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Abstract: In this paper, we introduce a new class of generalized U-birecurrent Finsler spaces defined in terms
of second-order Berwald covariant derivatives of the h(v)-curvature tensor. This new structure extends existing
concepts of recurrent and birecurrent Finsler spaces by incorporating higher-order differential conditions.
Several fundamental properties of the proposed spaces are established, including relationships between the
h(v)-curvature tensor and other important curvature tensors such as Cartan’s curvature tensors, Berwald
curvature tensor, and the normal projective curvature tensor. Furthermore, a series of theorems and corollaries
are derived to characterize the geometric behavior of these spaces under generalized recurrence conditions. The
obtained results provide a broader framework for the study of curvature structures in Finsler geometry and
contribute to the ongoing development of higher-order geometric analysis.
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1. Introduction

Finsler geometry is regarded as a natural and far-reaching generalization of Riemannian geometry, in which
the metric depends on both position and direction. This additional degree of freedom allows Finsler spaces to
model a wide range of anisotropic phenomena arising in mathematics and physics. In recent years,
significant progress has been made in the study of curvature structures and tensorial invariants in Finsler
manifolds, particularly in relation to geometric analysis and modern physical applications [32-36].

Curvature tensors play a central role in understanding the intrinsic geometric properties of Finsler spaces.
Various types of curvature tensors, including Cartan, Berwald, and projective curvature tensors, have been
extensively studied to describe geometric behavior under different connections and transformations. Recent
works have emphasized the importance of higher-order curvature tensors and their associated invariants in
developing a deeper understanding of Finsler structures [33—36]. Moreover, extensions of curvature tensors
from general relativity and relativistic spacetime geometry have also been investigated, highlighting
connections between Finsler geometry and theoretical physics [1-3]. A major direction of research in Finsler
geometry is the study of recurrent and generalized recurrent structures. These structures describe spaces in
which curvature tensors satisfy specific differential conditions, leading to important geometric and symmetry
properties. Several types of recurrence, including recurrent, birecurrent, and trirecurrent Finsler spaces, have
been introduced and analyzed using different covariant derivatives such as those defined by Cartan and
Berwald connections [4-6, 15]. In particular, generalized recurrence decompositions and tensor identities
have been studied to understand the behavior of curvature tensors under various geometric constraints [4-6].
More recently, attention has shifted toward higher-order generalizations of recurrence conditions and their
applications. A number of studies have introduced new classes of generalized recurrent Finsler spaces using
higher-order covariant derivatives, Lie derivatives, and mixed derivative structures [7-12, 18]. These
approaches have led to significant developments in understanding the interaction between different curvature
tensors, including Weyl, projective, and conharmonic curvature tensors, within generalized geometric
frameworks [10-12, 16]. Furthermore, decomposition techniques and tensorial analysis have been applied to
investigate structural properties of Finsler spaces and their geometric invariants [11, 16].
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In addition, recent contributions have explored advanced topics such as generalized trirecurrence, higher-
order curvature decompositions, and applications of Finsler geometry in areas such as geometric modeling,
mechanics, and computational methods [13, 14, 17, 19, 20]. These developments indicate a growing interest
in extending classical recurrence concepts to more general and flexible geometric settings.

Despite these advances, most existing studies are primarily limited to first-order recurrence conditions or
specific curvature tensors. The role of higher-order Berwald covariant derivatives in defining generalized
birecurrent structures, particularly in relation to the h(v)-curvature tensor, remains insufficiently explored.
This gap motivates the need for developing a more comprehensive framework that incorporates higher-order
differential structures into generalized recurrence theory.

In this paper, we introduce a new class of generalized U-birecurrent Finsler spaces defined via second-order
Berwald covariant derivatives of the h(v)-curvature tensor. This formulation provides a natural extension of
existing recurrence structures and allows for a deeper analysis of higher-order curvature behavior. We
establish several fundamental properties of these spaces and derive new relationships between the h(v)-
curvature tensor and other important curvature tensors, including Cartan, Berwald, and normal projective
curvature tensors.

The results obtained in this work generalize several known concepts in Finsler geometry and contribute to
the ongoing development of higher-order geometric analysis. Moreover, they provide a unified framework
for studying curvature interactions in generalized Finsler spaces and open new directions for future research
in both theoretical and applied contexts.

Let F, be an n-dimensional Finsler space equipped with the metric function F(x,y) satisfying the request
conditions

Let us consider a set of quantities g;;(x, y) defined by

A1) gylx,y) =58:0;F(x,y).
Where g;; is positively homogeneous of degree zero in directional arguments.
(1.2) Vi = gij)’j~
The quantities g;; and g Jk are related by

_ 1 if i=k,

1.3 gk =6k = {
13 8ug t T lo if i#k
The vectors y; and y,, related with g;;, and g/ by
(14)  a) Skyi=yr . b) siyk=y', O &gu=9gp ,» 4 0,y =6,
e) 8/gk=g"%, 0 66,=6; , and g) 5 =n.
1 . 1 . . .

(1.5)  Cipe=350:gjic = 70: 0; 0 F?,
where C;j; 1s known as (h)hv-torsion tensor, it is positively homogeneous of degree —1 in y' and symmetric

in all its indices.
By using Euler's theorem on homogeneous properties, this tensor satisfies the following identities
(1.6) a) Cijkyi = Cpij y'i = C ki y'=0 , b) Cjikyj = Clij y/ =0,
¢) Cyi =0 , and d) & Cop = Cjpen -
L. Berwald defined covariant derivative for his connection parameter jik. Thus, Berwald’s covariant
derivative By, X' of an arbitrary vector field X* with respect to x¥ is given by
(1.7) B X' =09, X' —(9,X") GL + X"GL .
Similar to Cartan's covariant derivative, Berwald's covariant derivative of the metric function F, the
unit I*and the vector y* vanish identical, i.e.
(1.8)  a) B,F =0, b) B,l!=0, and c) B,y'=0.
The covariant derivative of the metric tensor g;; does n’t vanish in sense of Berwald, i.e. Byg;; # 0 .
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The covariant derivative of the metric tensor is given by

(1.9 Bigij = —2C;jny" = —2y"BuCijx -

The processes of Berwald's covariant differentiation and the partial differentiation commute according to
(1.10) (5th - Bhék) Tji = T[G,ihr - T} Ggp; » for an arbitrary tensor field Tji .

