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Abstract: This paper studies generalized recurrence in Finsler geometry with emphasis on the Berwald
and Cartan curvature tensors. Finsler spaces extend Riemannian geometry by allowing geometric
quantities to depend on both position and direction. The research introduces generalized recurrence
conditions for these curvature tensors and develops theoretical relations describing their behavior. A new
concept, called generalized H"-recurrent Finsler spaces, is proposed and analyzed. The study defines
these spaces through recurrence relations involving covariant vector fields, curvature tensors, and
deviation tensors. Several theorems are established to characterize the recurrence properties of the
Berwald tensor Hjikh. The results classify Finsler spaces according to the degree and type of recurrence.

The obtained relations reveal structural connections between Berwald and Cartan tensors under
generalized recurrence conditions. These findings contribute to understanding curvature structures and
symmetry properties in non-Riemannian geometry. The study also extends the theoretical framework of
recurrence in differential geometry and its applications in Finsler spaces.

Key words: Generalized H"-recurrent space, Berwald curvature tensor, Finsler geometry, Covariant
derivatives.

1. Introduction

Finsler geometry, a generalization of Riemannian geometry, provides a rich framework for
exploring geometric properties of spaces where the length of a tangent vector is not necessarily
quadratic. A particularly important class of Finsler spaces is those defined by the behavior of their
curvature tensors. Among them, the concept of recurrent spaces plays a crucial role in
understanding the symmetry and structure of such spaces. In this study, we introduce and analyze
the concept of a generalized H"-recurrent space in the context of Finsler geometry.
The generalized H"-recurrent space, denoted by GH"-RE,, , is characterized by specific recurrence
conditions on the Berwald curvature tensor ]-ikh, which describe how this tensor behaves under

certain transformations and conditions. These conditions are expressed through a set of differential
equations involving the curvature tensor and various covariant vector fields, such as 4; , y; and §; .
Our investigation into this space extends the existing theory of recurrent spaces by incorporating
generalized recurrence relations that apply to more complex geometries.

In the context of affinely connected spaces, which are defined by the vanishing of certain
connection parameters, we further examine how the properties of the generalized H"-recurrent
space relates to the behavior of tensors such as the H-Ricci tensor and the deviation tensor. The
connection between generalized recurrent spaces and affinely connected spaces is also explored,
with specific emphasis on the conditions under which the curvature tensor satisfies generalized
recurrence relations.
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By examining these spaces, we seek to provide new insights into the structure of Finsler spaces,
particularly in relation to their curvature tensors and their potential applications in theoretical
physics, such as in the study of gravitational fields and other geometric phenomena. Through a
series of theorems, we establish key conditions that define when the generalized H™-recurrent
space exhibits specific geometric behaviors, thereby expanding the mathematical understanding of
recurrent Finsler spaces and their applications. Finsler geometry, an extension of Riemannian
geometry, has become a significant area of study in modern differential geometry, offering a
broader framework for understanding curved spaces. Numerous studies have contributed to the
development of Finsler spaces and their various characteristics, focusing on special curvature
tensors, recurrence relations, and different geometric properties.

Al-Qashbari, Abdallah, and Al-ssallal (2024) have explored recurrent Finsler structures with
higher-order generalizations, emphasizing the role of special curvature tensors in the geometry of
Finsler spaces. In their subsequent work, Al-Qashbari and Al-ssallal (2024) investigated curvature
tensors through Berwald’s and Cartan’s higher-order derivatives, further advancing the
understanding of Finsler space's complex geometric structures. Moreover, their decomposition
analysis of Weyl’s curvature tensor via Berwald's derivatives (2024) has provided insightful
contributions to the application of curvature tensor theories in Finsler geometry.

The work of Al-Qashbari (2020) has focused on the study of generalized curvature tensors and
recurrence decompositions in Finsler spaces, offering a comprehensive investigation into B-
recurrent Finsler spaces and curvature identities. His research, particularly on generalized BR -
trirecurrent Finsler spaces (2017), continues to be a foundational reference in the field. Al-
Qashbari and his collaborators, including Abdallah and Nasr (2025), furthered this work by
examining generalized trirecurrent spaces in the context of Gh-covariant derivatives, highlighting
the importance of this approach for both theoretical and practical aspects of Finsler geometry.

