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1.  Introduction 

        Finsler geometry, a generalization of Riemannian geometry, provides a rich framework for 

exploring geometric properties of spaces where the length of a tangent vector is not necessarily 

quadratic. A particularly important class of Finsler spaces is those defined by the behavior of their 

curvature tensors. Among them, the concept of recurrent spaces plays a crucial role in 

understanding the symmetry and structure of such spaces. In this study, we introduce and analyze 

the concept of a generalized 𝐻ℎ-recurrent space in the context of Finsler geometry. 

The generalized 𝐻ℎ-recurrent space, denoted by 𝐺𝐻ℎ-𝑅𝐹𝑛 , is characterized by specific recurrence 

conditions on the Berwald curvature tensor 𝐻𝑗𝑘ℎ
𝑖 , which describe how this tensor behaves under 

certain transformations and conditions. These conditions are expressed through a set of differential 

equations involving the curvature tensor and various covariant vector fields, such as 𝜆𝑙 , 𝜇𝑙 and 𝛿𝑙  . 

Our investigation into this space extends the existing theory of recurrent spaces by incorporating 

generalized recurrence relations that apply to more complex geometries.  

In the context of affinely connected spaces, which are defined by the vanishing of certain 

connection parameters, we further examine how the properties of the generalized 𝐻ℎ-recurrent 

space relates to the behavior of tensors such as the H-Ricci tensor and the deviation tensor. The 

connection between generalized recurrent spaces and affinely connected spaces is also explored, 

with specific emphasis on the conditions under which the curvature tensor satisfies generalized 

recurrence relations. 

Abstract: This paper studies generalized recurrence in Finsler geometry with emphasis on the Berwald 

and Cartan curvature tensors. Finsler spaces extend Riemannian geometry by allowing geometric 

quantities to depend on both position and direction. The research introduces generalized recurrence 

conditions for these curvature tensors and develops theoretical relations describing their behavior. A new 

concept, called generalized 𝐻ℎ-recurrent Finsler spaces, is proposed and analyzed. The study defines 

these spaces through recurrence relations involving covariant vector fields, curvature tensors, and 

deviation tensors. Several theorems are established to characterize the recurrence properties of the 

Berwald tensor 𝐻𝑗𝑘ℎ
𝑖 . The results classify Finsler spaces according to the degree and type of recurrence. 

The obtained relations reveal structural connections between Berwald and Cartan tensors under 

generalized recurrence conditions. These findings contribute to understanding curvature structures and 

symmetry properties in non-Riemannian geometry. The study also extends the theoretical framework of 

recurrence in differential geometry and its applications in Finsler spaces. 

Key words: Generalized 𝐻ℎ-recurrent space, Berwald curvature tensor, Finsler geometry, Covariant 

derivatives. 
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By examining these spaces, we seek to provide new insights into the structure of Finsler spaces, 

particularly in relation to their curvature tensors and their potential applications in theoretical 

physics, such as in the study of gravitational fields and other geometric phenomena. Through a 

series of theorems, we establish key conditions that define when the generalized 𝐻ℎ-recurrent 

space exhibits specific geometric behaviors, thereby expanding the mathematical understanding of 

recurrent Finsler spaces and their applications.  Finsler geometry, an extension of Riemannian 

geometry, has become a significant area of study in modern differential geometry, offering a 

broader framework for understanding curved spaces. Numerous studies have contributed to the 

development of Finsler spaces and their various characteristics, focusing on special curvature 

tensors, recurrence relations, and different geometric properties.  

Al-Qashbari, Abdallah, and Al-ssallal (2024) have explored recurrent Finsler structures with 

higher-order generalizations, emphasizing the role of special curvature tensors in the geometry of 

Finsler spaces. In their subsequent work, Al-Qashbari and Al-ssallal (2024) investigated curvature 

tensors through Berwald’s and Cartan’s higher-order derivatives, further advancing the 

understanding of Finsler space's complex geometric structures. Moreover, their decomposition 

analysis of Weyl’s curvature tensor via Berwald's derivatives (2024) has provided insightful 

contributions to the application of curvature tensor theories in Finsler geometry.  

The work of Al-Qashbari (2020) has focused on the study of generalized curvature tensors and 

recurrence decompositions in Finsler spaces, offering a comprehensive investigation into B -

recurrent Finsler spaces and curvature identities. His research, particularly on generalized BR -

trirecurrent Finsler spaces (2017), continues to be a foundational reference in the field. Al -

Qashbari and his collaborators, including Abdallah and Nasr (2025), furthered this work by 

examining generalized trirecurrent spaces in the context of Gh-covariant derivatives, highlighting 

the importance of this approach for both theoretical and practical aspects of Finsler geometry.  

In addition to these advancements, other researchers have made significant contributions to Finsler 

geometry. Notably, Izumi (1976) introduced the concept of P*-Finsler space, laying the 

groundwork for further exploration in the field. Pandey and Misra (1981) and Pandey and Pal 

(2003) have explored projective recurrent and hyper-surface structures in Finsler spaces, 

respectively, providing valuable insights into the broader geometric properties of these spaces. 

Maralebhavi and Rathnamma (1999) studied generalized recurrent and concircular recurrent 

manifolds, expanding the scope of recurrent geometry in differential manifolds. Goswami (2017) 

conducted a systematic review of special types of Finsler spaces, offering a broad perspective on 

their application in differential geometry. The research by Pandey, Saxena, and Goswami (2011) 

furthered the study of generalized H-recurrent space, contributing to the classification and 

properties of recurrent spaces. Rund’s classic work (1959) on the differential geometry of Finsler 

spaces remains an essential reference in the field, providing foundational concepts and techniques 

that have shaped the development of modern Finsler geometry. These diverse studies, spanning 

over several decades, have collectively enhanced the understanding of Finsler spaces, their 

curvature tensors, and various recurrence properties. The current research builds upon this 

extensive body of work, aiming to further explore the intricate relationships and higher -order 

generalizations within the framework of Finsler geometry.  

Let us consider an n-dimensional Finsler space  𝐹𝑛 equipped with the metric function F satisfying the 

requisite conditions [15]. Let the components of the corresponding metric tensor 𝑔𝑖𝑗, Cartan's connection 

parameters Γ𝑗𝑘
∗𝑖and Berwald’s connection parameters 𝐺𝑗𝑘

𝑖  They are symmetric in their lower indices and 

positively homogeneous of degree zero in the directional arguments.  

The vectors   𝑦𝑖   ,   𝑦𝑖  and metrics 𝑔𝑖𝑗  ,  𝑔
𝑖𝑗  and 𝛿𝑗

𝑖 satisfies the following relations 

(1.1)     a)    𝑦𝑖 = 𝑔𝑖𝑗  𝑦
𝑗  ,    b)  𝑦𝑖  𝑦𝑖 = 𝐹2  ,    c)   𝑔𝑖𝑗 = 𝜕̇𝑖 𝑦𝑗 = 𝜕̇𝑗 𝑦𝑖     , 

             d)   𝑔𝑖𝑗 𝑦
𝑗 =

1

2
𝜕̇𝑖 𝐹

2 = 𝐹 𝜕̇𝑖 𝐹   ,     e)   𝜕̇𝑗 𝑦𝑖 = 𝛿𝑗
𝑖   ,    f)   𝛿𝑘

𝑖  𝑦𝑖 =  𝑦𝑘  , 
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             g)  𝛿𝑘
𝑖  𝑔𝑗𝑖 =  𝑔𝑗𝑘   ,     h)  𝛿𝑘

𝑖   𝑔𝑗𝑘 = 𝑔𝑖𝑘  ,   i)   𝛿𝑘
𝑖  𝛿ℎ

𝑘 = 𝛿ℎ
𝑖    ,  and    

             j)   𝑔𝑖𝑗 𝑔𝑗𝑘 = 𝛿𝑘
𝑖 = { 

1       𝑖𝑓     𝑖 = 𝑘   ,                    
0      𝑖𝑓     𝑖 ≠ 𝑘      .                 