The tensor K}y, called Cartan's fourth curvature tensor which is skew-symmetric in its last two lower
indices k and h, i.e.

(111)  Kjp=—Kjp

The associate curvature tensor K, of the curvature tensor K }kh is given by

(1.12)  Kijkn = G+j Kikn -

The associate curvature tensor Ky, of the curvature tensor K }kh 1s skew-symmetric in its first two lower
indices k and h, i. e.

(1.13) Kijhk = _Kjihk .

The K-Ricci tensor Kjy , the curvature scalar K and the deviation tensor Kji of the curvature tensor kah are
satisfying the following

(114) @) Kjy =Kp, b) g"Kpe=K, o g*Kyp =K/, and d) Kigjn = K -

The curvature tensor K }'kh satisfies the following relations too

(1.15)  Kj ¥’ = Hip,

(1.16) Hjikh = jikh + ys(aj Kin)

The tensor Rjikh called h-curvature tensor (Cartan's third curvature tensor), this tensor is positively
homogeneous of degree —1 in y'and skew-symmetric in its last two lower indices k and h, i.e.

(1.17) }kh =— R}hk , and satisfies the relations

(1.18)  Riy, = Kh + Cly HY , and

(1.19) Ry’ = Hjy .
The R-Ricci tensor Rjy, the deviation tensor Rj, and curvature scalar R of the curvature tensor R}kh are given

by
(1.20) a) Ry =Ry, b) Rjpg*=R,, and ¢) g/*Ry =R .
In contracting the indices i and h in the equation (1.18), we get

Berwald’s tensors Hjy,, is skew-symmetric in the last two lower indices, i.e. kand hand positively

homogeneous of degree zero. i.e

(1.22) hen = — Hy -

Torsion tensor Hi, of Berwald curvature tensor jikh is given by

(1.23) a) Hjlkh y/ = H{, and b) H}kh = H;

The tensor Uj,, denoted the tensor [[};, by Ujy, and defined by

(1.24) fen = Gln + ﬁ (6/Giny +¥'Glrnr) -

Also, the tensor Uy, is called h(v)-curvature tensor and it is homogeneous of degree -lin y*and symmetric

in its last two indices and satisfies the following

(125) @) Ujn=Uj » D) Upn = U » O Ujgn = Ujpe

d) U y"=Ulyy"=Uj , and €) Uy’ =0 .

The h(v)-Ricci tensor Uy, of the projective connection coefficients satisfies the following:
(126) @) Ubp=Upp ,b) Uk =Uy , where c¢) Upp=——

(n+1) Gin
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where the tensor G, is components of the call h(v)-Ricci tensor.

The h(v)-torsion tensor U]-ik satisfies

(1.27) ) jik = Ulij , b) Ujik = Ujikh y" ,and c) Uj, =, and d) Uj, = i,

P.N. Pandey obtained a relation between the normal projective curvature tensor N]‘kh and Berwald curvature

L .
tensor ijh as follows:
1

(1.28) Njikh = Hjikh ) yi ajH:kh .
The normal projective curvature tensor
(130) Ny = N, -
U-recurrent Finsler space, U"-birecurrent Finsler space and U-trirecurrent Finsler space are characterized by
(1.30) a) BUj, = Ul , where Uj, #0 , and

b) BmBlUjikh = Qi Ufin

A Finsler space which the h(v)-curvature tensor U}, satisfies the general Uj;-recurrent Finsler space and

/ikn is skew-symmetric in its last two lower indices, i.e.

general Uj;-birecurrent Finsler space characterized by the following conditions, respectively [10]

(131)  a) BUjp = &LUjgn + biy(8k gjn — 64 9j) » Upn #0

(1.32) 1) BnBiUjin = @um Ui + bim(8k 9jn — 6k 9jic) — 204y Br(8k Cinm — 84 Cjiem) » Where

Wim = Aym + LAy and vy, = Ay, + py,are non-zero covariant curvature tensors fields of second order.
(1.34)  BouBiUfin, = Wi Ui, + vun (8% 9jn — 1 gjic) — 21y By (8% Cjtam — .Cjem) » ~ Where

B,,B, is Berwald’s covariant differential operator of the second order with respect to x'and x™ respectively,
ay, = BaA + 44, and by, = B,u; + i1, are non-zero covariant tensors field and p; is non-zero
covariant vector field of first order.

2. An Extended Framework for Generalized B, U-Birecurrent Finsler Spaces

An advanced of generalized birecurrent structures in Finsler spaces related to the h(v)-curvature tensor is
shown in this section. In the context of Berwald's connection, the goal of this section is to develop a
generalized recurrence condition incorporating higher-order covariant derivatives.

Let E, be an n-dimensional Finsler space with the Cartan connection. Let jikh denote be the space's h(v)-
curvature tensor.

Assume that the generalized recurrent condition is satisfied by the h(v)-curvature tensor the following
condition:

Q1) BUfin = &Ufin + 8k gjn — 84 gji) + inl(Uligjh ~Ukgjx) » U #0 ,

Where Uji is a deviation tensor connected to the curvature tensor jikh, and A;, y; and 1n; are non-zero
covariant vectors fields of first order.

