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Abstract: This paper investigates the geometric structure of a Finsler space F, admitting a
generalized n'" -order recurrence property relative to Cartan’s third curvature tensor field R}kh. We
define a new class of Finsler spaces, denoted as GR"-n‘"RE, , where the h-covariant derivative of
the n™ order of the curvature tensor fkh satisfies a specific recurrence condition involving
multiple recurrence tensor fields. Throughout this study, we derive several fundamental geometric
identities, including Bianchi and Veblen-type identities, within the framework of this generalized
space. Furthermore, we establish necessary and sufficient conditions under which Cartan’s fourth
curvature tensor Kjikh and the Ricci tensor exhibit recurrence properties. The results demonstrate
that the curvature scalar and the deviation tensor associated with Cartan’s third curvature tensor
are non-vanishing in GR"-n*"RE,. These findings extend the existing theory of recurrent Finsler
spaces to higher-order differential manifolds.

Keywords: Finsler Geometry; Cartan’s curvature tensors; n"-order recurrence; h-covariant

differentiation; G Rh—nthRFn spaces; Ricci tensor.

1. Introduction

The theory of recurrent spaces has been a focal point in Finsler geometry, particularly
following the foundational works of Berwald and Cartan. While many researchers have explored
recurrent and birecurrent Finsler spaces, most existing literature remains confined to second or
third-order recurrence properties. However, a comprehensive framework for generalized n'-
order recurrence involving Cartan’s third curvature tensor field R}kh has not been fully
established.
This paper bridges this gap by introducing the concept of Generalized R"-n"RE, Recurrent
Finsler Spaces GR™-n!"RE,. Unlike standard recurrence, our approach utilizes a generalized
condition where the h-covariant derivative of the n™ order is expressed through a combination of
multiple recurrence tensors and metric components. By investigating these higher-order
structures, we provide a more general geometric perspective that encompasses previous lower-
order models as special cases.

Literature Review:

On Generalized Nth -Order Recurrent Finsler Space... Al-Qashbari
424


mailto:adel.math.edu@aden.net
https://doi.org/10.47372/jef.(2024)18.1.191

JEF/Journal of Education Faculties 36 dmeler — Gyl LK Y2

Volume 18, Issue (1), 2024 ¢ 2024 (1) susll 18 At

The geometric framework of Finsler spaces and their foundational differential properties were
extensively established by Rund [2], providing the basis for subsequent developments in
curvature tensor analysis. Over the past decade, the study of recurrent and generalized recurrent
Finsler structures has gained significant momentum. Al-Qashbari and Qasem [6] initiated
investigations into generalized BR-trirecurrent spaces, while further properties of Weyl’s
projective and generalized curvature tensors of the second order were explored by Al-Qashbari
[7, 8]. Recent advancements have shifted toward higher-order recurrence; for instance, Al-
Qashbari et al. [11, 17] studied fourth-order and Kh-generalized recurrent spaces, extending the
theory to more complex manifolds. In 2024, significant contributions were made regarding R-
projective curvature tensors [12] and the interaction of concircular curvature tensors under Lie
derivatives [14, 15]. Furthermore, the decomposition of curvature tensors using Berwald’s and
Cartan’s higher-order derivatives has been rigorously analyzed [4, 5], highlighting the
importance of mixed covariant derivatives in the Cartan sense [13]. These studies collectively
emphasize that while lower-order recurrence is well-documented, the exploration of generalized
n™-order recurrence associated specifically with Cartan’s third curvature tensor remains an open
and fertile area of research.
Cartan in his second postulate, represented the variation of an arbitrary vector field X* under the
infinitesimal change of its line element (x,y) to (x + dx,y + dy) by means of covariant
(absolute) differential given by
(1.1) DX'=dXx'+ X/ (C}, dy* + T} dx* ), where
(12) ) Ty =i~ GuG™ + 9" Cm G

b) Gi= % Yiey'y® and ¢ Gf =0;G"
The function G' is positively homogeneous of degree two in the directional argument.