 

The tensor  𝐶𝑖𝑗𝑘  defined by   

(1.2)     𝐶𝑖𝑗𝑘 =
1

2
𝜕̇𝑖 𝑔𝑗𝑘 =

1

4
𝜕̇𝑖𝜕̇𝑗𝜕̇𝑘𝐹2   .    

is known as (h) hv - torsion tensor [7]. It is positively homogeneous of degree  -1 in the  

directional arguments and symmetric in all its indices.    

The (v) hv-torsion tensor  𝐶𝑖𝑘  
ℎ and its associate (h) hv-torsion tensor  𝐶𝑖𝑗𝑘 are related by 

(1.3)     a)   𝐶𝑖𝑘
ℎ = 𝑔ℎ𝑗𝐶𝑖𝑗𝑘    and    b)   𝐶𝑖𝑗𝑘 = 𝑔ℎ𝑗  𝐶𝑖𝑘

ℎ   . 

The (v) hv-torsion tensor 𝐶𝑖𝑘  
ℎ is also positively homogeneous of degree -1 in the directional arguments and 

symmetric in its lower indices.   

É. Cartan deduced the h-covariant derivative for an arbitrary vector filed  𝑋𝑖  with respect to  𝑥𝑘 given by  

(1.4)     𝑋
𝑘׀
𝑖 = 𝜕𝑘 𝑋𝑖 − (𝜕̇𝑟𝑋𝑖) 𝐺𝑘

𝑟 + 𝑋𝑟Γ𝑟𝑘
∗𝑖   . 

The metric tensor  𝑔𝑖𝑗 and the vector  𝑦𝑖 are covariant constant with respect to above process, i.e.           

(1.5)     a)   𝑔𝑖𝑗׀𝑘 = 0   ,     b)   𝑦
𝑘׀
𝑖 = 0    and    c)   𝑔𝑝𝑟

𝑘׀
= 0    .  

The process of h-covariant differentiation defined above commute with partial differentiation with respect 

to  𝑦𝑗 for arbitrary vector filed  𝑋𝑖  , according to 

(1.6)     𝜕̇𝑗 (𝑋
𝑘׀
𝑖 ) − (𝜕̇𝑗 𝑋𝑖)

𝑘׀
= 𝑋𝑟(𝜕̇𝑗 Γ𝑟𝑘

∗𝑖 ) − (𝜕̇𝑟 𝑋𝑖) 𝑃𝑗𝑘 
𝑟  , were  

(1.7)     a)   𝜕̇𝑗Γℎ𝑘
∗𝑟 = Γ𝑗ℎ𝑘

∗𝑟    and    b)   𝑃𝑘ℎ 
𝑖 𝑦𝑘 = 𝑃𝑘ℎ 

𝑖 𝑦ℎ = 0 . 

The tensor  𝑃𝑘ℎ 
𝑖  is called v(hv) –torsion tensor and its associate tensor  𝑃𝑗𝑘ℎ is given by 

(1.8)     𝑔𝑟𝑗 𝑃𝑘ℎ
𝑟 = 𝑃𝑘𝑗ℎ  . 

The quantities 𝐻𝑗𝑘ℎ 
𝑖 and 𝐻𝑘ℎ

𝑖 form the components of tensors and they called h-curvature tensor of Berwald 

(Berwald curvature tensor) and h(v)–torsion tensor, respectively and defined as follow: 

(1.9)     a)   𝐻𝑗𝑘ℎ
𝑖 = 𝜕𝑗𝐺𝑘ℎ

𝑖 + 𝐺𝑘ℎ
𝑟 𝐺𝑟𝑗

𝑖 + 𝐺𝑟ℎ𝑗
𝑖 𝐺𝑘

𝑟 − 𝜕𝑗𝐺ℎ𝑘
𝑖 − 𝐺ℎ𝑘

𝑟 𝐺𝑟𝑗
𝑖 − 𝐺𝑟𝑘𝑗

𝑖 𝐺ℎ
𝑟  , 

and  

(1.9)     b)   𝐻𝑘ℎ
𝑖 = 𝜕ℎ𝐺𝑘

𝑖 + 𝐺𝑘
𝑟𝐶𝑟ℎ

𝑖 − 𝜕𝑘𝐺ℎ
𝑖 − 𝐺ℎ

𝑟𝐶𝑟𝑘
𝑖   . 

They are skew-symmetric in their lower indices, i.e. 𝑘  and ℎ. Also, they are positively homogeneous of 

degree zero and one, respectively in their directional arguments. They are also related by   

(1.10)   a)   𝐻𝑗𝑘ℎ
𝑖 𝑦𝑗 = 𝐻𝑘ℎ

𝑖    ,   b)   𝐻𝑗𝑘ℎ
𝑖 = 𝜕𝑗 𝐻𝑘ℎ

𝑖    and   c)   𝐻𝑗𝑘
𝑖 = 𝜕𝑗 𝐻𝑘

𝑖   . 

These tensors were constructed initially by mean of the tensor 𝐻ℎ  
𝑖 , called the deviation tensor, given by  

(1.11)   𝐻ℎ
𝑖 = 2 𝜕ℎ𝐺𝑖 − 𝜕𝑟 𝐺ℎ

𝑖  𝑦𝑟 + 2𝐺ℎ𝑠 
𝑖 𝐺𝑠 − 𝐺𝑠 

𝑖 𝐺ℎ  
𝑠  . 

The deviation tensor 𝐻ℎ  
𝑖 is positively homogeneous of degree two in the directional arguments.  

In view of Euler's theorem on homogeneous functions and by contracting the indices  𝑖  and  ℎ  in (1.10) 

and (1.11), we have the following:       

(1.12)   a)  𝐻𝑗𝑘 
𝑖 𝑦𝑗 = 𝐻𝑘

𝑖 = − 𝐻𝑘𝑗  
𝑖 𝑦𝑗  ,    b)  𝐻𝑗𝑘 = 𝐻𝑗𝑘𝑟  

𝑟 ,    c)   𝐻𝑗 = 𝐻𝑗𝑟
𝑟    ,    d)  𝐻𝑟𝑘ℎ

𝑟 = 𝐻ℎ𝑘 − 𝐻 𝑘ℎ , 

             e)   (𝑛 − 1)𝐻 = 𝐻𝑟  
𝑟  ,    f)   𝑦𝑖 𝐻𝑗

𝑖 = 𝐻𝑗 
𝑖 𝑦𝑗 = 0    and    g)   − 𝐻ℎ = 𝐻𝑟ℎ

𝑟    . 

The contracted tensor 𝐻𝑘ℎ(Ricci tensor), 𝐻𝑘 (Curvature vector) and 𝐻  (curvature scalar) are also connected 

by  

(1.13)   a)   𝐻𝑘ℎ = 𝜕̇𝑘 𝐻ℎ   ,   b)   𝐻𝑘ℎ 𝑦
𝑘 = 𝐻ℎ  and    c)   𝐻𝑘 𝑦

𝑘 = (𝑛 − 1) 𝐻  .     

The quantities  𝐻𝑗𝑘ℎ  
𝑖 and  𝐻𝑘ℎ 

𝑖 are satisfies the following  

(1.14)   a)  𝐻𝑖𝑗𝑘ℎ = 𝑔𝑗𝑟𝐻𝑖ℎ𝑘  
𝑟  ,    b)  𝐻𝑗𝑘.ℎ = 𝑔𝑗𝑟𝐻ℎ𝑘  

𝑟  and    c)   𝐻𝑗𝑘ℎ
𝑖 + 𝐻ℎ𝑗𝑘

𝑖 + 𝐻𝑘ℎ𝑗
𝑖 = 0  . 