The tensor Ujikh will be referred to as a generalized recurrent tensor, and a Finsler space that satisfies
condition (2.1) will be called a generalized recurrent Finsler space. We will refer to the tensor as the
generalization generalized Bj,U-recurrent tensor and. We will abbreviate them as G?"4B,U-RF, and
G?"dB, U-R , respectively.

Remark. 2.1. If we substitute any other deviation tensors, such as K} and K} or R}, and R}, or H} and H}. , or
NE and N, for U} and U} , we obtain a new condition that characterizes a generalized generic B, U-recurrent
Finsler space in condition (2.1).

Taking B-covariant derivative for (2.1) with respect to x™, in the since of Berwald and using (1.8) we get

(2.2) BnBUfin = (Bnd)Ubn + A (B Ujien) + (Binit)) (6jigkh — 8t 9jn)
. . 1 . .
—2 WY "B, (8L Cim — 61 Citem) + 2 (B (UL gjn — Uk gj)
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1 ; ; 1 ; ;

+-[(BnUk )gjn — (BmUk ) gl = 501 ¥ Uk BrCinam — Uj By-Ciem) -
Using (2.1) in (2.2), we get

. . . . 1 . .
23)  BuBiUfin = WonUfin + vim (8590 — 81gj1c) + ;sz(Uﬁ 9in = Ui gji)
. . 1 . .
—2 Hy yTBr(Slit thm - 6;1 Cjkm)_ Erllyr(ullc Br thm - Uill Berkm)
1 . .

+210 [(BnUi ) gjn = (BnUf )] -

Where wy,,, = BjoAy + LA, Vi = 4l + By and ¢, = Ay, + By, 1) are non-zero covariant tensors

field of second order and n); and p; are non- zero covariant vectors fields.
Definition 2.1. A Finsler space F, for which h(v)-curvature tensor U]-ikh satisfies the condition (2.3), where

Wim> VUi and ¢y, are non -zero covariant tensors fields of second order, and n; and p; are non- zero
covariant vectors fields of first order, is called generalization generalized Bj,U-birecurrent Finsler Space
and the tensor will be called the generalization generalized BU-recurrent tensor, we shall denoted them
briefly by G2"4B, U-BRE, and G?"* BU-BRF, respectively.
Result 2.1. All G2"“B, U-BRE, is G*"* BU-BRF, .
Transvecting, (2.3) by y" and using (1.15d), (1.8¢), (1.2), (1.4b), (1.6a) and (1.6d), we get
. . . . 1 . .
(2.4) BnBUj = winUjp + vim (61, =¥ 9ji) + chm(Uﬁ vi —ULy" gji)
. 1 . 1 . .
+2 1y B (V" Ciem) +5 MY (U ¥" By Citan) + 101 [(Bim Ui )yj — (BmUi ¥™) g5 -

r

Suppose that UL y* = U™ in (2.4) and using (1.8c), we get
. . . . 1 . .
25 BnBiUj = wimUfi + vim (85 y; = ¥'gji) + S cm (Ui y; = Ulgie)
i 1 P 1 . .,
+2u, Y'Y By Cigm + Pl y'U' B, Cigm + an[(BmUIlc ))’j - (BmUl)gjk]
Contracting iand h in (2.3) and using (1.4g), (1.4c), (1.6a) and (1.17b), we get
1
(2.6) B BUpk = apm U + (1 = )by g + chm(Ulg 9js — Ussgjk)_z My yrBr((SIi Cism — 5sSCjkm)
1 1
S I'll.'yr(UI}9 Br stm - UssBr Cjkm) + Zrll [(BmUli )gjs - (BmUsS)gjk] .
Suppose that Ul = U , Ug g;r = Uj and 6y Cjrpy = Cjgy in the above equation, we get
1
(2.7) BnBUjx = apmUp + (1 = 1) (bynGj— 2 1Y By Cikm) +chm(UjK —-Ugji)
1 1
-3 1, yr(Ulgngjsm - UBerkm) + Zrll[(BmUlg )gjs - (BmU)gjk ] :
Thus, we may conclude

Theorem. 2.1. In G?"“B, U-BRE, then, the h(v)-torsion tensor U]-ik and the Ricci tensor Uy, are given by (3.5)

and (3.7), respectively.
Contracting iand k in (2.4), using (1.4c), (1.4a), (1.8c), (1.6a) and (1.17¢c), we get

1
28)  BnBICS = winCii + (0= Dy + 7 cim(USy; — U*g)s)+2 1, y"B(0)
1 i 1
+E ; yr(Ul Br Cjkm) + Zrll [(BmUss)yj - (BmUs)ng] .
Suppose that U7 = U and U°g;s = U; , we get
1
(2.9) BnBiCfy = Wi G + (n — Dyjvm + chm(UYj - U;)
1 1
+Erll yr(US Br stm) + an[(Bm U)yj - (BmUS)gjs] .
Thus, we may conclude
Theorem. 2.2. In G*"*B,,U-BREF, , the curvature tensor C/ satisfies (2.9).

3. Some Relationship among Curvatures Tensors In G>*"4B, U-BRF,

Several relations between various curvature tensors in generalized birecurrent Finsler spaces are established
in this section. Specifically, we examine how the Berwald curvature tensor, Cartan curvature tensors, and
normal projective curvature tensor interacts.
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By using Remark (2.1) in (2.1) and instead of U} and U} by the deviation tensor Ki and K} , we get
(3.1 BUjin = KiUjin + Ml(6llc Jjn — 6 gjk) + ZH[(Uﬁgjh - Ufllgjk) , Upgn # 0.
Taking B-covariant derivative for (3.1) with respect to x™, in the since of Berwald and using (1.9), we get
(32 BuBiUjin) = BuddUjin + L(BulUjia) + Buttt) (8 jn = 81 )
. . 1 . .
— 2wy B, (6% Cinm — 61, Cjkm) +3 (B (Ki Jjn — Kn gjk)
1 i i 1 1 i

+2 0 [(Bm Ki )gjn — (BmKi ) gje] =51 Y Br [Kic (By-Cinm) — Ky (By-Ciyem)] -
Using (3.1) in (3.2), we get
(3.3) BmBlUjlkh = WlmUjlkh + Vlm(5ilc 9jn — On gjk) + chm(Klff 9jn — Ky gjk)

. . 1 . .
-2 28] yr Br(5llc thm - 5}11 Cjkm) + Zrll [(Bm KIE )gjh - (BmK}i )gjk]
1 . .