Eliminating dy*from (1.1) and in terms of the absolute differential of [¢, Cartan deduced

(1.3) DX'=F X!, D I* + X!, dx* + yk(3, X')=Z | where
(1.4) a) X|e=0 X'+ X Ch b X =0X +X" T} —(0,X)IF ¥y ,
and ©) Lif =T} —Ch, Tmys

The function I} defined by (1.4c) is connection parameter of Cartan, this is symmetric in the
lower indices r and k and positively homogeneous of degree zero in the directional argument
and satisfies:

(1.5) gin Tk = Dink

The equations (1.4a) and (1.4b) give two processes of covariant differentiation called v-covariant

differentiation (Cartan's first kind covariant differentiation) and h-covariant differentiation
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(Cartan's second kind covariant differentiation), respectively. So X'|, and X, |ik are respectively

v-covariant derivative and h-covariant derivative of the vector field X!. We note that this
notation for covariant differentiations was used by Cartan and followed by Rund and Matsumoto
calls these derivatives as " v-covariant derivative " and " h-covariant derivative ", respectively

and his symbols for covariant differentiations are similar to that of Cartan with only difference

that % XY, of Cartan coincides with X!|, of Matsumoto due to this change we have an

extra F in first term of the right hand side of the equation (1.5). K. Yano denoted % X', and
X' by Vi Xt and V; X', respectively.

The metric tensor g;; and the associate metric tensor gY are related by

B jk: .k: 1 lf l:k ,
a6 gagt=dl={y & Iy

The quantities g;; , g9 and 6} are satisfies

(1.7) a) gi;g7=n and b) &g =g

The vector y; satisfies relation

(1.8) yi ¥t =F?

The vectors y; and 8. also satisfy the following relations

(1.9) a) S yk=y" . b &gF=g" and o gy =y .

By using Euler's theorem, the C; jk and C jik tensors satisfy, the following identities

(1.10)  a) Cjxy' =Cujy ' =Ciy'=0 and b) Chy/ =Cljy/=0.

The metric tensor g;; and the associate metric tensor gY are covariant constant with respect to

both processes

(1.11) @) g;m=0 and b g7 =0

Im
The vectors y', y; are vanish under h-covariant differentiation
(1.12) a) Yim =0 and b) y.,,=0
The h-curvature tensor R}kh (Cartan’s third curvature tensor), is defined by
(1.13) Rixn = 0n Tje + (01T ) Gi + Cin(0k GI — Gt G ) + Tye T
—[0k Ty + (00 Ty ) G + G (06 G — G Gy ) + Ty TR
The h-curvature tensor R}kh is positively homogeneous of degree —1 in the directional argument
and skew-symmetric in the last two lower indices h and k , i.e.

(1.14) R;'kh =— R}hk

and this tensor satisfies the following relation too

(1.15) hen = Kien + Cls KSen 7
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The associate curvature tensor R;jxp, of the curvature tensor R}kh is given by
(1.16) ) Rijkn = grj Rin and 1) Rjren 9 = Rjun
The R-Ricci tensor Ry , the curvature scalar R and the deviation tensor R} related by
(1.17)  a) Ry =Ry , b) Rey*=R; , ©) Ryy’ = Hy ,

d) Rrg’*=R and e) RI=R.
The curvature tensor R}kh and the associate tensor Rj, are satisfies the relations
(1.18) a) Riyny’ = Kln v/ = Hip
and b) R, =R}, g*
Cartan's connection parameter I} jk and Berwald's connection parameter G} m glven by
(1.19) a) 0,G.=0Gi, and b) GL =T} y°
(1.20) (ah W)yt = i Yt =Gy =0
The tensor P,ih is called v(hv)-torsion tensor and its associate tensor Py p, is given by
(1.21) a) F'a;cihyj = Pin b) y: [ k]h =—Pgjp and ¢) grj Pepn = Prjn -
the tensors H, ikn and H}, form the components of tensors and defined by

(122)  Hfyp = 0n Gly + GJy Gl + Gl G — Oy G}, — G} G — Gy Gf; , and
(1.23) Hin = On G + G, Gy — 0y G, — Gf, Gy,

The formula (1.23) called generalized Ricci identity or Ricci commutation formula.
(1.24) a) H,=H. and b) H,y*=(m-1)H , where

H}, and H} are called H-Ricci tensor and the curvature scalar, respectively and defined by

(1.24) H, y" = H}

(125 Kl =0;Tpt+ (0, %) GE + Tt T — (0, T3) G — T T

The tensor K} ; as defined (1.25) above is called Cartan’s fourth curvature tensor, this tensor is
positively homogeneous of degree zero.