P.N. Pandey proved  

(1.15)   𝑦𝑖  𝐻ℎ𝑘
𝑖 = 0  . 

Cartan's third curvature tensor  𝑅𝑗𝑘ℎ
𝑖  satisfies the identity known as Bianchi identity  
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(1.16)   a)   𝑅
𝑗𝑘ℎ׀𝑠
𝑖 + 𝑅

𝑗𝑠𝑘׀ℎ
𝑖 + 𝑅

𝑗ℎ𝑠׀𝑘
𝑖 + (𝑅𝑚ℎ𝑠

𝑟 𝑃𝑗𝑘𝑟
𝑖 + 𝑅𝑚𝑘ℎ

𝑟 𝑃𝑗𝑠𝑟
𝑖 + 𝑅𝑚𝑠𝑘

𝑟 𝑃𝑗ℎ𝑟
𝑖 )𝑦𝑚 = 0  , 

             b)   𝑅𝑗𝑘ℎ
𝑖  𝑦𝑗 = 𝐻𝑘ℎ

𝑖 = 𝐾𝑗𝑘ℎ
𝑖  𝑦𝑗    ,      c)    𝑅𝑖𝑗ℎ𝑘 = 𝑔𝑟𝑗 𝑅𝑖ℎ𝑘

𝑟    ,   and 

             d)   𝑅𝑗𝑘ℎ𝑚 𝑦
𝑗 = 𝐻𝑘ℎ.𝑚 . 

Also, this tensor satisfies the following relation too 

(1.17)   a)    𝑅𝑗𝑘ℎ
𝑖 = 𝐾𝑗𝑘ℎ

𝑖 + 𝐶𝑗𝑚
𝑖  𝐻𝑘ℎ

𝑚 ,   b)    𝑅𝑖𝑗𝑘ℎ = 𝐾𝑖𝑗𝑘ℎ + 𝐶𝑖𝑗𝑠 𝐻𝑘ℎ 
𝑠  ,  and  

             c)   𝐻𝑗𝑘ℎ
𝑖 =  𝐾𝑗𝑘ℎ

𝑖 + 𝑦𝑠(𝜕̇𝑗𝐾𝑠𝑘ℎ
𝑖 )  , 

where 𝑅𝑖𝑗𝑘ℎ is the associate curvature tensor of 𝑅𝑗𝑘ℎ
𝑖 . Cartan’s fourth curvature tensor 𝐾𝑗𝑘ℎ

𝑖  and its associate 

curvature tensor  𝐾𝑖𝑗𝑘ℎ satisfy the following identities known as Bianchi 

(1.18)   a)   𝐾𝑗𝑘ℎ
𝑖 + 𝐾ℎ𝑗𝑘

𝑖 + 𝐾𝑘ℎ𝑗
𝑖 = 0    and    b)   𝐾𝑗𝑟𝑘ℎ + 𝐾ℎ𝑟𝑗𝑘 + 𝐾𝑘𝑟ℎ𝑗 =  0  .  

(1.19)   a)   𝐾𝑖𝑗𝑘ℎ = g𝑟𝑗  𝐾𝑖𝑘ℎ
𝑟      ,     b)      𝐾𝑗𝑘𝑖

𝑖 = 𝐾𝑗𝑘   ,    c)    g𝑗𝑘  𝐾𝑗𝑘 = 𝐾    and   d)   𝑔𝑖𝑘𝐾𝑗𝑘 = 𝐾𝑗
𝑖  . 

(1.20)   a)  𝑅𝑗𝑘𝑖
𝑖  = 𝑅𝑗𝑘  ,    b)   g𝑗𝑘𝑅𝑗𝑘 = 𝑅    and    c)    𝑔𝑖𝑘𝑅𝑗𝑘 = 𝑅𝑗

𝑖   . 

2. A Generalized 𝑯𝒉-Recurrent Space 

This research introduces a new definition of the generalized 𝐻ℎ-recurrent spaces as following: 

Let us consider a Finsler space  𝐹𝑛 whose Berwald curvature tensor 𝐻𝑗𝑘ℎ 
𝑖 satisfies the condition  

(2.1)     𝐻
𝑗𝑘ℎ׀𝑙
𝑖 = 𝜆𝑙𝐻𝑗𝑘ℎ

𝑖 + 𝜇𝑙(𝛿ℎ
𝑖  𝑔𝑗𝑘 −  𝛿𝑘

𝑖  𝑔𝑗ℎ) +
1

4
𝛿𝑙(𝐻𝑘

𝑖  𝑔𝑗ℎ − 𝐻ℎ
𝑖  𝑔𝑗𝑘)   ,    𝐻𝑗𝑘ℎ

𝑖 ≠ 0   , 

where 𝜆𝑙 , 𝜇𝑙 and 𝛿𝑙 are non-null covariant vectors field. We shall call such space as a generalized  𝐻ℎ- 

recurrent space. We shall denote it briefly by 𝐺𝐻ℎ-𝑅𝐹𝑛 .  

Now, let us consider a generalized 𝐻ℎ- recurrent space characterized by the condition (2.1) . 

Transvecting the condition (2.1) by  𝑦𝑗 , using (1.5b), (1.10a) and (1.1a), we get  

(2.2)     𝐻
𝑘ℎ׀𝑙
𝑖 = 𝜆𝑙𝐻𝑘ℎ

𝑖 + 𝜇𝑙(𝛿ℎ
𝑖  𝑦𝑘 − 𝛿𝑘

𝑖  𝑦ℎ) +
1

4
𝛿𝑙(𝐻𝑘

𝑖  𝑦ℎ − 𝐻ℎ
𝑖  𝑦𝑘)  . 

Further, transvecting the condition (2.2) by  𝑦𝑘, using (1.5b), (1.12a), (1.12f) and (1.1b), we get  

(2.3)     𝐻
ℎ׀𝑙
𝑖 = 𝜆𝑙𝐻ℎ

𝑖 + 𝜇𝑙(𝛿ℎ 
𝑖 𝐹2 − 𝑦ℎ 𝑦

𝑖) +
1

4
𝛿𝑙(𝐻ℎ

𝑖  𝐹2)   . 

Transvecting the condition (2.2) by 𝑔𝑖𝑝 , using (1.5a), (1.1g) and (1.14b), we get  

(2.4)     𝐻𝑘𝑝.ℎ׀𝑙 = 𝜆𝑙  𝐻𝑘𝑝.ℎ + 𝜇𝑙(𝑔ℎ𝑝 𝑦𝑘 − 𝑔𝑘𝑝 𝑦ℎ) +
1

4
𝛿𝑙(𝐻𝑘

𝑖  𝑦ℎ − 𝐻ℎ
𝑖  𝑦𝑘) 𝑔𝑖𝑝   . 

Contracting indices i and h in (2.1), (2.2) and (2.3) and using (1.12b), (1.12c), (1.1g), (1.1f), (1.1b) (1.12e) 

and (1.12f), we get 

(2.5)     𝐻𝑗𝑘׀𝑙 = 𝜆𝑙𝐻𝑗𝑘 + 𝜇𝑙(𝑛 − 1 )𝑔𝑗𝑘 +
1

4
𝛿𝑙(𝐻𝑘

𝑖  𝑔𝑗𝑖 − (𝑛 − 1)𝐻 𝑔𝑗𝑘)    

(2.6)     𝐻𝑘׀𝑙 = 𝜆𝑙𝐻𝑘 + 𝜇𝑙(𝑛 − 1 )𝑦𝑘 −
1

4
𝛿𝑙((𝑛 − 1)𝐻 𝑦𝑘)  ,  and 

(2.7)     𝐻׀𝑙 = 𝜆𝑙𝐻 + 𝜇𝑙  𝐹
2 +

1

4
𝛿𝑙(𝐻 𝐹2)   

Consequently, we have established that 

Theorem 2.1.  In the generalized 𝐺𝐻ℎ-𝑅𝐹𝑛 space, the h-covariant derivatives of the h(v)-torsion tensor 𝐻𝑘ℎ 
𝑖 , 

the deviation tensor 𝐻ℎ 
𝑖 , the tensor  𝐻𝑘𝑝.ℎ , the Ricci tensor 𝐻𝑗𝑘 , the vector tensor 𝐻𝑘  and the scalar 𝐻 are 

non-vanishing . 