— S Y [Ki (Br Cinm) = Ki (BrCirem )] -
Where wy,, =B, A+ A4 Ay, Vi = A i + By and ¢y, = A4y + By are non-zero  covariant
tensors fields of second order, respectively.
Thus, we conclude
Theorem.3.3. A G?"“B, U-BRF, ,may characterized by the condition (3.3).
By using (1.11) and (1.14d)) in (3.3), we get
(3.5) BB, Ujlkh = WlmUjlkh + gclijlkh + Vlm(5ll< 9jn — o gjk) + 2 [(Bm K )gjh

. . . 1 . .

_(BmK}; )gjk] -2 Ky yrBr (512thm - 6}11 Cjkm)_ Erllyr (Klé Berhm - Kilz Berkm) .

Thus, we may conclude

Corollary 3.1. In G?™B,U-BRF,, the relationship between the h(v)-curvature tensor Ujn and Cartan’s
fourth curvature tensor Kjik n 1s given by (3.5).
By using (1.16) in (3.3), we get
(3.6)  BuBUjiy = Wim U + iclmHjikh - iclm v (0;Kikn ) + vim (8L gjn — 65 gjx)
+i n, [(Bm Ky )gjh - (BmKiL; )gjk] -2, y" B, (6} Cinm — 5 Cikm)
—>0, Y[ K By Cinm) = K (BeCiim)] -
Thus, we may conclude
Corollary 3.2. In G*"@B,U-BRE, , the relationship between n the h(v)-curvature tensor Ujikh and Berwald’s
curvature tensor H }-ikh given by (3.6).

Let's look at a Finsler space F,, where the h(v) curvature tensor jikh meet the requirements listed below:

. . . 1 . . .
(3.7) BUjin = KiUjip + ﬂl(5llc Jjn — 6 gjk) + Zrll(HIlcgjh - H;ngk) » U # 0 .
Taking B-covariant derivative for (3.7) with respect to x™, in the since of Berwald and using (1.9) we get
(3.8) B (BlUjin) = BnA) Uk, + A BpUjyn ) + (Brnity) (6t 9jn — 61 9jk)
. . 1 . .
-2 yrBr(Szlc Cinm — g3 Cjkm) + Z(erlz) (Hllc 9jn — Hy, gjk)
1 . . 1 . .
+ 0 (BuHi )gjn — (BnHi)Gji| =51 ¥ By [Hi (BrCinm) — Hi (B, Citam )]
Using (3.7) in (3.8), we get
. . . . 1 . .
39 BnBiUjin = Wim Ufin + im(8k Gjn — 85 9jxc) + 5 com(Hic 9jn — Hi G 1)
. . 1 . .
— 2 1 Y" B (6% Cinm — 6% Cim) + " 0[(BmHE)gjn — (BmHE ) i)
1 . .
> yT(Hllc B, Cjnm — Hp Brcjkm) .
Where wy,, = B + A4 Ay Vi = Ay iy + Bty and ¢, = Aj1); + B, 1); are non-zero covariant tensors
fields of second order and y; and 1); are non-zero covariant vector fields of first order.
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Thus, we conclude
Theorem 3.2. A G*"“B, U-BREF, ,may characterized by the condition (3.9).
Suppose that H. gjn = Hjikh in (3.9), we get
(3.10)  BpBiUjn = WinUjen + im(8k gjn — 81 9jx) + chm( hen — Hl)
~2 Wy B (8k Cinm — Ok Cirem) + an[(Bm Hy)gjn — (BwHi ) gji]
1 . .
- Erll yr(HIlc Br thm - Hill Berkm) .
By using (1.21) in (3.9), we get
G11)  BaBUjkn = Wi Ujin, + 5 Cim Hjpp + Vim (6 Jjn — O gjk)
. . 1 . .
=2 14" B (8 Cinam — 6%, Cjrem) + Zrll[( BmHi )9jn — (BmH} ) )]
1 . .
- Erll yr(HIlc Brcjhm - Hill Berkm) .
Thus, we conclude
Corollary 3.3. In G*™@B,U-BRE, , the relationship between the h(v)-curvature tensor Ujikh and Berwald’s
curvature tensor H jikh may given by (3.11).

Let's look at a Finsler space F,, where the h(v) curvature tensor jikh meet the requirements listed below:

. . . 1 . . .
(3.12)  BUjkp = LUjip, + Hl(5llc Jjn — 6 gjk) + Zrll(HIlcgjh - H;ngk) » U # 0 .
Taking B-covariant derivative for (3.12) with respect to x™, in the since of Berwald and using (1.9) we get
(3.13) By (Bijin) = Brnd)Ujin + i(Bnljin) + (Brttr) (8 gjn — 67 gji)
. . 1 . .
-2 yrBr(ach Cinm — Oh Cjkm) + 1 (erll)(Rllc 9jn — R}, gjk)
1 . . 1 . .
+ Z I]l[(Bm Rllc )gjh - (BmRill )gjk]_ Erll yrBr (Rllc Berhm - Rfll Berkm) .
By using (3.12) in (3.13), we get
. . . . 1 . .
(3.14)  BnBiUfin = Wim Ufien + vim(8k 9jn — 81 gjic) + 5 Cim (Ric gjn — Ri 9jx)
. . 1 . .
— 21" B (8L Cipm — 85 Cirm) + ;Ilz[(Bm RL)gjn — (BuRE)gjk]
1 . .
— 3 yr(Rllc B,Cjnm — Rp, Brcjkm) >
Where wy,, = B + A4 Ay Vi = Ay iy + Bty and ¢, = Aj1); + B, 1; are non-zero covariant tensors
fields of second order.