The curvature tensor K xn satisfies the following relation too

(1.26) a) grjKikn = Kijkzn - and  b) Kkh y) = Hpy,

he associates curvature tensor Kjjxp, satisfies the condition

(1.27) Kiixn + Kijkn = =2 Cijs Ky, y7

Ricci tensor Kjk and the curvature vector K; of the curvature tensor K} jkn are given by

(128)  a) Kb = Kj,
and b) Kjk yk
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2. On Generalized R"-Recurrent Finsler Space of N order

In this section, we analyze the structural properties of the defined Generalized R"-
nt" Recurrent Finsler Space GR®-n*"RE, . The core of our derivation starts from the generalized
recurrence condition for Cartan’s third curvature tensor R}kh .
Definition 2.1: The GR"-n*"RF,, Space
A Finsler space F, is defined as a Generalized R"-nt" order recurrent space (denoted briefly as
GR"n'"RE,) if its Cartan’s third curvature tensor R}kh is non-null and satisfies the following
condition:
QD) Rignmyjmy|jmy = AmymyeangRin + Hinymy.amn (Oh ik — 1 9jn)

+%6m1m2...mn (RL gjn— R gji)

where |m;|m,]| ...|m,, denotes the h-covariant differentiation of the n* order with respect to
x™,and A, u and § are the recurrence tensor fields.

Since the metric tensor is a covariant constant, then transvecting of the condition (2.1) by g;, ,
using (1.11a), (1.16a) and (1.7b), we get
(22)  Ripknimimal..imn = Amamg.my Ripkn + Bmomy .mn( Gnp 9jic = iew Gjn)
+i5m1m2._.mn(Rkp gjn — Rnp gjk) Ryp ., where gipR,i( = Ryp .
Conversely, the transvection of the condition (2.2) by g% , yields the condition (2.1). Thus, the
condition (2.2) is equivalent to the condition (2.1). Therefore, a generalized R"-nt" order space
may be characterized by the condition (2.2).
Therefore, we conclude
Theorem 2.1: Characterization via Associate Curvature Tensor
A generalized R™-n'" order space GR"-n*"RE,, can be characterized by the following equivalent
condition involving the associate curvature tensor Rj,xp, -
Let us consider an GR"n*"RE, , which characterized by the condition (2.1).
Contracting the indices i and h in (2.1), using (1.17a), (1.6), (1.17¢) and (1.7b), we get
(2.3) Rikimyimy|.imy = Amymy..m,Rjk + (0= 1) U m, .m, 9k
+i6m1m2...mn (Rigji —Rgji) -
Transvecting the equation (2.3) by y* , using (1.12b), (1.17b) and (1.9c), we get
(2.4) Riim,imy|..impy, = Amymy.m R + (= Dy m, m., V)
+ i Smym,..m, (Rk 9y — Ry;)
Further, transvecting (2.1) by g’* , using (1.11b), (1.18b) and in view of (1.6), we get

i

(2.5) R}i1|m1|m2|._.|mn = Amlmz...mnR}il +(n—-1) ﬂmlmz...mnah
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1 . . .
+ Zamlmz...mn(RIlcgjh - R;lgfll) .

Contracting the indices i and h in the condition (2.5), (1.17¢) and using (1.6), we get
1 . .
(2-6) R|m1|m2|...|mn = Amlmz...mnR + (nz - n) Hmim,..my, + Z6m1m2...mn(Rllcgji - nRill) :

Also, by transvecting the equation (2.3) by g’* , using (1.11b), (1.17d) and in view of (1.6), we
get the condition (2.6).