By partially differentiating equation (2.2) with respect to yj , and employing equations (1.10b), (1.10c), 

(1.7a), and (1.1c), along with the commutation formula given in (1.6) for the h(v)-torsion tensor  𝐻𝑗𝑘 
𝑖 , we 

obtain 

(2.8)     𝐻
𝑗𝑘ℎ׀𝑙
𝑖 + 𝐻𝑘ℎ 

𝑟 Γ𝑗𝑟𝑙
∗𝑖  − 𝐻𝑟ℎ 

𝑖 Γ𝑗𝑘𝑙
∗𝑟  − 𝐻𝑘𝑟 

𝑖 Γ𝑗ℎ𝑙
∗𝑟  − 𝐻𝑟𝑘ℎ 

𝑖 𝑃𝑗𝑙
𝑟 = (𝜕̇𝑗𝜆𝑙)𝐻𝑘ℎ

𝑖 + 𝜆𝑙𝐻𝑗𝑘ℎ
𝑖  

             + (𝜕̇𝑗 𝜇𝑙)(𝛿ℎ
𝑖  𝑦𝑘 − 𝛿𝑘

𝑖  𝑦ℎ) + 𝜇𝑙 (𝛿ℎ
𝑖  𝑔𝑗𝑘 − 𝛿𝑘

𝑖  𝑔𝑗ℎ ) +
1

4
(𝜕̇𝑗𝛿𝑙)(𝐻𝑘

𝑖  𝑦ℎ − 𝐻ℎ
𝑖  𝑦𝑘) 

             +
1

4
𝛿𝑙(𝐻𝑗𝑘

𝑖  𝑦ℎ − 𝐻𝑗ℎ
𝑖  𝑦𝑘)  . 

This shows that  

             𝐻
𝑗𝑘ℎ׀𝑙
𝑖 = 𝜆𝑙𝐻𝑗𝑘ℎ

𝑖 + 𝜇𝑙(𝛿ℎ
𝑖  𝑔𝑗𝑘 − 𝛿𝑘

𝑖  𝑔𝑗ℎ) +
1

4
𝛿𝑙(𝐻𝑗𝑘

𝑖  𝑦ℎ − 𝐻𝑗ℎ
𝑖  𝑦𝑘)       

if and only if  
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(2.9)      𝐻𝑘ℎ  
𝑟 Γ𝑗𝑟𝑙

∗𝑖 − 𝐻𝑟ℎ 
𝑖 Γ𝑗𝑘𝑙

∗𝑟 − 𝐻𝑘𝑟
𝑖 Γ𝑗ℎ𝑙

∗𝑟 − 𝐻𝑟𝑘ℎ 
𝑖 𝑃𝑗𝑙

𝑟 = (𝜕̇𝑗𝜆𝑙) 𝐻𝑘ℎ
𝑖 + (𝜕̇𝑗 𝜇𝑙)(𝛿ℎ

𝑖  𝑦𝑘 − 𝛿𝑘
𝑖  𝑦ℎ)       

             +
1

4
(𝜕̇𝑗𝛿𝑙)(𝐻𝑘

𝑖  𝑦ℎ − 𝐻ℎ
𝑖  𝑦𝑘)   . 

Consequently, we have established that 

Theorem 2.2. In the space  𝐺𝐻ℎ-𝑅𝐹𝑛 , the Berwald curvature tensor  𝐻𝑗𝑘ℎ 
𝑖  is generalized recurrent if and 

only if (2.9) is satisfied. 

By transvecting equation (2.8), with 𝑔𝑖𝑝  , and utilizing equations (1.7a), (1.1g), (1.14a) and (1.14b), we 

obtain the following result: 

(2.10)    𝐻𝑗𝑝𝑘ℎ׀𝑙 + 𝑔𝑖𝑝 (𝐻𝑘ℎ 
𝑟 Γ𝑗𝑟𝑙

∗𝑖 − 𝐻𝑟ℎ 
𝑖 Γ𝑗𝑘𝑙

∗𝑟 − 𝐻𝑘𝑟 
𝑖 Γ𝑗ℎ𝑙

∗𝑟 − 𝐻𝑟𝑘ℎ 
𝑖 𝑃𝑗𝑙

𝑟) = 𝜆𝑙  𝐻𝑗𝑝𝑘ℎ + (𝜕̇𝑗 𝜆𝑙) 𝐻𝑘𝑝.ℎ 

             + (𝜕̇𝑗 𝜇𝑙)(𝑔ℎ𝑝 𝑦𝑘 − 𝑔𝑘𝑝 𝑦ℎ) + 𝜇𝑙(𝑔ℎ𝑝 𝑔𝑗𝑘 − 𝑔𝑘𝑝 𝑔𝑗ℎ) +
1

4
(𝜕̇𝑗𝛿𝑙)(𝐻𝑘

𝑖  𝑦ℎ − 𝐻ℎ
𝑖  𝑦𝑘) 𝑔𝑖𝑝    

             +
1

4
𝛿𝑙(𝐻𝑗𝑝.𝑘  𝑦ℎ − 𝐻𝑗𝑝.ℎ  𝑦𝑘)  . 

This shows that  

             𝐻𝑗𝑝𝑘ℎ׀𝑙 = 𝜆𝑙  𝐻𝑗𝑝𝑘ℎ + 𝜇𝑙  (𝑔𝑗𝑘 𝑔ℎ𝑝 − 𝑔𝑗ℎ 𝑔𝑘𝑝) +
1

4
𝛿𝑙(𝐻𝑗𝑝.𝑘  𝑦ℎ − 𝐻𝑗𝑝.ℎ 𝑦𝑘)  ,    

if and only if  

(2.11)    𝑔𝑖𝑝 (𝐻𝑘ℎ 
𝑟 Γ𝑗𝑟𝑙

∗𝑖 − 𝐻𝑟ℎ 
𝑖 Γ𝑗𝑘𝑙

∗𝑟 − 𝐻𝑘𝑟 
𝑖 Γ𝑗ℎ𝑙

∗𝑟 − 𝐻𝑟𝑘ℎ 
𝑖 𝑃𝑗𝑙

𝑟) = (𝜕̇𝑗 𝜆𝑙) 𝐻𝑘𝑝.ℎ       

             + (𝜕̇𝑗 𝜇𝑙)(𝑔ℎ𝑝 𝑦𝑘 − 𝑔𝑘𝑝 𝑦ℎ) + 𝜇𝑙(𝑔ℎ𝑝 𝑔𝑗𝑘 − 𝑔𝑘𝑝 𝑔𝑗ℎ) +
1

4
(𝜕̇𝑗𝛿𝑙)(𝐻𝑘

𝑖  𝑦ℎ − 𝐻ℎ
𝑖  𝑦𝑘) 𝑔𝑖𝑝   . 

Consequently, we have established that 

Theorem 2.3. In the space 𝐺𝐻ℎ-𝑅𝐹𝑛 , the associate tensor 𝐻𝑗𝑝𝑘ℎ
 of the Berwald curvature tensor 𝐻𝑗𝑘ℎ 

𝑖  is 

generalized recurrent if and only if (2.11) is satisfied. 