In addition to these advancements, other researchers have made significant contributions to Finsler
geometry. Notably, Izumi (1976) introduced the concept of P*-Finsler space, laying the
groundwork for further exploration in the field. Pandey and Misra (1981) and Pandey and Pal
(2003) have explored projective recurrent and hyper-surface structures in Finsler spaces,
respectively, providing valuable insights into the broader geometric properties of these spaces.
Maralebhavi and Rathnamma (1999) studied generalized recurrent and concircular recurrent
manifolds, expanding the scope of recurrent geometry in differential manifolds. Goswami (2017)
conducted a systematic review of special types of Finsler spaces, offering a broad perspective on
their application in differential geometry. The research by Pandey, Saxena, and Goswami (2011)
furthered the study of generalized H-recurrent space, contributing to the classification and
properties of recurrent spaces. Rund’s classic work (1959) on the differential geometry of Finsler
spaces remains an essential reference in the field, providing foundational concepts and techniques
that have shaped the development of modern Finsler geometry. These diverse studies, spanning
over several decades, have collectively enhanced the understanding of Finsler spaces, their
curvature tensors, and various recurrence properties. The current research builds upon this
extensive body of work, aiming to further explore the intricate relationships and higher-order
generalizations within the framework of Finsler geometry.

Let us consider an n-dimensional Finsler space F, equipped with the metric function F satisfying the
requisite conditions [15]. Let the components of the corresponding metric tensor g;;, Cartan's connection

parameters I}*;{iand Berwald’s connection parameters jik They are symmetric in their lower indices and
positively homogeneous of degree zero in the directional arguments.
The vectors y; , ¥' and metrics g;; , g* and &; satisfies the following relations
(1L.1) & yi=g;y , ) yy ' =F, ¢ g;=0;y;=0y ,
d) gy’ =%5iF2 =FO;F , o %y =6, D &yi= v,
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9 8k gji=gjk » W) & g/F=g", ) &6 =26 ,and
boaver=st={y i (2
The tensor Cjjj, defined by
(1.2)  Cijie =50; g = 30:0;0,F? .
is known as (h) hv - torsion tensor [7]. It is positively homogeneous of degree -1 in the
directional arguments and symmetric in all its indices.
The (v) hv-torsion tensor €[ and its associate (h) hv-torsion tensor C; jk are related by
(1.3) a) Cly =g"Cyj, and b) Cij = gn, Cli. .
The (v) hv-torsion tensor C[}c is also positively homogeneous of degree -1 in the directional arguments and
symmetric in its lower indices.
E. Cartan deduced the h-covariant derivative for an arbitrary vector filed X’ with respect to x* given by
(1.4) X, =0, X' — (3, X") G + X"Tk .
The metric tensor g;; and the vector y' are covariant constant with respect to above process, i.e.
(1.5) @) gy, =0, b) y,=0 and ¢) g, =0
The process of h-covariant differentiation defined above commute with partial differentiation with respect
to y/ for arbitrary vector filed X', according to
(1.6) & (xi) = (6%, = x"(3; ) — (8, X*) Py, . were
(L7) ) 9jTp; =T and b) Pgy* =Py y"=0.
The tensor P,i n 1s called v(hv) —torsion tensor and its associate tensor Pixn is given by
(1.8)  grj Pen = Pijn -
The quantities H]-ikh and HL,form the components of tensors and they called h-curvature tensor of Berwald
(Berwald curvature tensor) and h(v)—torsion tensor, respectively and defined as follow:
(1.9) @) Hfin = 0jGin + GinGyj + GrnjGl — Gl — GRiGry — GG
and
(1.9)  b) Hip = 0nGi + G Clp, — 0k Gl — GFCry -
They are skew-symmetric in their lower indices, i.e. k and h. Also, they are positively homogeneous of
degree zero and one, respectively in their directional arguments. They are also related by
(1.10) a) Hj,y/ =Hpy, , b) Hjyp =0;Hiy and c) Hj =0 Hj .
These tensors were constructed initially by mean of the tensor H}, , called the deviation tensor, given by
(1.11) H} =20,6' -0, G} y" + 2G}.;G° — GLG} .
The deviation tensor H }l is positively homogeneous of degree two in the directional arguments.
In view of Euler's theorem on homogeneous functions and by contracting the indices i and h in (1.10)
and (1.11), we have the following:
(1.12) a) Hjy/ =Hg=—Hi;y/ . b) Hy =Hjy,, © Hj=Hj, , d) Hin=Hue —Hpn
© (n—DH=H], ) yHj =Hjy/ =0 and g —Hy=H],
The contracted tensor Hyy (Ricci tensor), Hy, (Curvature vector) and H (curvature scalar) are also connected
by
(1.13) a) Hyp =0y Hy, , b) Hy*=Hyand ¢) Hyy*=m-1H .
The quantities Hjikh and H ,f,h are satisfies the following
(1.14) a) Hyjen = gjrHle » ) Hjen = gjrHpye and  ©) Hfyp + Hpyjy + Higp; = 0
P.N. Pandey proved
(1.15) y; H:, =0 .