The conditions (2.3), (2.4), (2.5) and (2.6), show that, Ricci tensor R , the curvature vector R; ,
the deviation tensor R, and the curvature scalar R (all for Cartan's third curvature tensor R}kh) of
a generalized R"-nth order space cannot vanish, because the vanishing of them imply the
vanishing of the covariant tensors fields tm, m,. m, > 1-€. Um;m,..m, =0, a contradiction.
Thus, we conclude
Theorem 2.2: Non-vanishing of Fundamental Tensors
In a GR"-n*"RE, space, the following geometric entities associated with Cartan’s third curvature
tensor cannot vanish:

o The Ricci tensor Rjy, .

o The curvature vector R; .

« The deviation tensor R}, .

e The curvature scalar R .
Note: The vanishing of these tensors would imply the vanishing of the recurrence tensor field
Km,m,..m,> Which contradicts the space definition.
Transvecting the condition (2.3) by y/ , using (1.12b), (1.17¢) and (1.9¢), we get
(2.7) Hyjm,imy).imy = Amymy.amy, He + (0= 1) thm m, . m, Vi

+i6m1m2...mn(RIic Vi —Ryx) .

The condition (2.7), shows that, the curvature vector H), of a generalized R"- nth order space
cannot vanish, because the vanishing of it would imply the vanishing of the covariant tensor's

fields tm,m,.m, » 1€ HUmym,..m, = 0, acontradiction.

Transvecting the condition (2.7) by y*, using (1.12b), (1.24b) and (1.8), we get

(2.8) Hpm, imy . imy, = Amymy.any H + tmym,.m, F? + i5m1m2...mn (R yiy* —RF?) .
Thus, we conclude

Theorem 2.3: Properties of the Curvature Vector and Scalar

In a GR"n'"RE,, both the curvature vector H) and the curvature scalar H are non-vanishing.
This is due to the fact that their vanishing would necessitate (i m,. m, = 0, leading to a logical

contradiction.
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Now, we have seen, in a generalized R"-nth order space, Ricci tensor Rjj of Cartan's third
curvature tensor R}kh satisfies the condition (2.3). Conversely, if Ricci tensor Rj, of a Finsler

space satisfy the condition (2.3), then it need not be the space is a generalized R"-nth order
space. However, the converse is true if the dimension of a Finsler space is 3 or the space is R3-
like. The proof of this fact as follows:
We know that the associate curvature tensor R;jip, (of Cartan's third curvature tensor R}kh) for
three dimensioned Finsler space is of the form
(2.9 Rijkn = ik Lin + 9jn Lik — 9in Lix — 9ji Lin » where
T
(2.10) Ly = ﬁ(}?ik - gik) and
(2.11) =g R!
Transvecting the condition (2.3) by g/ , using (1.11b), (1.18b) and (1.6), we get
1 .
+ 6mymy..m, (R 87 —R &)
Contracting the indices p and k in the condition (2.12), using (2.11) and (1.6), we get
1 .
(2.13) Nimq|my|..imy = Amlmz...mn T+ N Un,my.m, T Z(smlmz...mn(Rllc 51'k —nR )
Taking the h-covariant derivative of the condition (2.10) with respect to x™ to nth order and
using (1.6), we get
— 1 1
(2-14) Lik|m1|m2|...|mn - m(RiklmllmzL.Jmn -5 Tlmymy|..|my gik)
Using the conditions (2.3) and (2.13) in (2.14), we get
1 .
Lik|m1|m2|...|mn = (n_iZ) (Amlmz...mnRjk + (TL - 1) Hmym,..m,9jk + Z5m1m2...mn(Rch gji — jok))

1 1 i
- m (Amlmz...mn r+n Umimy..my, + Zamlmz...mn(Rllc gji — jok)) gik >

Or we can be written as

_ 1 1 1
Lik|m1|m2|...|mn - Amlmz...mn [m ( Rik - Ergik) ] + ;:umlmz...mn ik

1 .
mamlmz-..mn (RL gji—Rgji) -

+

In view of the condition (2.10), the above equation implies to

(2.15) Likpmyimy|.jmy, = Amymy.myLik +% Pmymy..my, Jik
+ ﬁfsmlmz...mn (RL gji —Rgji) -

