 and C, =0,

Ug :ao+%(cot(\/}(§+h))$csc(ﬁ(§+h))),
Vio :%+%(cot(«/}(§+h))$csc(«/1(§+h))).
Where &=ax +by —(W)t.

Case 3. When A =0 (rational function solutions)
Substituting Eq. (18) into Eq. (17), using Eq. (6) and Eq. (12) the left-hand side of Eq. (17) becomes a
polynomial in ¥ and ¢ . Setting each coefficient of this polynomial to zero yields a system of algebraic

equations in a,,a,,b,,a,b,c,a, p and 1. After solving the algebraic equations by Maple we get,
b
a,=0,a, =0,b, = —'u,c =-a.
a

Putting the values of the constants into Eq. (18), we get
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u, = i
: a(—,u(ax +by +at)+C1)’
v, = K

a(—y(ax +by +at)+C1)'

<

wmlxwifi<0

@

wm(xy)if >0

b

wlx pt)ifi=>0

wmlxyifi <0

wlxwifi>10

m(xx)ifi=10

Fig 1. 3D -plot for ul(x,y,t), uz(x,y,t) when A <0 ,ul(x,y,t), uz(x,y,t) and ug(x,y,t),

when A>0 and a=a=b=a,=1,c,=2,c,=3,y=15h=05 . ul(x,y,t) when A=0,

a=a=b=pu=1c,=2and y =2.
4. (3+1)-dimensional CRWP equations: In this section, we apply our new method for solve Eq. (3).
Substituting u (x Y,z ,t) =u (f), &=Xx +ay +bz —ct in Eq. (3) and integrating once yields
~(c+1)u (§)+%(aa+§+%2j(u (5))2 +8(0[612 +/3+yb2)u’(§)+k =0. (19
Balancing Eq. (19) give:
2N =N +1=N =1.
By the use of Eq. (16), we present the solution of Eq. (19) as:
u(&)=a,+ay () +hio(S). (20)
Case 1. When A <0 (hyperbolic function solutions)

Substituting Eq. (20) into Eq. (19), using Eq. (6) and Eq. (8) the left-hand side of Eq. (19) becomes a
polynomial in ¥ and ¢ . Setting each coefficient of this polynomial to zero yields a system of algebraic

equations in a,,a,,b,,a,b,c,a,B,y,u and A. After solving the algebraic equations by Maple we get,
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set 1.

2 2
a‘aa,+bya,+ Pa, —a
— — — — 0 0 0
a, =ay,a, =—2aie,b, =-2aus,c = ; ,

a, =a,,a, =—ale,b, =a8(—,ui/11/—(022 —clz)ﬂ),

2 2
.- qaa +bya,+ Pa,—a

set 2.

a
Putting the set (1) into Eq. (20), we get

2a6N=2 (C, sinh (V=2 (¢ + 1)) +C, cosh (V=2 (£ +4)))
C, cosh(v=A(&+h))+C, sinh (V=2 (& +1))

g, 2632 (Csinh (V=2 (& +1))+C, cosh (V=A (£ +h)))
T C,cosh (V=2 (&+h))+C, sinh (V= (£ +1)

pa, 20eN=2(C,sinh (V=2 (£ +1))+C, cosh(V=2 (¢ + 1))

u =a,+

' oa C,cosh(V=A(£+h))+C,sinh (V=2 (&+1))
If C;#0 and C, =0,
u, =a, +2a5\/3tanh(\/3(§+h)),

vzz‘;—uzgﬁtanh(ﬁ(gm)),
w, = +2ben=2 tanh (V=4 (£ +4)).

Ca
If C,#0 and C, =0,

u, =a, +2a3\/jcoth(\/j(§+h))a
v, :a—°+2g\/3coth<x/3(§+h)),

a
ba,
Wy ==+ 2bey-Acoth(vV=A (£ +1)).
a
Putting the set (2) into Eq. (20), we get

ae(x/jcl sinh(\/j(§+h))+\/jC2 cosh(\/j(é”rh))i,/—(czz —cf)/i)

Crcosh (VA (£ +)) +Csinh (V2 (1)) |
oy #(NC sinh (V=2 (& 41))+ V=30, cosh (V=2 (¢ + ) 3|-(cT =¢7)

Vas =T C, cosh (V=4 (&+1))+C,sinh (V=2 (&+1)) |
pay B (NAC i (V=2 (2 ) +72C, cos (V2 (4 )7 (e2 <))

Was =TT C, cosh(v=A (& +h))+C,sinh (V=2 (£ + 1)) |

If C,#0 and C, =0,
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tg, =, +az(N=2 tanh (V=2 (¢ + 1)) ¥ A sech (V=2 (£ +1))),
v67:“_0+g(ﬁtanh(ﬁ(§+h))¢ Zsech (V=2 (¢+))),
ba0+bg(J_tanh(J_(§+h))¢ Asech(ﬁ(guh))).