By contracting the indices  𝑖 and  𝑗 in equation (2.8) and applying equation (1.12d) and (1.12g), we obtain 

the following result: 

(2.12)   (𝐻ℎ𝑘 − 𝐻𝑘ℎ)
𝑙׀ + 𝐻𝑘ℎ

𝑟 Γ𝑝𝑟𝑙
∗𝑝

− 𝐻𝑟ℎ
𝑝

Γ𝑝𝑘𝑙
∗𝑟 − 𝐻𝑘𝑟

𝑝
Γ𝑝ℎ𝑙

∗𝑟 − 𝐻𝑟𝑘ℎ
𝑝

𝑃𝑝𝑙
𝑟 = (𝜕̇𝑝𝜆𝑙)𝐻𝑘ℎ

𝑝
+ 𝜆𝑙(𝐻ℎ𝑘 − 𝐻𝑘ℎ)                  

             +(𝜕̇𝑝 𝜇𝑙)(𝛿ℎ
𝑝

 𝑦𝑘 − 𝛿𝑘
𝑝

 𝑦ℎ) +
1

4
(𝜕̇𝑟𝛿𝑙)(𝐻𝑘

𝑟 𝑦ℎ − 𝐻ℎ
𝑟  𝑦𝑘) +

1

4
𝛿𝑙(𝐻ℎ  𝑦𝑘 − 𝐻𝑘  𝑦ℎ) . 

This shows that  

             (𝐻ℎ𝑘 − 𝐻𝑘ℎ)
= 𝑙׀ 𝜆𝑙(𝐻ℎ𝑘 − 𝐻𝑘ℎ) +

1

4
𝛿𝑙(𝐻ℎ  𝑦𝑘 − 𝐻𝑘

𝑖  𝑦ℎ)  , 

if and only if  

(2.13)   𝐻𝑘ℎ 
𝑟 Γ𝑝𝑟𝑙

∗𝑝
− 𝐻𝑟ℎ 

𝑝
Γ𝑝𝑘𝑙

∗𝑟 − 𝐻𝑘𝑟 
𝑝

Γ𝑝ℎ𝑙
∗𝑟 − 𝐻𝑟𝑘ℎ 

𝑝
𝑃𝑝𝑙

𝑟 = (𝜕̇𝑝𝜆𝑙) 𝐻𝑘ℎ
𝑝

       

             + (𝜕̇𝑝 𝜇𝑙)(𝛿ℎ
𝑝

 𝑦𝑘 − 𝛿𝑘
𝑝

 𝑦ℎ) +
1

4
(𝜕̇𝑟𝛿𝑙)(𝐻𝑘

𝑟 𝑦ℎ − 𝐻ℎ
𝑟 𝑦𝑘)  .    

Consequently, we have established that 

Theorem 2.4. In the space 𝐺𝐻ℎ-𝑅𝐹𝑛 , the tensor (𝐻ℎ𝑘 − 𝐻𝑘ℎ) is generalized recurrent if and only if (2.13) 

holds. 

Next, by partially differentiating condition (2.3) with respect to 𝑦  𝑘, and utilizing equations (1.10c) and 

(1.1c) together with the commutation formula given in equation (1.6) for the deviation tensor  𝐻ℎ 
𝑖 , we 

derive the following result: 

(2.14)   𝐻
𝑘ℎ׀𝑙
𝑖 + 𝐻ℎ 

𝑟 Γ𝑘𝑟𝑙
∗𝑖 − 𝐻𝑟 

𝑖 Γ𝑘ℎ𝑙
∗𝑟 − 𝐻𝑟ℎ 

𝑖 𝑃𝑘𝑙
𝑟 = (𝜕̇𝑘𝜆𝑙)𝐻ℎ

𝑖 + 𝜆𝑙  𝐻𝑘ℎ
𝑖 + (𝜕̇𝑘𝜇𝑙)(𝛿ℎ

𝑖 𝐹2 − 𝑦ℎ 𝑦
𝑖) 

             + 𝜇𝑙 (𝛿ℎ
𝑖 𝑔𝑗𝑘 − 𝛿𝑘

𝑖 𝑔𝑗ℎ) +
1

4
(𝜕̇𝑘𝛿𝑙)(𝐻ℎ

𝑖  𝐹2) +
1

4
𝛿𝑙(𝐻𝑘ℎ

𝑖  𝐹2) . 

By interchanging the indices 𝑘 and ℎ in equation (2.14), subtracting the resulting equation from (2.14), and 

utilizing equation (1.12c), we obtain the following result: 

(2.15)   (𝜕̇𝑘𝐻ℎ
𝑖 − 𝜕̇ℎ𝐻𝑘 

𝑖 )
𝑙׀

+ (𝐻ℎ 
𝑟 Γ𝑘𝑟𝑙

∗𝑖 − 𝐻𝑟 
𝑖 Γ𝑘ℎ𝑙

∗𝑟 − 𝐻𝑟ℎ 
𝑖 𝑃𝑘𝑙

𝑟 − 𝑘 ℎ⁄ ) = 𝜆𝑙(𝜕̇𝑘𝐻ℎ 
𝑖 − 𝜕̇ℎ𝐻𝑘 

𝑖 )                                    

             − 2 𝜇𝑙(𝛿𝑘 
𝑖 𝑔𝑗ℎ) + [(𝜕̇𝑘 𝜆𝑙)𝐻ℎ 

𝑖 + (𝜕̇𝑘 𝜇𝑙)(𝛿ℎ
𝑖  𝐹 2 − 𝑦ℎ 𝑦  𝑖) − 𝑘 ℎ ⁄ ] 

             +
1

4
(𝜕̇𝑘𝛿𝑙)(𝐻ℎ

𝑖  𝐹2) −
1

4
(𝜕̇ℎ𝛿𝑙)(𝐻𝑘

𝑖  𝐹2) +
1

4
𝛿𝑙(𝜕̇𝑘𝐻ℎ

𝑖 − 𝜕̇ℎ𝐻𝑘 
𝑖 ) 𝐹2   . 

This shows that  

             (𝜕̇𝑘 𝐻ℎ
𝑖 − 𝜕̇ℎ 𝐻𝑘 

𝑖 )
𝑙׀

= 𝜆𝑙(𝜕̇𝑘𝐻ℎ 
𝑖 − 𝜕̇ℎ𝐻𝑘 

𝑖 ) +
1

4
𝛿𝑙(𝜕̇𝑘𝐻ℎ

𝑖 − 𝜕̇ℎ𝐻𝑘 
𝑖 ) 𝐹2  , 
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if and only if  

(2.16)   (𝐻ℎ 
𝑟 Γ𝑘𝑟𝑙

∗𝑖 − 𝐻𝑟 
𝑖 Γ𝑘ℎ𝑙

∗𝑟 − 𝐻𝑟ℎ 
𝑖 𝑃𝑘𝑙

𝑟 − 𝑘 ℎ⁄ ) = [(𝜕̇𝑘 𝜆𝑙)𝐻ℎ 
𝑖 + (𝜕̇𝑘 𝜇𝑙)(𝛿ℎ

𝑖  𝐹2 − 𝑦ℎ  𝑦𝑖) − 𝑘 ℎ⁄ ]      

             − 2 𝜇𝑙(𝛿𝑘 
𝑖 𝑔𝑗ℎ) +

1

4
(𝜕̇𝑘𝛿𝑙)(𝐻ℎ

𝑖  𝐹2) −
1

4
(𝜕̇ℎ𝛿𝑙)(𝐻𝑘

𝑖  𝐹2) . 

Consequently, we have established that 

Theorem 2.5. In the space 𝐺𝐻ℎ-𝑅𝐹𝑛 , the tensor (𝜕̇𝑘𝐻ℎ 
𝑖 − 𝜕̇ℎ𝐻𝑘 

𝑖 ) is generalized recurrent if and only if 

(2.16) holds. 
 

3. Cartan's Third and Fourth Curvature Tensors in Generalized 𝑯𝒉-Recurrent Space  

We introduce the relationship between the Berwald curvature tensor and third and fourth Cartan's curvature 

tensors in the space 𝐺𝐻ℎ-𝑅𝐹𝑛  . 