Thus, we may conclude
Theorem 3.3. A G?"“B, U-BREF, ,may characterized by the condition (3.14).

Let's look at a Finsler space F,, where h(v)-curvature tensor Uy, meet the requirements listed below:
(3.15)  BUn = LU + (65 gjn — 81 9jic) + Zrll(Nlégjh —Nigix) Ujen # 0 .
Taking B-covariant derivative for (3.15) with respect to x™, in the since of Berwald and using (1.9) we get
(4.16)  Bu(BiUjin) = (B Wi + (BnUjin) + (Butt)) (8k 9jn — 65 gjic)
-2y }’WBr(&i Cinm — 61, Cjkm) 3 (Bnny) ( Ni gjn — N Gjk )
1 . . 1 . .
+210 [(BnNi ) gjn = (BmNi )9 i) =51 ¥ Br(Ni By-Cinam — Ni B Ciem) -
Using (3.15) in (3.16), we get
(3.17) BmBlUjlkh = Wim Ujlkh + Vlm(5ilc 9jn — On gjk) +chm(Nkl'. 9jn — Ny gjk)
. . 1 . .
—2 23} yr Br(SILc thm - 5;1 Cjkm) + Z n; [(Bm let )gjh - (BmNii )gjk]
1 . .
- Erll yr(Nlé Berhm - Nill Berkm) .
Where wy,,, = By A + 4 Ay, Vi = A iy + By and ¢y, = Ay1; + By, 1; are non-zero covariant tensors
of second order, respectively.
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Theorem 3.3. A G?"4B,U-BRF, ,may characterized by the condition (3.17).
Suppose that, N} gjn = lekh in (3.16), we get

(3.18)  BuByUir, = Wim Ufen + Vi (8% gjn — 84 9jic) + 7 com(Njen = Njuic)
. . 1 . .
—2 WY "B, (6} Cim — 6} Cirom) + " 0 (BnNE ) gjn — (BiNE ) 9]
1 . .
- ;I]l yr(Nlé Brcjhm - N}'ll Berkm) .
By using (1.31) in (3.18), we get
. . 1 . . .
(3.19)  BuBUfin = WimUen + 3 Cim Njin, + vim (8% gjn — Sk 9j1c)
~ 21" Br(8 Cinm — 84 Citam) + [ B NE)gjn = (BmNi ) g ]
1 . .
- Erll yr(le Berhm - N}’lL Berkm) .
Thus, we conclude
Theorem 3.5. A G?™B,U-BRFE, the relationship between h(v)-curvature tensor Ufkh and the normal

projective curvature tensor lekh is given by (3.19).

Contracting the indices i and h in (3.19), using (1.15b), (1.32), (1.4c) and (1.4g), we get
1

3200  BnBiUj = wimUje + 5 ¢im Nix + (1 =) (WimGje— 2 11 ¥" By Cjkem )

+i rll[(Bm ng)gjs - (BmNsS)gjk] _%rll yr(ng BrC]’sm - NssBerkm) .

Thus, we conclude

Corollary 3.4. The equation (3.20) holds in G?"*B, U-BRE, .

Conclusions

The introduction of generalized U-birecurrent Finsler spaces has significantly enriched the field of Finsler

geometry. Our research has revealed several novel properties of these spaces and has expanded our

understanding of their geometric structure. The results presented in this paper open up new avenues for

further research.

Recommendations for Future Research

o Explore the physical applications of generalized U-birecurrent Finsler spaces.

o Investigate the relationship between generalized U-birecurrent Finsler spaces and other geometric
structures, such as conformal Finsler geometry.

e Develop numerical methods for studying the properties of generalized U—-birecurrent Finsler spaces.
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      𝜇  l  


    F  n  


    U  j k h  i


    w  l m


    v  l m  


    c  l m  


   ƞ  l


      𝜇  l  


   ℬ h U


  ℬ U


    G  2 n d  ℬ h U


    F  n


    G  2 n d


  ℬ U


    F  n


    G  2 n d  ℬ h U


    F  n


    G  2 n d


  ℬ U


    F  n


    y h


   ℬ  m  ℬ  l   U  j k  i =   w  l m   U  j k  i +   v  l m  (   𝛿  k    i   y  j −   y  i     g  j k ) +    1 4   c  l m  (   U  k    i   y  j −   U  h    i   y h     g  j k )


    + 2   𝜇  l     y  r  ℬ  r  (   y  i     C  j k m )     +  1 2    ƞ  l y  r  (   U  h    i   y h    ℬ  r     C  j k m ) +  1 4  ƞ  l   [  (  ℬ  m     U  k    i )   y  j −  (  ℬ  m   U  h    i   y h )   g  j k ]  


    U  h    r   y h =   U  r


   ℬ  m  ℬ  l   U  j k  i =   w  l m   U  j k  i +   v  l m  (   𝛿  k    i   y  j −   y  i   g  j k ) +    1 4   c  l m  (   U  k    i   y  j −   U  i   g  j k )  


    + 2   𝜇  l       y  r   y  i  ℬ  r     C  j k m     +    1 2    ƞ  l   y  r   U  i    ℬ  r     C  j k m +  1 4  ƞ  l  [  (  ℬ  m   U  k    i )   y  j −  (  ℬ  m   U  i )   g  j k ]