Cartan's third curvature tensor Rjik n satisfies the identity known as Bianchi identity
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(1.16) @) Rjps + Rigun + Ripgye + (Riuns er + RienPlsr + Rinsic Pl )y™ = 0

b) Riny’ =Hin =Kiny’ . © Rijni = grjRjpx » and
d) Rjkhm }’j = Hgpm -
Also, this tensor satisfies the following relation too
(1.17) @) Rjgp = Kfyp + Clon Hiho ) Rijen = Kijin + Cijs Hiy, » and
) Hjen = Kjin +¥°(0;K5ien)
where R;jip, is the associate curvature tensor of R}kh. Cartan’s fourth curvature tensor I(jikh and its associate
curvature tensor Kjjip, satisfy the following identities known as Bianchi
(1.18) a) Kjy +Kijp+Kipj =0 and b) Kipin + Knpjie + Kignj = 0 .
(1.19) @) Kijgn=8rjKln - b) Kja=Kix ., © g Kp=K and d) g% Ky =K/ .
(1.20) a) Rj; =R , b) g®Rp =R and ¢) g*Ry =R}
2. A Generalized H"-Recurrent Space
This research introduces a new definition of the generalized H"-recurrent spaces as following:

Let us consider a Finsler space F,, whose Berwald curvature tensor Hjikh satisfies the condition
@.1)  Hj, =AHj, + (84 gje — 6k gjn) + ZSI(HIIC gin—Hhgjx) » Hn#0 ,
where A; , y; and &; are non-null covariant vectors field. We shall call such space as a generalized H"-
recurrent space. We shall denote it briefly by GH"-RE, .
Now, let us consider a generalized H"- recurrent space characterized by the condition (2.1) .
Transvecting the condition (2.1) by y/ , using (1.5b), (1.10a) and (1.1a), we get
. . . . 1 . .
(2.2) Hp,y = AHin + 1(8h yie — 8k yn) + 151(HIL< Yo — Hp yi) -
Further, transvecting the condition (2.2) by y*, using (1.5b), (1.12a), (1.12f) and (1.1b), we get
; . . . 1 .
(23) H;, = H, + (6, F? —yny') + Zal(H;l F?) .
Transvecting the condition (2.2) by g;;, , using (1.5a), (1.1g) and (1.14b), we get

(2.4)  Hyppu = A Hipn + 1 (Ghp Yk = Gip Yn) +%51(Hzic Yo —HLvi) 9ip -

Contracting indices i and h in (2.1), (2.2) and (2.3) and using (1.12b), (1.12¢), (1.1g), (1.11), (1.1b) (1.12¢)
and (1.12f), we get

(2.5)  Hpy = AHje +m(n —1)gj + %51(H1i< gji—(m—DHgj)

(2.6)  Hyy = Hi + @ — 1)y —38,((n— DHy,) . and

2.7) Hy=AH +p F?+28,(H F?)

Consequently, we have established that

Theorem 2.1. In the generalized GH"-RE, space, the h-covariant derivatives of the h(v)-torsion tensor H};h ,
the deviation tensor H ,ll , the tensor Hy,, j, , the Ricci tensor Hjy , the vector tensor Hy, and the scalar H are
non-vanishing .

By partially differentiating equation (2.2) with respect to yJ, and employing equations (1.10b), (1.10c),
(1.7a), and (1.1c¢), along with the commutation formula given in (1.6) for the h(v)-torsion tensor jik , We
obtain

(2.8) Hjlkh” + Hen Uy — Hen Uiy — Hie Tipp — Hywn Py = (0j4)Hin + AiHjyep

+ (9 1) (8h Y — 8k yn) + 1 (8h Gjc — 6k Gjn ) +i(aj81)(Hli Yn = Hiy ¥i))
+%6L(Hjik Yn = Hjy vi) -