Differentiating (1.17c) covariantly with respect to 𝑥𝑙 in the sense of Cartan and using (2.1) and (1.17c), we 

get 

(3.1)      𝐾
𝑗𝑘ℎ׀ℓ
𝑖 = 𝜆𝑙𝐾𝑗𝑘ℎ

𝑖 + 𝜇𝑙(𝛿ℎ
𝑖  𝑔𝑗𝑘 − 𝛿𝑘

𝑖  𝑔𝑗ℎ) +
1

4
𝛿𝑙(𝐻𝑘

𝑖  𝑔𝑗ℎ − 𝐻ℎ
𝑖  𝑔𝑗𝑘) + 𝜆𝑙𝑦𝑠(𝜕̇𝑗𝐾𝑠𝑘ℎ

𝑖 ) − 𝑦𝑠(𝜕̇𝑗𝐾𝑠𝑘ℎ
𝑖  . ℓ׀(

This shows that  

             𝐾
𝑗𝑘ℎ׀ℓ
𝑖 = 𝜆𝑙𝐾𝑗𝑘ℎ

𝑖 + 𝜇𝑙(𝛿ℎ
𝑖  𝑔𝑗𝑘 −  𝛿𝑘

𝑖  𝑔𝑗ℎ) +
1

4
𝛿𝑙(𝐻𝑘

𝑖  𝑔𝑗ℎ − 𝐻ℎ
𝑖  𝑔𝑗𝑘)  , 

if and only if  

(3.2)      𝑦𝑠(𝜕̇𝑗𝐾𝑠𝑘ℎ
𝑖 ℓ׀( = 𝜆𝑙𝑦𝑠(𝜕̇𝑗𝐾𝑠𝑘ℎ

𝑖 )  . 

Transvecting equation (3.1), with 𝑔𝑖𝑝  , and utilizing equations (1.5a), (1.19a), we obtain the following result 

(3.3)     𝐾𝑗𝑝𝑘ℎ׀𝑙 = 𝜆𝑙  𝐾𝑗𝑝𝑘ℎ + 𝜇𝑙  (𝑔𝑗𝑘 𝑔ℎ𝑝 − 𝑔𝑗ℎ 𝑔𝑘𝑝) +
1

4
𝛿𝑙(𝐻𝑗𝑝𝑘 𝑦ℎ − 𝐻𝑗𝑝ℎ 𝑦𝑘) 

             + 𝜆𝑙𝑦𝑠(𝜕̇𝑗 𝐾𝑠𝑝𝑘ℎ) − 𝑦𝑠(𝜕̇𝑗 𝐾𝑠𝑝𝑘ℎ)׀ℓ  . 

This shows that 

             𝐾𝑗𝑝𝑘ℎ׀𝑙 = 𝜆𝑙  𝐾𝑗𝑝𝑘ℎ + 𝜇𝑙  (𝑔𝑗𝑘 𝑔ℎ𝑝 − 𝑔𝑗ℎ 𝑔𝑘𝑝) +
1

4
𝛿𝑙(𝐻𝑗𝑝𝑘 𝑦ℎ − 𝐻𝑗𝑝ℎ 𝑦𝑘)  , 

if and only if  

(3.4)     𝑦𝑠(𝜕̇𝑗 𝐾𝑠𝑝𝑘ℎ)׀ℓ =  𝜆𝑙𝑦𝑠(𝜕̇𝑗 𝐾𝑠𝑝𝑘ℎ)   . 

Contracting the indices  𝑖 and  ℎ in equation (3.1) and using (1.19b), (1.1g), (1.1j) and (1.12e), we get 

(3.5)     𝐾𝑗𝑘׀𝑙 = 𝜆𝑙𝐾𝑗𝑘 + 𝜇𝑙(𝑛 − 1 )𝑔𝑗𝑘 +
1

4
𝛿𝑙(𝐻𝑘

𝑖  𝑔𝑗𝑖 − (𝑛 − 1)𝐻 𝑔𝑗𝑘)+ 𝜆𝑙𝑦𝑠(𝜕̇𝑗𝐾𝑠𝑘) − 𝑦𝑠(𝜕̇𝑗𝐾𝑠𝑘)׀ℓ  . 

This shows that 

             𝐾𝑗𝑘׀𝑙 = 𝜆𝑙𝐾𝑗𝑘 + (𝑛 − 1)𝜇𝑙𝑔𝑗𝑘 +
1

4
𝛿𝑙(𝐻𝑘

𝑖  𝑔𝑗𝑖 − (𝑛 − 1)𝐻 𝑔𝑗𝑘)  , 

if and only if  

(3.6)     𝑦𝑠(𝜕̇𝑗𝐾𝑠𝑘)׀ℓ = 𝜆𝑙𝑦𝑠(𝜕̇𝑗𝐾𝑠𝑘)  . 

Transvecting equation (3.5), with g  𝑗𝑘 , using (1.19c), (1.1j) , (1.5c) and (1.19d), we get 

(3.7)     𝐾׀𝑙 = 𝜆𝑙𝐾 + (𝑛 − 1)𝜇𝑙 −
1

4
(𝑛 − 1)𝛿𝑙𝐻+ 𝜆𝑙𝑦𝑠(𝜕̇𝑗𝐾𝑠

𝑗
) − 𝑦𝑠(𝜕̇𝑗𝐾𝑠

𝑗
 .  ℓ׀(

This shows that 

             𝐾׀𝑙 = 𝜆𝑙𝐾 + (𝑛 − 1)𝜇𝑙 −
1

4
(𝑛 − 1)𝛿𝑙𝐻   , 

if and only if  

(3.8)     𝑦𝑠(𝜕̇𝑗𝐾𝑠
𝑗
ℓ׀( = 𝜆𝑙𝑦𝑠(𝜕̇𝑗𝐾𝑠

𝑗
)  . 

Transvecting equation (3.5), with 𝑔𝑖𝑘 , using (1.19d), (1.5c) and (1.1j), we get 

(3.9)      𝐾
𝑗׀ℓ
𝑖 = 𝜆𝑙𝐾𝑗

𝑖+(𝑛 − 1) 𝜇𝑙𝛿𝑗
𝑖 −

1

4
𝛿𝑙 ((𝑛 − 1)𝐻 𝛿𝑗

𝑖) + 𝜆𝑙𝑦𝑠(𝜕̇𝑗𝐾𝑠
𝑖) − 𝑦𝑠(𝜕̇𝑗𝐾𝑠

𝑖)׀ℓ 

This shows that  

             𝐾
𝑗׀ℓ
𝑖 = 𝜆𝑙𝐾𝑗

𝑖+(𝑛 − 1) 𝜇𝑙𝛿𝑗
𝑖 −

1

4
𝛿𝑙 ((𝑛 − 1)𝐻 𝛿𝑗

𝑖)  , 

if and only if  

(3.10)   𝑦𝑠(𝜕̇𝑗𝐾𝑠
𝑖)׀ℓ = 𝜆𝑙𝑦𝑠(𝜕̇𝑗𝐾𝑠

𝑖)   . 

Thus, we have 



JEF/Journal of Education Faculties  

     Volume 19, Issue (2), 2025     

 جامعة عدن   –كليات التربية  مجلة  

 م   2025  ، ( 2عدد ) ، ال19  ل الم   

 

Generalized Recurrence Conditions for the Berwald and Cartan…                                  Hadi, Al-Qashbari and Hanbala 

965 

Theorem3.1. In the space 𝐺𝐻ℎ-𝑅𝐹𝑛 , Cartan's fourth curvature tensor 𝐾𝑗𝑘ℎ
𝑖  , the associate tensor 𝐾𝑗𝑝𝑘ℎ of  

Cartan's fourth curvature tensor 𝐾𝑗𝑘ℎ
𝑖  , the Ricci tensor 𝐾𝑗𝑘 ,  the scalar curvature 𝐾 and the deviation tensor 

𝐾𝑗
𝑖 are satisfying the generalized recurrent property if and only if the conditions (3.2), (3.4), (3.6), (3.8) and 

(3.10) are satisfied the recurrent property  . 