This gives the h-covariant derivative of Ricci tensor L;, in generalized R"-nth order space.
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The h-covariant derivative of the condition (2.9) with respect to x™ to nth order and using
(1.11a), we get

Rijknimymy)..imy = ik Linimyimy)..jm, T 9jn Likim, imy|..jmy,

~9in Likimyima|..imn = Gjic Linimyimy..imy
In view of the condition (2.15), the above equation implies

Rijknimymy|imy = Mmymy.my (Gik Lin + 9jn Lik — Gin Lix — Gjx Lin)

+lmym,.m, (Gik Gin — Gin Gjk) + Ll(n;_z)(smlmz...mn(gik 9jn— gin 9 ) (REGji — Rgjic) -

In view of the condition (2.9), the above equation implies

(2.16)  Rijknimyimyl|.my, = Amymy..m,Rijen + Bmgm,..m, (Gik Gjn — Gin 9ji)

1

+ i Omama.my (9ix gjn — gin 951)(Ricgji — Rgjic)

This shows that, the associate curvature tensor R;jyp (of Cartan's third curvature tensor R}kh ) is
a generalized h-recurrent.

In view of (1.16a), the above condition implies (2.1). That is, the h-covariant derivative of the
condition (2.9) with respect to x™ to nth order and in view of (1.8a), gives (2.1). This shows
that, a three-dimensional Ricci generalized R"-nth order space is necessarily generalized R"-
recurrent space.

Matsumote introduced a Finsler space F,(n > 3) for which the tensor R;jyj, satistfying (2.9), and
call it R3-like Finsler space F;, .

This, leads to

Theorem 2.4: Sufficiency in Three-Dimensional and R3-like Spaces

A GR"n'"RE, is always a Ricci generalized R"-recurrent space. While the converse is not
generally true, it holds if the Finsler space is three-dimensional or an R3-like space.

Now, taking the h-covariant derivative for (1.13), with respect to x™ to nth order, we get

(2.17) Riicnim, jmy).mn = | OnLjk + (T3 ) G + 'im(a'k G — Gt G) + Do T
— 0T — (0sTiH) G — Cfm(ah GP* =GRt G) — Tl T

Using the conditions (2.1), (1.20) and (1.19a) in (2.17), we get

Imq|mgy]../my

. 1 i [

ﬂmlmz...mn Rien + Homymy..mn Ok 9jk = Ok Gjn) + 3 Omymy..m (Ric Gjn — Rh 9jic)
= [ T3 + Tils Gt + Clo (G — GREGED + Tyl T

— pj:;llk - 1“15;55 G = Cjm (GhY — GhY G ) — T T ]Im Ima|..imy,

By using (1.13), (1.20) and (1.19a), the above equation can be written as

(2.18) [ Tib + Tk G + €Ly (GIL — GIF GE) + Tk T — T, — T G
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i m m ~t [ *mM _ * * S
- ij (Ghl — GRi G ) — Ty ij Imylmalofm, Am1m2...mn[ ijh + r}'ks Gp,

+Chy (G — G GE) + b T — Tl + Tis G — Cloy (G — GI GE)

*

— Tl T + . (O G = O Gjn) + % Oy .mn (RE Gjn — RE Gjc) -
Thus, we conclude
Theorem 2.5: Recurrence of Connection Parameters
In a GR"nt"RE, space, the n*-order h-covariant derivative of the tensor expression involving

Cartan’s connection parameters [}, and associated terms is generalized nt"-recurrent.