This shows that
Hiny = MHji + (8% gjk — 8 gjn) + i‘sl(Hjik Yn = Hjp vi)

if and only if
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(2.9)  Hig Ty — Hin Ty — Hig Ty — Hign Py = (0;4,) Hig, + (05 1) (85, yic — 6k )
+Z (9;6,) (Hic yn — H 1)
Consequently, we have established that
Theorem 2.2. In the space GH"-RF, , the Berwald curvature tensor jikh is generalized recurrent if and

only if (2.9) is satisfied.
By transvecting equation (2.8), with g;;, , and utilizing equations (1.7a), (1.1g), (1.14a) and (1.14b), we

obtain the following result:
(2.10)  Hjpppy + 9ip (Hin T ]rl ih Gt — Hiy G — l) A Hipien + (95 40) Higp.n
+(0) 1) (Gnp Yie = Gip Y1) + 11 (Gnp Gjkc = G g,-h) +2(8;6) (HE yn — Hi vic) gip
+i51 (Hipx Yo — Hipn Vi) -
This shows that
Hjppnn = M Hipien + 14 (9jk Gnp — Gjn Gip) + %SZ(ij.k Yn—Hipn Vi)
if and only if
Q.11)  gip (Hin Ty = Hin Uiy — Hier Ty nPl) = (9; ) Hkph
+ (0; 1) (Gnp Yk — Grp yn) + .ul(ghp 9jk — Gkp jn) + " (ajSI)(HIi yn—Hhyi) 9ip -
Consequently, we have established that
Theorem 2.3. In the space GH"-RF,, , the associate tensor Hjpin of the Berwald curvature tensor Hjikh is
generalized recurrent if and only if (2.11) is satisfied.
By contracting the indices i and j in equation (2.8) and applying equation (1.12d) and (1.12g), we obtain
the following result:

(2.12) (Hpy — Hin)y + HinTply —

Hrhrpkl Hkrrphl kah pl — (6 Al)H + A (Hpk — Hin)
1

+(9p 1) (8f yic — 6% yn) + Z(ar5z)(Hk Yo = Hy vi) + 58 (Hy yie = Hie yn) -

This shows that
1 .

(Hnik — Hgn)yy = A(Hpie — Hip) + Z5L(Hh Yk — H yn) .
if and only if
(2.13) HppT, prl Hrh F;kl Hkr I}:hl Hrkh 1;1 - (a ’11) Hkh

+ (0 ) (88 yi — 8L yn) + Z(ar6l)(Hk Yo — Hp i)
Consequently, we have established that
Theorem 2.4. In the space GH"-RE,, , the tensor (Hy,, — Hyy) is generalized recurrent if and only if (2.13)
holds.
Next, by partially differentiating condition (2.3) with respect to y ¥, and utilizing equations (1.10c) and
(1.1c) together with the commutation formula given in equation (1.6) for the deviation tensor H,"1 , We
derive the following result:

(2.14) H,ihu + Hj, Tply — HETihy — Hiy Piy = (0x0)Hp, + Ay Higy + (0wt1) (SRF? — yn vY)
+ w1 (Bhgji — 6kgjn) + Z(ak6l)(H;:l F?) + %51(H1ih F?).
By interchanging the indices k and h in equation (2.14), subtracting the resulting equation from (2.14), and
utilizing equation (1.12c), we obtain the following result:
(2.15) (9kHp, — ath) + (Hp, Ty — HE iy — Hpn Py — k/R) = (0 Hj, — 0nHy,)
-2 w(8k gjh) + [(ak A)H} + (ak w)(8hLF2—ynyt) - k/h]
+i(ak5l)(Hfil F?) - i (9n8) (Hi F?) + %&(akHiil — OpHj, ) F?
This shows that
(8 H, — 0n HY ), = M(OeHh, — 0pHL) +=8,(8cH, — 3pHL) F2
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if and only if

(2.16) (H Tiry — Hi-Tihy — Hyn Pl — k/R) = [0k A)Hp + (9k 1) (85 F? = yn ¥') — k/h]
— 2 1y (8k gjn) + = (98 (Hf, F2) — 5 (,6,) (H} F2) .

Consequently, we have established that

Theorem 2.5. In the space GH"-RE, , the tensor (a'kH;; - 8'hH,i<) is generalized recurrent if and only if
(2.16) holds.