If C,#0 and CI—O,

u89=a0+a5\/j(coth(x/_(§+h)) csch(x/_(§+h))),
v89=a_O+g\/j(coth(\/q(§+h))icsch(\/j(§+h))),
bao+ng/_(coth(x/_(§+h))icsch(x/q(fﬂa))).

Case 2. When A >0 (trigonometric function solutions)

Substituting Eq. (20) into Eq. (19), using Eq. (6) and Eq. (10) the left-hand side of Eq. (19) becomes a
polynomial in  and ¢. Setting each coefficient of this polynomial to zero yields a system of algebraic
equations in a,,a,,b,,a,b,c,a, B,y, 1 and A. After solving the algebraic equations by Maple we get,

set 1.
2 2
a‘aay,+b ya,+ fa,—a
a, =a,,a, =—-2ale,b, =-2aue,c = ; ,

set 2.
a, =a,,a, =—ai&,b, :ag(—,ui/l (cz2 +clz)/1),

_a’aa,+b’ya, + Pa,—a

a
Putting the set (1) into Eq. (20), we get

2ae7 (. sin(V (&4 1)) +C, cos (VA (£ +4)))
Clcos(J_(§+h))+C s1n( A(E+ ))
4 267 (~C,sin (VA (£ + ) +C, cos(V (£ + 1))
1Ty clCos(ﬁ(gm))wzsin(ﬂ(§+h))
ba, 2be\/z(—Clsin(x/Z(g?*'h))JszCOS(‘/I(erh)))
Wi =—" Cicos(NA(E+h))+Cysin(NA(E+h))
If C,#0 and C, =0,
u, =a,~2acAtan (VA (E+1)),
__zgﬁtan(ﬁ(gm)),

bao 2b8\/_tan(x/z(§+h)).
If C,#0 and CI—O,

U, :a0+2a8\/200t(\/z(5+h))a
v, =c;—°+2gx/zcot(\/z(§+h)),

u, =a,+
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w, =%+2b8\/zcot(x/z(§+h)).
a

Putting the set (2) into Eq. (20), we get

ae(—\/zClsin(ﬁ(§+h))+ﬁCzcos (E+h) ) 4/ )

s T C,cos(VA(¢+h))+C, sm(ﬁ(é‘ h))
. (—\/Ic1 sin (VA (& + 1)) +AC, cos (VA (& + ) c2+c?) )
VT T C,cos(VA(&+h))+C,sin(VA(E+h)) ’
b bg(—ﬁclsin(ﬁ(§+h))+ﬁczcos §+h) \/7)
Mt C,c0s(NA(£+h))+C,sin(NA(£+h))

If C;#0 and C, =0,

=a,~as 7 (tan (N (& + 1)) Fseo(VA(£+1))).
———gﬁ(tan(\/z(§+h))¢sec(\/z(§+h)))»
bao bgf(tan(ﬁ(§+h))isec(x/z(g%h))).

If C,#0 and CI—O,

Ugy =a, +agx/1(cot(x/z(§+h))icsc(\/z(ﬁJrh))),
Vi :a_0+g\/1(cot(\/2(§+h)).T.csc(\/z(§+h))),
bao .\ bgf(cot(ﬁ (&+h))Fese(v2 (§+h))).

Where &=x +ay +bz —(W)t.

a

Case 3. When A =0 (rational function solutions)
Substituting Eq. (20) into Eq. (19), using Eq. (6) and Eq. (12) the left-hand side of Eq. (19) becomes a
polynomial in i and ¢ . Setting each coefficient of this polynomial to zero yields a system of algebraic
equations in a,,a,,b,,a,b,c,a,B,y,u and A. After solving the algebraic equations by Maple we get,
a, =0,a, =0,b, =-2agu,c =-1.
Putting the values of the constants into Eq. (20), we get

—2asu —2&u

u = , vV, =
—p(x +ay +bz +1)+C, —u(x +ay +bz +1)+C,

b

—2beu
—u(x +ay +bz +t)+C,

w, =

Y',

w(xyzt)ifi <0

m(xyzi)ifi<0
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s

-

-.“ “

mlxyz)ifi=0 wmlxpzt)ifi=0

Fig 2. 3D -plotfor u,(x,y,z,t), u,(x,y,z,t), when A<0 ,u,(x,y,z,t), u,(x,y,z,t), when
A>0 and e=a=b=q,=y =l,a=pF=y=2,c,=2,c, =3,
z=0.5h=0.

5. Conclusion: In this paper, we established two equations, namely, the (2+1)-dimensional Clannish
Random Walker's Parabolic equation and the (3+1)-dimensional Clannish Random Walker's Parabolic

equation, which we believe that these two equations are introduced to the first time. The (GL &

) - expansion
method has been successfully implemented to find the new two traveling waves solutions. The results show
that this method is a powerful Mathematical tool for obtaining exact solutions for our equations. It is also a
promising method to solve other nonlinear partial differential equations.
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