   ℬ  m  ℬ  l   U  j k =   a  l m   U  j k +  ( 1 − n )   b  l m   g  j k +  1 4   c  l m  (   U  k    s   g  j s −   U  s    s   g  j k )   − 2   𝜇  l     y  r  ℬ  r  (   𝛿  k    s   C  j s m −   𝛿  s    s   C  j k m )  


    −  1 2    ƞ  l y  r  (   U  k    s  ℬ  r     C  j s m −   U  s    s  ℬ  r     C  j k m ) +  1 4  ƞ  l    [  (  ℬ  m   U  k    s )   g  j s −  (  ℬ  m   U  s    s )   g  j k ]  


    U  r  r = U       ,       U  k    r   g  j r =   U  j k  


    𝛿  k    r   C  j r m =   C  j k m


   ℬ  m  ℬ  l   U  j k =   a  l m   U  j k +  ( 1 − n ) (   b  l m   g  j k   −   2   𝜇  l     y  r  ℬ  r     C  j k m ) +  1 4   c  l m (   U  j K − U   g  j k )  


    −    1 2    ƞ  l   y  r  (   U  k    s  ℬ  r   C  j s m − U  ℬ  r   C  j k m ) +  1 4  ƞ  l  [  (  ℬ  m   U  k    s )   g  j s −  (  ℬ  m U )   g  j k   ]   .  


    G  2 n d  ℬ h U


    F  n


      U  j k    i


    U  j k  


   ℬ  m  ℬ  l   C  j s  s =   w  l m   C  j k    s +  ( n − 1 )   y  j   v  l m +  1 4   c  l m  (   U  s    s   y  j −   U  s   g  j s )   + 2   𝜇  l     y  r  ℬ  r  ( 0 )  


      +  1 2    ƞ  l   y  r  (   U  i    ℬ  r     C  j k m ) +  1 4  ƞ  l    [  (  ℬ  m   U  s    s )   y  j −  (  ℬ  m   U  s )   g  j s ]    


      U  s    s = U     and       U  s   g  j s =   U  j     ,  


   ℬ  m  ℬ  l   C  j s  s =   w  l m     C  j k    s +  ( n − 1 )   y  j   v  l m +  1 4   c  l m  ( U   y  j −   U  j   )  


    +  1 2  ƞ  l   y  r  (   U  s    ℬ  r     C  j s m ) +  1 4  ƞ  l  [  (  ℬ  m   U )   y  j −  (  ℬ  m   U  s )   g  j s ]  


    G  2 n d  ℬ h U


    F  n


      C  j S    S  


    𝐆  𝟐 𝐧 𝐝   𝓑  𝐡


    𝐅  𝐧


    U  k  i


    U h  i


    K  k  i


    K h  i  


   ℬ  l   U  j k h  i =  ʎ  l   U  j k h  i +   𝜇  l  (   𝛿  k  i     g  j h −   𝛿 h  i     g  j k ) +  1 4  ƞ  l  (   U  k  i   g  j h −   U h  i   g  j k )       ,       U  j k h  i ≠ 0


  ℬ


    x  m


   ℬ  m   ( ℬ  l   U  j k h  i ) = (  ℬ  m   𝜆  l   ) U  j k h  i +   𝜆  l   (  ℬ  m U  j k h  i ) + (  ℬ  m   𝜇  l )    (   𝛿  k    i   g  j h −   𝛿  h    i   g  j k )


    −   2   𝜇  l     y  r  ℬ  r  (   𝛿  k    i   C  j h m −   𝛿  h    i   C  j k m ) +  1 4  (  ℬ  m  ƞ  l )    (   K  k  i     g  j h −   K h  i     g  j k )


  +  1 4  ƞ  l  [  (  ℬ  m     K  k    i )   g  j h − (  ℬ  m   K  h    i )   g  j k ]   −  1 2  ƞ  l   y  r  ℬ  r   [   K  k    i   (  ℬ  r C  j h m ) −   K  h    i (  ℬ  r   C  j k m ) ]  


   ℬ  m  ℬ  l   U  j k h  i =   w  l m   U  j k h  i +   v  l m  (   𝛿  k    i   g  j h −   𝛿  h    i   g  j k ) +  1 4   c  l m  (   K  k    i   g  j h −   K  h    i   g  j k )


    −   2   𝜇  l     y  r    ℬ  r  (   𝛿  k    i   C  j h m −   𝛿  h    i   C  j k m ) +  1 4  ƞ  l    [  (  ℬ  m     K  k    i )   g  j h −  (  ℬ  m   K  h    i )   g  j k ]  


    −    1 2  ƞ  l   y  r  [   K  k    i   (  ℬ  r   C  j h m ) −   K  h    i  (  ℬ  r   C  j k m )


    w  l m =  ℬ  m   𝜆  l +     𝜆  l       𝜆  m     ,       v  l m =   𝜆  l     𝜇  m +  ℬ  m   𝜇  l   and       c  l m =   𝜆  l  ƞ  l +  ℬ  m  ƞ  l  


    G  2 n d  ℬ h U


    F  n  


   ℬ  m  ℬ  l   U  j k h  i =   w  l m   U  j k h    i +  1 2   c  l m   K  j k h  i +   v  l m  (   𝛿  k    i   g  j h −   𝛿  h    i   g  j k ) +  1 4    ƞ  l   [  (  ℬ  m     K  k    i )   g  j h  


  −  (  ℬ  m   K  h    i )   g  j k ]     − 2   𝜇  l     y  r  ℬ  r (   𝛿  k  i   C  j h m −   𝛿 h  i   C  j k m )   −  1 2  ƞ  l y  r (     K  k    i  ℬ  r C  j h m −   K  h    i  ℬ  r   C  j k m )   .  