Transvecting (2.18) by y/, using (1.12b), (1.21a), (1.10b), (1.19b) and (1.9¢), we get
(219)  (Pin + Pis GR + T GI = Prye — Phs G — T GI1)

|my|ms|...|my

= Amymy..m, (Pin + Pis Gi + Ty GI* — Pl — Pl G§ — Tk GI)

+ Hmim,..my, (6;1 Yk — 6Ilc yh) + Z6m1m2...mn (Rllc Yn — Rfll yk) .
Transvecting (2.19) by y; , using (1.12a), (1.21b), and (1.7b), we get
(2.20) (_ijh — Pis G + i Ty i + Pink + Pins G — Vi oy L™

my|ma|....my

= Amym,..m, (—Pjkn — PirsGiy + i Tl T+ Pinge + PinsGi — i Tndn Tid"

1 . .
+ tnymy.my, (Yh Gjic — Yk 9jn) + 2 Omymy,.my, (RL yn — R vi) vi
Further, transvecting (2.19) by g;, , using (1.11a), (1.21c), (1.5) and (1.7b), we get
(2-21) (Pkrh + Pkrs Gii + F;wk G;zn - Phrk - Phrs Gf: - F;Lrh Gi” )|m1|m2|...|mn

= Amlmz...mn(Pkrh + Pkrs Gli + F;;lrk G}rln - Phrk - Phrs Gli - F;lrh Gﬁn)

+ Um,my..m, Gnr Vi — Gier Yn) + i(gmlmz...mn(Rlic yn — R}, Yk)gir

Thus, we conclude
Theorem 2.6: Recurrence of Torsion Tensors
The nt*-order h-covariant derivatives of the torsion-related tensors, specifically:

1. (Pin + Pis Gi + Tt G — Py — Piig G — Tl GI).

2. (=Pikn = PisG + i T "+ Pinkc + PinsG = ¥i T Tj™).

3. (Pirn + Pirs G + Tk GR* — Prrie — Phrs G — Tinen G-
Are governed by the generalized recurrence conditions defined in equations (2.19), (2.20), and
(2.21) respectively.

3. Necessary and Sufficient Condition

In this section, we establish the fundamental relationship between Cartan’s third curvature tensor

R}kh and Cartan’s fourth curvature tensor K]‘kh These two tensors are connected by the following

structural identity:
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(3.1 R}kh = Kjyp + C]lr Hyp,
By applying the h-covariant derivative of the n'" order to both sides of the equation, we obtain:

i _ i i gr
(3.2) Rhcnimaimylomy = Kfenpmymyljm, + (Cr Hkh)lmllmzl__lmn

Substituting the recurrence condition of the GR™-n"RE, space into this derivative, we derive the
necessary and sufficient conditions for the recurrence of related curvature tensors.

Using the condition (2.1) in (3.2), we get
. . . 1 . .
Amlmz...mnR}kh + Umim,..my, (6;1 Ijk — 6Ilc gjh) + Zamlmz...mn (Rllc Ijn — R;l gjk)

— Kl i gr
= Kjnjmy my|.qm, T (er Hkh)|m1|m2|...|mn

By using the condition (3.1), the above equation implies to
(3-3) Amlmz...mn jikh + Amlmz...mn(cjir chh) + ﬂmlmz...mn(é‘iil Ijk — 6Iic gjh)

1 . . . .
+ 5 0mym,.m, (RE gjn — Rh 9ji) = Kjxnpmyimyl..im, + (G Hin)

[my|ma|...Jmy

This shows that
(3-4) jikh|m1|m2|...|mn = Amlmz...mn Kjikh + Hmim,..my, (6;1 Ijk — 611'6 gjh)

1 . .
+ Z(Smlmz...mn(Rllc 9jn — R;L gjk) 5
if and only if
35 (¢ Hin) = Amymy..mn (G Hin ) -

Im1|ma]../mp
Thus, we conclude
Theorem 3.1: Recurrence Condition for Cartan’s Fourth Curvature Tensor
In a generalized R"-nt"order recurrent Finsler space GR"-n"RE, , Cartan’s fourth curvature

tensor Kjj, is generalized ntt_recurrent if and only if the tensor product Cj, Hgp, is recurrent of

the nt" order.