3. Cartan's Third and Fourth Curvature Tensors in Generalized H"-Recurrent Space

We introduce the relationship between the Berwald curvature tensor and third and fourth Cartan's curvature
tensors in the space GH"-RF, .
Differentiating (1.17¢) covariantly with respect to x! in the sense of Cartan and using (2.1) and (1.17¢), we
get
G Ko = MiKjn + 1 (84 gji — 6k gjn) + 20 (Hi gjn — Hp, gjic) + Ay°(0;Ksen) — ¥ (0iKsn) ¢ -
This shows that
. . ; . 1 . .
Kjlkm = LiKjyn + (85 gjx — Sk gjn) + 151(1‘112 gin—Hi gjx)
if and only if
(2)  ¥¥(0iKskn),p = Alys(astLkh) .
Transvecting equation (3.1), with g;;, , and utilizing equations (1.5a), (1.19a), we obtain the following result
1
(3-3)  Kjpknu = i Kjpkn + 1 (9jk Gnp — jn Gip) + ZSz(ijk Yn — Hipn Vi)
+ 4y5(0; Kspin) — ¥°(0j Kspin) o -
This shows that
1
Kipini = A1 Kipren + 1 (9jk Gnp — 9jn Gip) + 151(ijk Yn — Hipn Y1)
if and only if
(B4 ¥5(0; Ksprn),p = Ny (0; Kspin) -
Contracting the indices i and h in equation (3.1) and using (1.19b), (1.1g), (1.1j) and (1.12¢), we get
1 . . .
(3.5 Kjpy = 4K + (n —1)gjy + ZSZ(H;( gji — (n— DH gji)+ 4y (0;Ksk) — ¥ (0iKsi),p -
This shows that
1 .
Kin = MK + (n— Dwgje + ;51(Hzlc gii—(m—DHgj) ,
if and only if
(3.6)  ¥Y(0;Ksk),, = Ly (9;Ksk) -
Transvecting equation (3.5), with g /% | using (1.19¢), (1.1j), (1.5¢) and (1.19d), we get
1 . 5 . 5
GB7  K;=A4K+0— Dy -0 —DEH+ y°(9;K]) — y* (K, -
This shows that
1
Kll = /hK + (Tl - 1)#[ - Z(Tl - 1)51]‘1 ,
if and only if
(3.8) ¥5(9;Kk]),, =4y (9;K]) .
Transvecting equation (3.5), with g** | using (1.19d), (1.5¢) and (1.1j), we get
. . . 1 . . . . .
(3.9 K, =K+ —1) w6} — 26, ((n— DH 6F) + 4y°(9;KL) — y* @K,
This shows that
) . - .
Kl, = 4K+ —1) o} =26 ((n - DH §) |
if and only if
(3.10) y*(G;KD),, = Ay (d;KL)
Thus, we have
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Theorem3.1. In the space GH"-RF, , Cartan's fourth curvature tensor Kjikh , the associate tensor Kjprp of

Cartan's fourth curvature tensor Kjikh , the Ricci tensor Kjy , the scalar curvature K and the deviation tensor
Kji are satisfying the generalized recurrent property if and only if the conditions (3.2), (3.4), (3.6), (3.8) and

(3.10) are satisfied the recurrent property .
Differentiating (1.17a) covariantly with respect to x! in the sense of Cartan, we get
@.11) le'khli’ = K}kme + (CimHin) o -
Using (3.1) and (1.17a) in (3.11), we get
. . . . 1 . .

(3-12) R}y = MRjgn + w(8h gjk — Ok gjn) + 151(ch gin — Hi, 9j1)

+ 2y°(0;Kkn) = ¥°(0Kskn) , + (Cim HER) 1o = 2u(C fm HIER) -
This shows that

. . . . 1 . .

R;km.g = MRben + (85 9jr — Sk gjn) + ;&(ch gin—Hh gji)
if and only if
(3.13) ys(astLkh)w = Alys(astlkh) , and

CimHin) o= M(Cjm Hip)
Transvecting equation (3.12), with g;;, , and utilizing equations (1.5a), (1.1g), (1.3b) and (1.16¢), we obtain
the following result:

1

(3-14) Rippni = A1 Ripn + 1 (G Gnp — 9jn Gip) + 201 (Hjpk Yn = Hjpn Vi)

21y°(0; Kspin) = ¥°(0) Kspin),, + (Cipm Hien) ¢ = 2 (Cpm H )
This shows that

1

Ripkni = i Ripkn + 1 (9jk Gnp — Gjn Gip) + ;51(ijk Yn — Hiph Vi)
if and only if
(3.15) y°(9; Ksprn)e = 41y°(9; Kspien) » and

(ijm Hl?ill) = Al(ijm Hl?}l)
Contracting the indices i and h in equation (3.12) and using (1.1j), (1.19b), (1.12¢) and (1.20a), we get

1 .
(3.16) Ry = ARje + (n— Dwgji + Z5z(Hf< gji— (n—1Hgji)

+4y°(0iKsi) = ¥ (0iKsi)p + (Cjm HiD) 1o = M (C j HiG
This shows that

1 .