Differentiating (1.17a) covariantly with respect to 𝑥𝑙 in the sense of Cartan, we get 

(3.11)   𝑅
 𝑗𝑘ℎ׀ℓ
 𝑖 = 𝐾

 𝑗𝑘ℎ׀ℓ
 𝑖 +   (𝐶 𝑗𝑚

 𝑖  𝐻 𝑘ℎ
 𝑚  .  ℓ׀ (

Using (3.1) and (1.17a) in (3.11), we get 

(3.12)   𝑅
𝑗𝑘ℎ׀ℓ
𝑖 = 𝜆𝑙𝑅𝑗𝑘ℎ

𝑖 + 𝜇𝑙(𝛿ℎ
𝑖  𝑔𝑗𝑘 −  𝛿𝑘

𝑖  𝑔𝑗ℎ) +
1

4
𝛿𝑙(𝐻𝑘

𝑖  𝑔𝑗ℎ − 𝐻ℎ
𝑖  𝑔𝑗𝑘) 

             + 𝜆𝑙𝑦𝑠(𝜕̇𝑗𝐾𝑠𝑘ℎ
𝑖 ) − 𝑦𝑠(𝜕̇𝑗𝐾𝑠𝑘ℎ

𝑖 )
ℓ׀

+ (𝐶 𝑗𝑚
 𝑖  𝐻 𝑘ℎ

 𝑚 ℓ׀ ( − 𝜆𝑙(𝐶 𝑗𝑚
 𝑖  𝐻 𝑘ℎ

 𝑚 )  . 

This shows that  

             𝑅
𝑗𝑘ℎ׀ℓ
𝑖 = 𝜆𝑙𝑅𝑗𝑘ℎ

𝑖 + 𝜇𝑙(𝛿ℎ
𝑖  𝑔𝑗𝑘 −  𝛿𝑘

𝑖  𝑔𝑗ℎ) +
1

4
𝛿𝑙(𝐻𝑘

𝑖  𝑔𝑗ℎ − 𝐻ℎ
𝑖  𝑔𝑗𝑘)  , 

if and only if  

(3.13)    𝑦𝑠(𝜕̇𝑗𝐾𝑠𝑘ℎ
𝑖 ℓ׀( = 𝜆𝑙𝑦𝑠(𝜕̇𝑗𝐾𝑠𝑘ℎ

𝑖 )  ,   and  

             (𝐶 𝑗𝑚
 𝑖  𝐻 𝑘ℎ

 𝑚 ℓ׀ ( =   𝜆𝑙(𝐶 𝑗𝑚
 𝑖  𝐻 𝑘ℎ

 𝑚 ) 

Transvecting equation (3.12), with 𝑔𝑖𝑝  , and utilizing equations (1.5a), (1.1g), (1.3b) and (1.16c), we obtain 

the following result: 

(3.14)   𝑅𝑗𝑝𝑘ℎ׀𝑙 = 𝜆𝑙  𝑅𝑗𝑝𝑘ℎ + 𝜇𝑙  (𝑔𝑗𝑘 𝑔ℎ𝑝 − 𝑔𝑗ℎ 𝑔𝑘𝑝) +
1

4
𝛿𝑙(𝐻𝑗𝑝𝑘 𝑦ℎ − 𝐻𝑗𝑝ℎ 𝑦𝑘) 

             𝜆𝑙𝑦𝑠(𝜕̇𝑗 𝐾𝑠𝑝𝑘ℎ) − 𝑦𝑠(𝜕̇𝑗 𝐾𝑠𝑝𝑘ℎ)
ℓ׀

+ (𝐶𝑗𝑝𝑚 𝐻 𝑘ℎ
 𝑚 ℓ׀ ( − 𝜆𝑙(𝐶𝑗𝑝𝑚 𝐻 𝑘ℎ

 𝑚 ) 

This shows that 

             𝑅𝑗𝑝𝑘ℎ׀𝑙 = 𝜆𝑙  𝑅𝑗𝑝𝑘ℎ + 𝜇𝑙  (𝑔𝑗𝑘 𝑔ℎ𝑝 − 𝑔𝑗ℎ 𝑔𝑘𝑝) +
1

4
𝛿𝑙(𝐻𝑗𝑝𝑘  𝑦ℎ − 𝐻𝑗𝑝ℎ 𝑦𝑘)  , 

if and only if  

(3.15)   𝑦𝑠(𝜕̇𝑗 𝐾𝑠𝑝𝑘ℎ)׀ℓ =  𝜆𝑙𝑦𝑠(𝜕̇𝑗 𝐾𝑠𝑝𝑘ℎ)  ,  and 

               (𝐶𝑗𝑝𝑚 𝐻 𝑘ℎ
 𝑚 ℓ׀ ( =   𝜆𝑙(𝐶𝑗𝑝𝑚 𝐻 𝑘ℎ

 𝑚 ) 

Contracting the indices  𝑖 and  ℎ in equation (3.12) and using (1.1j), (1.19b), (1.12e) and (1.20a), we get 

 

(3.16)   𝑅𝑗𝑘׀𝑙 = 𝜆𝑙𝑅𝑗𝑘 + (𝑛 − 1)𝜇𝑙𝑔𝑗𝑘 +
1

4
𝛿𝑙(𝐻𝑘

𝑖  𝑔𝑗𝑖 − (𝑛 − 1)𝐻 𝑔𝑗𝑘) 

             +𝜆𝑙𝑦𝑠(𝜕̇𝑗𝐾𝑠𝑘) − 𝑦𝑠(𝜕̇𝑗𝐾𝑠𝑘)׀ℓ + (𝐶 𝑗𝑚
 𝑖  𝐻 𝑘𝑖

 𝑚) ׀ℓ − 𝜆𝑙(𝐶 𝑗𝑚
 𝑖  𝐻 𝑘𝑖

 𝑚)  . 

This shows that 

             𝑅𝑗𝑘׀𝑙 = 𝜆𝑙𝑅𝑗𝑘 + (𝑛 − 1)𝜇𝑙𝑔𝑗𝑘 +
1

4
𝛿𝑙(𝐻𝑘

𝑖  𝑔𝑗𝑖 − (𝑛 − 1)𝐻 𝑔𝑗𝑘)  , 

if and only if  

(3.17)    𝑦𝑠(𝜕̇𝑗𝐾𝑠𝑘)׀ℓ =  𝜆𝑙𝑦𝑠(𝜕̇𝑗𝐾𝑠𝑘)  ,  and 

             (𝐶 𝑗𝑚
 𝑖  𝐻 𝑘𝑖

 𝑚) ׀ℓ =   𝜆𝑙(𝐶 𝑗𝑚
 𝑖  𝐻 𝑘𝑖

 𝑚)  . 

Transvecting equation (3.16), with 𝑔 𝑗𝑘 , using (1.20b), (1.12a) and (1.5c), (1.1j) and (1.19d), we get 

(3.18)   𝑅׀𝑙 = 𝜆𝑙𝑅 + (𝑛 − 1)𝜇𝑙 −
1

4
(𝑛 − 1)𝛿𝑙𝐻+𝜆𝑙𝑦𝑠(𝜕̇𝑗𝐾𝑠

𝑗
) − 𝑦𝑠(𝜕̇𝑗𝐾𝑠

𝑗
ℓ׀( + (𝐶𝑚

 𝑖  𝐻 𝑖
 𝑚) ׀ℓ − 𝜆𝑙(𝐶𝑚

 𝑖  𝐻 𝑖
 𝑚) . 