Contracting the indices i and h in (3.3), using (1.28a), (1.6), (1.17¢) and (1.7b), we get
(3-6) Amlmz...mn Kjk + Amlmz...mn(cﬁﬂ HI:p ) + (Tl - 1) .umlmz...mngjk

1 .
+ Zamlmz...mn(Rllc Iji — R gjk) = Kjk|m1|m2|...|mn + (CJI:« HIZp )

Imy|ma|../my
This shows that

Kjk|m1|m2|...|mn = Amlmz...mn Kjk +(n-1) Hmym,..m,9jk
1 .
+ ZSmlmz...mn(Rllc gii—Rajr),
if and only if

(Cjz:" Hl:p) = Am1m2---mn (CJZ:” H’:p) )

[mq|mz|../mp
Thus, we conclude

Theorem 3.2: Contraction and Ricci Tensor Relations
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By contracting the indices i and h in the fundamental recurrence identity, the Ricci tensor Kjy

(associated with Cartan’s fourth curvature tensor) satisfies a generalized nt"*-order recurrence if

th_recurrent.

and only if the contracted tensor Cﬁ, Hppisn
Theorem 3.3: Existence of the Ricci Tensor K,
In a GR"-n*"RE, space, the Ricci tensor Kjj is non-vanishing if and only if the tensor C kap

satisfies the nt"-order recurrence condition. This ensures the geometric consistency of the fourth

curvature tensor within the generalized space.
Transvecting (3.6) by y*, using (1.12b), (1.28b), (1.24) and (1.9¢), we get
Ay mn Ki + Amymg mn (ChHY ) + (0= 1) fim imy .y, Y
+ 2 Oy (RE 951 Y = R Y1) = Ky, iy .y, + (CE HS )|m1|m2|__,mn :
This shows that
Kjimy fmy).mn = Amymy.my K+ (0= 1) i, m,, Y
+i6m1m2...mn(Rlic 9y —Ry;),
if and only if

(¢ Hy )

Thus, we conclude

= Amymy.mn (Ch Hp )

|myfmz]..|mn

Theorem 3.4: Recurrence of the Curvature Vector K;
The curvature vector K; associated with Cartan’s fourth curvature tensor is non-vanishing in a
GR"n'"RE, space if and only if the tensor Cf. H} is n*"-recurrent. This condition establishes

the directional properties of the fourth curvature field in higher-order recurrent spaces.

4. Conclusion

In this study, we have successfully extended the theory of recurrent Finsler spaces by introducing

the concept of Generalized nt"-order recurrent Finsler spaces GR"-n"RE, relative to Cartan’s

third curvature tensor. This research has provided a comprehensive framework that bridges the

gap between lower-order recurrence properties and higher-order differential structures in Finsler

geometry.

The key contributions of this paper can be summarized as follows:

1. Framework Establishment: We established the fundamental recurrence conditions for the
nt"-order $h$-covariant derivative of Cartan’s third curvature tensor. Our analysis confirms
that this generalized approach encompasses standard recurrence models as special cases,

providing a more robust mathematical platform for higher-dimensional manifolds.
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Geometric Consistency: Through the derivation of necessary and sufficient conditions, we
proved that the fundamental geometric objects such as the Ricci tensor, the deviation tensor,
and the curvature scalar remain non-vanishing in GR"-n‘"RE, spaces. This ensures the
physical and geometric validity of the defined spaces.

Relational Dynamics: We rigorously examined the relationship between Cartan’s third R}kh
and fourth Kjikh curvature tensors. We demonstrated that the recurrence of the fourth
curvature tensor is intrinsically linked to the recurrence of the tensor product CjirH,Zh,
highlighting the internal dependency of these tensors in higher-order recurrence.

Special Cases: Our findings demonstrate that while the recurrence properties hold generally,
unique simplifications occur in three-dimensional and R3-like spaces, making them ideal
candidates for further exploration in applied physics, particularly in theories involving

gravitational field models.

This work not only advances the theoretical understanding of nt"*-order recurrent Finsler spaces

but also paves the way for future investigations into the potential applications of these spaces in

differential geometry and related fields.
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