Rjjy = iR + (n — Vg + ZSI(Hllc gji—(m—1H gji) ,
if and only if
(317) ys(astk)H, = Alys(astk) , and

CimHiD o= M(Cjm HiG
Transvecting equation (3.16), with g /% , using (1.20b), (1.12a) and (1.5c¢), (1.1j) and (1.19d), we get

1 . 5 . 5 . .

(3.18) Ry =AR+ (n— Dy —5 (= DEH+LY*(0;K) — y* (0K + (Cr H™) \p — W(Cm H™) .
This shows that

R, = AR+ (n— Dy — %(n —~1)§H ,
if and only if
(3.19) y*(9;k)),, = 4y*(9;K]) , and

CnH =0 (ChH .
Transvecting equation (3.16), with g | using (1.120c), (1.12f), (1.19d) and (1.5c¢), we get
(3:20) RL, = LR+ (n— D) — 28 (= DH &}) + 1y (0KL) — y*(3KD),, -
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This shows that

Ri, = ARi+ (n— D} — 36, ((n ~DH 5}) ,
if and only if
(3.21) y*(9;kd),, = 4y*(9;KL) .
Thus, we have
Theorem 3.2. In the space GH"-RE, , Cartan's third curvature tensor R}kh , the associate tensor Rjpip of
Cartan's third curvature tensor R}kh , the Ricei tensor Ry , the scalar curvature R and the deviation tensor
R} are satisfying the generalized recurrent property if and only if the conditions (3.13),(3.15),(3.17),(3.19)
and (3.21) are satisfied the recurrent property .
4. Conclusions
In this paper, we have introduced and studied a generalized H™-recurrent space, denoted as GH"-RE, ,
which is characterized by a specific condition involving the Berwald curvature tensor. We examined the
properties and implications of the generalized recurrence of the Berwald curvature tensor and its associated
tensors within such a space. Through various tensorial equations and their respective derivations, we have
established key results that describe the behavior of these tensors in terms of their recurrence conditions.
The major conclusions of this study are as follows:
1. Generalized Recurrence of the Berwald Curvature Tensor: We have demonstrated that the Berwald
curvature tensor H]-ikh in a generalized GH"-RE, space is recurrent if and only if certain commutation

conditions, as specified in (2.9), hold true. This recurrence property is fundamental in understanding the
geometric structure of such spaces.

2. Relationship between Berwald curvature tensor Hjy;, and third and fourth Cartan's curvature tensors and

its associated tensors.
3. H-Ricci Tensor and H-Torsion Tensor Behavior: The recurrence properties of the H-Ricci tensor Hy , the

deviation tensor HY , and the H-torsion tensor were studied in detail. We concluded that these tensors
exhibit generalized recurrence under specific conditions, such as that given by equation (2.13). This finding
contributes to a deeper understanding of the behavior of these tensors in Finsler geometry.

4. Impact of Covariant Derivatives: The analysis of the covariant derivatives of the H-tensors and their
relation to the recurrence conditions has revealed important insights into the structure of generalized H"-
recurrent spaces. Specifically, the recurrence of the H-tensors is governed by the directional derivatives of
the covariant vectors and the structure of the connection parameters.

5. Further Implications: This work opens avenues for further research into the geometric properties of
generalized H"-recurrent spaces, particularly in curvature tensors, and torsion properties. The established
conditions may serve as the foundation for exploring more specific cases and their applications in
theoretical physics, especially in the study of space-time geometry and general relativity.

In conclusion, the study of generalized H"-recurrent spaces provide valuable insights into the structural
properties of curvature tensors in Finsler geometry. The recurrence conditions derived in this work will play
a crucial role in advancing the understanding of such spaces and their applications in various fields of
mathematics and physics.

Potential Applications and Interdisciplinary Relevance

Although the present study is primarily theoretical, the generalized recurrence conditions established for the
Berwald and Cartan curvature tensors may have potential implications beyond pure mathematics. In
theoretical physics, these structures could be useful in the study of anisotropic space-time models and
generalized gravitational theories, where curvature recurrence properties play a role in describing field
symmetries. Moreover, the tensorial relations derived in this work could be adapted to computational
frameworks in computer science, particularly in areas such as geometric modeling, optimization on
manifolds, and image processing techniques that rely on curvature-based invariants. Thus, the results of this
research may serve as a bridge between abstract Finsler geometry and applied disciplines, opening
pathways for future interdisciplinary investigations.
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