This shows that 

             𝑅׀𝑙 = 𝜆𝑙𝑅 + (𝑛 − 1)𝜇𝑙 −
1

4
(𝑛 − 1)𝛿𝑙𝐻  , 

if and only if  

(3.19)   𝑦𝑠(𝜕̇𝑗𝐾𝑠
𝑗
ℓ׀( = 𝜆𝑙𝑦𝑠(𝜕̇𝑗𝐾𝑠

𝑗
)  ,  and 

             (𝐶𝑚
 𝑖  𝐻 𝑖

 𝑚) ׀ℓ = 𝜆𝑙(𝐶𝑚
 𝑖  𝐻 𝑖

 𝑚)  . 

Transvecting equation (3.16), with g𝑖𝑘 , using (1.120c), (1.12f), (1.19d) and (1.5c), we get 

(3.20)    𝑅
𝑗׀ℓ
𝑖 = 𝜆𝑙𝑅𝑗

𝑖+ (𝑛 − 1)𝜇𝑙𝛿𝑗
𝑖 −

1

4
𝛿𝑙 ((𝑛 − 1)𝐻 𝛿𝑗

𝑖) + 𝜆𝑙𝑦𝑠(𝜕̇𝑗𝐾𝑠
𝑖) − 𝑦𝑠(𝜕̇𝑗𝐾𝑠

𝑖)׀ℓ  . 
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This shows that  

             𝑅
𝑗׀ℓ
𝑖 = 𝜆𝑙𝑅𝑗

𝑖+ (𝑛 − 1)𝜇𝑙𝛿𝑗
𝑖 −

1

4
𝛿𝑙 ((𝑛 − 1)𝐻 𝛿𝑗

𝑖)  , 

if and only if  

(3.21)    𝑦𝑠(𝜕̇𝑗𝐾𝑠
𝑖)׀ℓ = 𝜆𝑙𝑦𝑠(𝜕̇𝑗𝐾𝑠

𝑖)  . 

Thus, we have 

Theorem 3.2. In the space 𝐺𝐻ℎ-𝑅𝐹𝑛 , Cartan's third curvature tensor 𝑅𝑗𝑘ℎ
𝑖  , the associate tensor 𝑅𝑗𝑝𝑘ℎ of  

Cartan's third curvature tensor 𝑅𝑗𝑘ℎ
𝑖  , the Ricci tensor 𝑅𝑗𝑘 ,  the scalar curvature 𝑅 and the deviation tensor 

𝑅𝑗
𝑖 are satisfying the generalized recurrent property if and only if the conditions (3.13),(3.15),(3.17),(3.19) 

and (3.21) are satisfied the recurrent property  . 

4. Conclusions 

In this paper, we have introduced and studied a generalized 𝐻ℎ-recurrent space, denoted as 𝐺𝐻ℎ-𝑅𝐹𝑛 , 

which is characterized by a specific condition involving the Berwald curvature tensor. We examined the 

properties and implications of the generalized recurrence of the Berwald curvature tensor and its associated 

tensors within such a space. Through various tensorial equations and their respective derivations, we have 

established key results that describe the behavior of these tensors in terms of their recurrence conditions. 

The major conclusions of this study are as follows: 

1. Generalized Recurrence of the Berwald Curvature Tensor: We have demonstrated that the Berwald 

curvature tensor 𝐻𝑗𝑘ℎ
𝑖  in a generalized 𝐺𝐻ℎ-𝑅𝐹𝑛 space is recurrent if and only if certain commutation 

conditions, as specified in (2.9), hold true. This recurrence property is fundamental in understanding the 

geometric structure of such spaces. 

2. Relationship between Berwald curvature tensor 𝐻𝑗𝑘ℎ
𝑖  and third and fourth Cartan's curvature tensors and 

its associated tensors. 

3. H-Ricci Tensor and H-Torsion Tensor Behavior: The recurrence properties of the H-Ricci tensor 𝐻𝑗𝑘 , the 

deviation tensor 𝐻ℎ
𝑖  , and the H-torsion tensor were studied in detail. We concluded that these tensors 

exhibit generalized recurrence under specific conditions, such as that given by equation (2.13). This finding 

contributes to a deeper understanding of the behavior of these tensors in Finsler geometry. 

4. Impact of Covariant Derivatives: The analysis of the covariant derivatives of the H-tensors and their 

relation to the recurrence conditions has revealed important insights into the structure of generalized 𝐻ℎ-

recurrent spaces. Specifically, the recurrence of the H-tensors is governed by the directional derivatives of 

the covariant vectors and the structure of the connection parameters. 

5. Further Implications: This work opens avenues for further research into the geometric properties of 

generalized 𝐻ℎ-recurrent spaces, particularly in curvature tensors, and torsion properties. The established 

conditions may serve as the foundation for exploring more specific cases and their applications in 

theoretical physics, especially in the study of space-time geometry and general relativity. 

In conclusion, the study of generalized 𝐻ℎ-recurrent spaces provide valuable insights into the structural 

properties of curvature tensors in Finsler geometry. The recurrence conditions derived in this work will play 

a crucial role in advancing the understanding of such spaces and their applications in various fields of 

mathematics and physics. 

Potential Applications and Interdisciplinary Relevance 

Although the present study is primarily theoretical, the generalized recurrence conditions established for the 

Berwald and Cartan curvature tensors may have potential implications beyond pure mathematics. In 

theoretical physics, these structures could be useful in the study of anisotropic space-time models and 

generalized gravitational theories, where curvature recurrence properties play a role in describing field 

symmetries. Moreover, the tensorial relations derived in this work could be adapted to computational 

frameworks in computer science, particularly in areas such as geometric modeling, optimization on 

manifolds, and image processing techniques that rely on curvature-based invariants. Thus, the results of this 

research may serve as a bridge between abstract Finsler geometry and applied disciplines, opening 

pathways for future interdisciplinary investigations. 
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م   فضاءات فنسلر  وعلاقاتها مع موترات الانحناء لبروفالد وكارتان 𝑯𝒉  ذات التكرار المعمَّ
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م في هندسة فنسلر مع التركيز على موتري الانحناء لبرفالد وكارتان. وتمثل فضاءات    الملخص: تتناول هذه الورقة دراسة التكرار المعمَّ

الريمانية للهندسة  امتداداً طبيعيًا  البحث  فنسلر  يقدمّ  أيضًا على الاتجاه.  الموضع بل  فقط على  ليس  الهندسية  الكميات  تعتمد  بأن  إذ تسمح   ،

مة للتكرار لهذه الموترات الانحنائية، ويطوّر علاقات نظرية تصف سلوكها. كما يقترح مفهومًا جديداً يُعرف بفضاءات فنسلر  شروطًا معمَّ

م   المعمَّ التكرار  التوافقية، 𝐻ℎذات  المتجهية  الحقول  تتضمن  تكرار  علاقات  خلال  من  الفضاءات  هذه  ف  وتعُرَّ خصائصه.  تحليل  ويتم   ،

بروفالد   انحناء  لموتر  التكرار  خصائص  لوصف  مبرهنات  عدة  تبُرهن  كما  الانحراف.  وموترات  الانحناء،  𝐻𝑗𝑘ℎوموترات 
𝑖.   وتصُنَّف

موتري بروفالد وكارتان في ظل   بين  بنيوية  المتحصَّل عليها عن ترابطات  العلاقات  التكرار. وتكشف  ونوع  لدرجة  وفقًا  فضاءات فنسلر 

كما توسّع الإطار الريمانية،  الهندسة غير  في  التناظر  بنُى الانحناء وخصائص  فهم  في تعميق  النتائج  هذه  م. وتسهم  المعمَّ التكرار    شروط 

 .النظري لمفهوم التكرار في الهندسة التفاضلية وتطبيقاته في فضاءات فنسلر
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