    G  2 n d  ℬ h U


    F  n


    U  j k h  i


      K  j k h  i


   ℬ  m  ℬ  l   U  j k h  i =   w  l m     U  j k h  i +  1 4   c  l m   H  j k h  i −  1 4   c  l m     y  s  (     𝜕 .  j   K  s k h    i ) +   v  l m  (   𝛿  k    i   g  j h −   𝛿  h    i   g  j k )


  +  1 4    ƞ  l    [  (  ℬ  m     K  k    i )   g  j h −  (  ℬ  m   K  h    i )   g  j k ]     − 2   𝜇  l     y  r  ℬ  r (   𝛿  k    i   C  j h m −   𝛿  h    i   C  j k m )


        −  1 2  ƞ  l   y  r  [     K  k    i   (  ℬ  r   C  j h m ) −     K  h    i  (  ℬ  r   C  j k m )


    G  2 n d  ℬ h U


    F  n  


    U  j k h  i


    H  j k h  i


    F  n  


    U  j k h  i


   ℬ  l   U  j k h  i =  ʎ  l   U  j k h  i +   𝜇  l  (   𝛿  k  i     g  j h −   𝛿 h  i     g  j k ) +  1 4  ƞ  l  (   H  k  i   g  j h −   H h  i   g  j k )         ,       U  j k h  i ≠ 0     .  


    x  m


   ℬ  m   ( ℬ  l   U  j k h  i ) = (  ℬ  m   𝜆  l   ) U  j k h  i +   𝜆  l      ℬ  m U  j k h    i ) + (  ℬ  m   𝜇  l )    (   𝛿  k    i   g  j h −   𝛿  h    i   g  j k )


    − 2   𝜇  l     y  r  ℬ  r  (   𝛿  k    i   C  j h m −   𝛿  h    i   C  j k m ) +  1 4  (  ℬ  m  ƞ  l )    (   H  k  i     g  j h −   H h  i     g  j k )


  +  1 4  ƞ  l  [  (  ℬ  m   H  k    i )   g  j h − (  ℬ  m   H  h    i )   g  j k ]   −  1 2  ƞ  l   y  r  ℬ  r    [   H  k    i   (  ℬ  r C  j h m ) −   H  h    i  (  ℬ  r   C  j k m   ) ]  


   ℬ  m  ℬ  l   U  j k h  i =   w  l m     U  j k h  i +   v  l m  (   𝛿  k    i   g  j h −   𝛿  h    i   g  j k ) +  1 4   c  l m  (   H  k    i   g  j h −   H  h    i   g  j k )


    −   2   𝜇  l     y  r  ℬ  r  (   𝛿  k    i   C  j h m −   𝛿  h    i   C  j k m ) +  1 4    ƞ  l [  (  ℬ  m   H  k    i )   g  j h −  (  ℬ  m   H  h    i )   g  j k ]  


    −  1 2  ƞ  l   y  r  (   H  k    i    ℬ  r   C  j h m −     H  h    i  ℬ  r   C  j k m )


    w  l m =  ℬ  m   𝜆  l +   𝜆  l     𝜆  m     ,       v  l m =   𝜆  l     𝜇  m +  ℬ  m   𝜇  l   and       c  l m =   𝜆  l  ƞ  l +  ℬ  m  ƞ  l  


      𝜇  l  


   ƞ  l


    G  2 n d  ℬ h U


    F  n  


    H  k    i   g  j h =   H  j k h    i


   ℬ  m  ℬ  l   U  j k h  i =   w  l m   U  j k h  i +   v  l m  (   𝛿  k    i   g  j h −   𝛿  h    i   g  j k ) +  1 4   c  l m  (   H  j k h    i −   H  j h k  i )


    − 2   𝜇  l     y  r  ℬ  r  (   𝛿  k    i   C  j h m −   𝛿  h    i   C  j k m ) +  1 4  ƞ  l  [  (  ℬ  m     H  k    i )   g  j h −  (  ℬ  m   H  h    i )   g  j k ]  


    −  1 2  ƞ  l   y  r  (   H  k    i  ℬ  r     C  j h m −     H  h    i  ℬ  r   C  j k m )    


   ℬ  m  ℬ  l   U  j k h  i =   w  l m     U  j k h    i +    1 2   c  l m     H  j k h    i +   v  l m  (   𝛿  k    i   g  j h −   𝛿  h    i   g  j k )


    − 2   𝜇  l     y  r    ℬ  r  (   𝛿  k    i   C  j h m −   𝛿  h    i   C  j k m ) +  1 4  ƞ  l  [  (    ℬ  m   H  k    i )   g  j h −  (  ℬ  m   H  h    i )   g  j k ]


    −  1 2  ƞ  l   y  r  (   H  k    i    ℬ  r C  j h m −   H  h    i  ℬ  r   C  j k m )      


    G  2 n d  ℬ h U


    F  n  


    U  j k h  i


    H  j k h  i


    F  n  


    U  j k h  i


   ℬ  l   U  j k h  i =  ʎ  l   U  j k h  i +   𝜇  l  (   𝛿  k  i     g  j h −   𝛿 h  i     g  j k ) +  1 4  ƞ  l  (   H  k  i   g  j h −   H h  i   g  j k )       ,       U  j k h  i ≠ 0     .  


    x  m


   ℬ  m     ( ℬ  l   U  j k h  i ) = (  ℬ  m   𝜆  l   ) U  j k h  i +   𝜆  l   (  ℬ  m U  j k h  i ) + (  ℬ  m   𝜇  l )    (   𝛿  k    i   g  j h −   𝛿  h    i   g  j k )


    −   2   𝜇  l     y  r  ℬ  r  (   𝛿  k    i   C  j h m −   𝛿  h    i   C  j k m ) +  1 4  (  ℬ  m  ƞ  l )  (   R  k  i     g  j h −   R h  i     g  j k )


  +  1 4    ƞ  l  [  (  ℬ  m     R  k    i )   g  j h −  (  ℬ  m   R  h    i )   g  j k ]   −  1 2  ƞ  l   y  r  ℬ  r    (   R  k    i    ℬ  r C  j h m −     R  h    i  ℬ  r   C  j k m )  


   ℬ  m  ℬ  l   U  j k h  i =   w  l m     U  j k h    i +   v  l m  (   𝛿  k    i   g  j h −   𝛿  h    i   g  j k )   +    1 4   c  l m    (   R  k    i   g  j h −   R  h    i   g  j k )


    −   2   𝜇  l     y  r    ℬ  r  (   𝛿  k    i   C  j h m −   𝛿  h    i   C  j k m )   +  1 4  ƞ  l  [  (  ℬ  m     R  k    i )   g  j h −  (  ℬ  m   R  h    i )   g  j k ]  


    −    1 2  ƞ  l   y  r  (   R  k    i    ℬ  r C  j h m −   R  h    i  ℬ  r   C  j k m )  


    w  l m =  ℬ  m   𝜆  l +   𝜆  l     𝜆  m     ,       v  l m =   𝜆  l     𝜇  m +  ℬ  m   𝜇  l   and       c  l m =   𝜆  l  ƞ  l +  ℬ  m  ƞ  l  


    G  2 n d  ℬ h U


    F  n  


    F  n  


    U  j k h  i


   ℬ  l   U  j k h  i =  ʎ  l   U  j k h  i +   𝜇  l  (   𝛿  k  i     g  j h −   𝛿 h  i     g  j k ) +  1 4  ƞ  l  (   N  k  i   g  j h −   N h  i   g  j k )       ,       U  j k h  i ≠ 0     .  


    x  m


   ℬ  m   ( ℬ  l   U  j k h  i ) = (    ℬ  m   𝜆  l     ) U  j k h    i +   𝜆  l   (  ℬ  m U  j k h  i ) + (    ℬ  m   𝜇  l )    (   𝛿  k    i   g  j h −   𝛿  h    i   g  j k )


    −   2   𝜇  l     y  r  ℬ  r  (   𝛿  k    i   C  j h m −   𝛿  h    i   C  j k m ) +  1 4  (    ℬ  m  ƞ  l )    (     N  k  i     g  j h −   N h  i     g  j k   )


  +  1 4  ƞ  l    [  (  ℬ  m   N  k    i )   g  j h −  (  ℬ  m   N  h    i )   g  j k ]   −  1 2  ƞ  l   y  r  ℬ  r  (   N  k    i  ℬ  r   C  j h m −   N  h    i  ℬ  r   C  j k m )  


   ℬ  m  ℬ  l   U  j k h  i =   w  l m     U  j k h    i +   v  l m  (   𝛿  k    i   g  j h −   𝛿  h    i   g  j k ) +  1 4   c  l m  (   N  k    i   g  j h −   N  h    i   g  j k )


    − 2   𝜇  l     y  r    ℬ  r  (   𝛿  k    i   C  j h m −   𝛿  h    i   C  j k m ) +  1 4    ƞ  l    [  (  ℬ  m     N  k    i )   g  j h −  (    ℬ  m   N  h    i )   g  j k ]  


    −  1 2  ƞ  l   y  r  (   N  k    i    ℬ  r C  j h m −   N  h    i  ℬ  r   C  j k m )     .


    w  l m =  ℬ  m   𝜆  l +   𝜆  l     𝜆  m   ,       v  l m =   𝜆  l     𝜇  m +  ℬ  m   𝜇  l   and       c  l m =   𝜆  l  ƞ  l +  ℬ  m  ƞ  l  


    G  2 n d  ℬ h U


    F  n    


    N  k    i   g  j h =   N  j k h    i


   ℬ  m  ℬ  l   U  j k h  i =   w  l m     U  j k h    i +   v  l m  (   𝛿  k    i   g  j h −   𝛿  h    i   g  j k ) +  1 4   c  l m  (   N  j k h    i −   N  j h k    i )


    − 2   𝜇  l     y  r  ℬ  r  (   𝛿  k    i   C  j h m −   𝛿  h    i   C  j k m ) +  1 4    ƞ  l  [  (  ℬ  m   N  k    i )   g  j h −  (  ℬ  m   N  h    i )   g  j k ]  


    −  1 2  ƞ  l   y  r  (   N  k    i    ℬ  r C  j h m −   N  h    i  ℬ  r   C  j k m )      


   ℬ  m  ℬ  l   U  j k h  i =   w  l m   U  j k h    i +  1 2   c  l m     N  j k h  i +   v  l m  (   𝛿  k    i   g  j h −   𝛿  h    i   g  j k )  


    −   2   𝜇  l     y  r    ℬ  r  (   𝛿  k    i   C  j h m −   𝛿  h    i   C  j k m )   +  1 4  ƞ  l  [  (    ℬ  m     N  k    i )   g  j h −  (    ℬ  m   N  h    i )   g  j k   ]  


    −    1 2  ƞ  l   y  r  (   N  k    i    ℬ  r C  j h m −   N  h    i  ℬ  r   C  j k m )    


    G  2 n d  ℬ h U


    F  n  


    U  j k h    i


    N  j k h    i


   ℬ  m  ℬ  l   U  j k =   w  l m   U  j k +  1 2   c  l m     N  j k +  ( 1 − n ) (   v  l m   g  j k   −   2   𝜇  l     y  r    ℬ  r   C  j k m   )


    +  1 4    ƞ  l  [  (  ℬ  m     N  k    s )   g  j s −  (  ℬ  m   N  s  s )   g  j k ]     −  1 2  ƞ  l   y  r  (   N  k    s    ℬ  r C  j s m −     N  s    s  ℬ  r   C  j k m )  


    G  2 n d  ℬ h U


    F  n  


    P  j k h  i

