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Abstract. In this paper, we introduce a Finsler space which Cartan's second curvature
tensor P}kh satisfies the generalized trirecurrent property in sense of Berwald's, this space
characterized by the following condition
By BB Pl = Qimn Plicn, + bimn (85 9jic = 6 9jn) — 2 Cum Br(84Cjien. — 84 Cinn) ¥"
~2din By (84 Cjkm = 8iCjnm) ¥™ = 2 Hy BpBr (84 Cjkm — 6k Cjnm) ¥™) Pfin # 0,

Where B, B,,B; is Berwald's covariant differential operator of third order with respect to
xt, x™and x™, successively. B, is Berwald's covariant differential operator of first order
with respect to x”, ay;,, and by, are non-zero covariant tensor fields of third order, c,p,
and d,, are non-zero covariant tensor fields of second order, u; is non-zero covariant
vector fields and Cjy, is (h)-torsion tensor, such space is called as a generalized ph-
trirecurrent Finsler space and we denote by GBP-TIR-REF, . we obtained the necessary and

sufficient condition for some tensors to be generalized trirecurrent space.

Key words: Cartan’s second curvature tensor, Generalized BP-trirecurrent space, Berwald’s
covariant derivative of third order.

1. INTRODUCTION.
The generalized recurrent space
characterized by different curvature tensors
and used the sense of Berwald studied, [2],
[4], [6], [9], [10], [11], [14] and [15]. The
generalized birecurrent Finsler space studied
in ([5], [12] and [13]). The concept of the

recurrent for different curvature tensors have

been discussed by F.Y.A. Qasem [7]. He
studied the generalized birecurrent of first
and second kind, also studied the special
birecurrent of first and second kind and ﬁch
generalized birecurrent Finsler space studied
by F.Y.A. Qasem and A.A.M. Saleem [8]

and others.
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Consider a n-dimensional Finsler space,
equipped with the metric function F satisfies
the requisite conditions [16]. Consider the
components of the corresponding metric
tensor g;;, Cartan’s connection parameters

Fﬁj and Berwald’s connection parameters

Gjik. These are symmetric in their lower
indices.
The vectors y; and y' satisfy the following
relations, [16]
@ yi=gyy’ and (b) y;iy'=F> (L)
The (v)hv-torsion tensor Cjik and its associate
(h)-hv-torsion tensor Cj; are related by
@ Ciy' =0=Cgy/
(0) ¥:Ch =0 , (c) Cuy! = Cyjy’ =0
and  (d) 6/ Cixn = Cikn - (1.2)
Berwald’s covariant derivative 'Biji of
a arbitrary tensor field Tji with respect to x*
is given by
BT} = 9T} — (3,7} ) Gi

+T7 Gl — THG - (13)
Berwald’s covariant derivative of the metric
function F and the vector y' vanishes
identically
(@ Bry'=0 and (b) ByF=0 . (1.4)
But Berwald’s covariant derivative of the
metric tensor g;; doesn’t vanish, i.e.
Brgij # 0.
Brgij = —2 Cijklh yh = —2y" BnCiji - (1.5)
Berwald’s covariant differential operator

with respect to x® commutes with partial

differential operator with respect to y*,
according to [16] and is given as

(0kBr — Bui)T} = T} Giny — T Gpnj , (1.6)
where Tj" is any arbitrary tensor field.

The curvature tensor Pjikh and the torsion

tensor P, , satisfy the following relations:

@ Phny' =Pk . (0) Phi=Py ,
© Py =0, (d) Py=Pc .
€ Py<=pP ® Pi=pP ,

(@  gir Pjkn = Pjikn  and

(h)  gir P = Pran - (1.7)

The quantities H}kh and H., form the
components of tensors and they are called
curvature tensor The two sets of quantities

g;; and its associate tensor g*/ are related by

. 1, if i=k
. glk = gk = ’ ’
959" =0 {0 L if iek . (9

Cartan’s  third tensor Rék o

curvature j

Cartan’s fourth curvature tensor Kjikh, its
associate curvature tensor K, and R-Ricci
tensor Ry in sense of Cartan, respectively,
are given by [16]:

(€)) R}kh yl = Hlih = Kjikh vl

(b) Ry’ =H, , () Rpy*=R;,

(d) Riy =Rjx .
() Hjy*= Hf =-Hp;y* . (1.9)

(&) G =Ty y* and

The contracted tensor of the K-Ricci tensor
K and curvature vector K are connected by

@ Khi=Ki . (0) Kpg’*=K and
(© Kiy* =K . (1.10)
The vector y; and &. also satisfy the

following relations:
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@ &kyi=wye , 0 &y =y,
(©) 6 gji =9gjx » (d) 5ji g’k =g,
(e) 6L6F = 6. and
® gny' =yn . (1.11)
It is known that the Cartan’s first curvature

tensor S, and Cartan’s second curvature
tensor Pjikh are connected by the following
formula

Pien = Pl = = Shopr V" -

) ) jkhir (1'12)

We know that Cartan’s fourth curvature

tensor Kjikh and Cartan’s third curvature

tensor R}kh are connected by the formula:

Rixn = Kfin + CjHpy. (1.13)
R-Ricci tensor Rj;, given by
Ry = Kj + CLHfy (1.14)

2. ON GENERALIZED
BP-TRIRECURRENT SPACE
A Finsler space F, , whose Cartan’s second
curvature tensorP}khsatisfies the condition[1]
BiPfen = MPfen + (8L 9k — 8Lgjn), (2.1)
where P}, # 0 and B, is covariant
derivative of first order (Berwald’s covariant
differential operator) with respect to x!, the
quantities A; and y; are non-null covariant
tensors field. It's space is called as a
generalized BP-recurrent space and is
denoted briefly by GBP-RF,, .
Consider a Finsler space F,, , whose Cartan’s
second curvature tensor P}kh satisfies the

following condition [2]:

BinBiPfin = WimPjkn + Vim (8L 9k — 619 jn)

o daale — Ayl LK A2
p 2023 (1) 2udl 17 A

= 2B, (84Cikem — SGrm) Y™ (2:2)
where B,,B; is covariant derivative of
second order in sense of Berwald’s with
respect to x! and x™, respectively, the
quantities ug,, and vy, are non-null covariant
tensors field. They are called as a
generalized BP-birecurrent space, and is
denoted briefly by GBP-BRE, .

To summarize above discussion note the
following:

Result 1. Every generalized BP-recurrent
space is generalized BP-birecurrent space.
Taking Berwald’s covariant derivative for
equation (2.2), with respect to x™, yields

B BmBiPjkn = (Bnulm)Pjikh + Uim (Bnpjikh)
+ (anlm)(&izgjk - 5ligjh)

— 20 By (84 Cjien — SiCinn)y"

— 2(Bu))Br (84 Cjiom — 6k Cinm)y"

— 24 BB, (6},Cjram — 64Cinam )Y

In view equation (2.1), the above equation is
reduced to

By BnBi Pjin = Aumn Pjin

+ by (84 9jic — Sk Gjin)

— 20 Br(8ECitn — 8L Cinn) ¥7

—2dpy Br(é'flekm - 5lic}hm) v’

-2 BnBr(Sfilekm - 61i<6}hm) vy, (23)
where apmn = Buim + Uim An

bimn = BnVim + Uim Bn » Cim = Vim
di;, =By and B,B,,B; is covariant
derivative of third order in sense of
Berwald’s with respect to x!, x™ and x™,

successively.
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Definition 2.1. A Finsler space F, , whose
Cartan’s second curvature tensor Pj"kh
satisfies the condition (2.3), where a;;,,, and
b;mn are non-null covariant tensors field, is
called a generalized BR-trirecurrent space. It
is denoted by GBP-TIRRF,, .

Result 2. In generalized B-recurrent space,
every generalized BR-birecurrent space is
GBP-TIRRF,.

Transvecting the condition (2.3) by y/,
using equations (1.1a), (1.2c), (1.4a), (1.7a)
and, yields

By BBy Pin = Qimn Pin

+ b (84 i = Sk yn) - (2.4)
Transvecting equations (2.3) and (2.4) by
Jis, using (1.4a), (1.7g), (1.7h) and (1.11c),

we get

BanBleskh = almnPjskh

+ blmn( 9hs Gjk — Gks gjh)

- chmBr yr( Yhs Cjkn — Yks thn)

- Zdln Br yr(ghs Cjkm — Gks thm)

-2 28] BnBryr(ghs Cjkm — ks thm) ) (2-5)
and

Bn BmBi Prsn = Qimn Prsn

+ bumn (Gns Yk — Gies Yn ) - (2.6)
If and only if Byg;; =0 .

Theorem 2.1 In GBR-TIR- RF,, , Berwald’s
covariant derivative of the third order for the
associate curvature tensor Pjsp, and the
tensor Py, are given by equations (2.5)

and (2.6), respectively.

Contracting the indices i and h in the
equations (2.3) and (2.4), using (1.2d),
(1.7b), (1.7d), (1.8), (1.11a) and (1.11c),
yields

BnBmBiPjx = aymnPix + (0 — 1) bymn gk
= 20mBry"(n = 1) Cjn

—2diy, Bry"(n— 1) Cigrm

=2 BB, y"(n—1) Cign (2.7)
and

BB B Py = A1y Pr + by (n — 1)y (2.8)
The equations (2.7) and (2.8) show that the
Ricci tensor Pj, and the curvature vector Py
can’t vanish, because the vanishing for any
one of them would imply the vanishing of
the covariant tensor field by, ., i.e.
bymn = 0, acontradiction.

Theorem 2.2 In GBR-TIR- RF,,, the Ricci
tensor Pj, and the curvature vector Py are
non-vanishing.

Transvecting the condition (2.8) by y*,
using (1.1b), (1.4a), and (1.7e), yields
BpBmBP = aymnP + (n — )b F2. (2.9)
The equation (2.9) show that the scalar
curvature P can’t vanish, because the
vanishing of it would imply the vanishing of
the covariant tensor field by, , i..
bymn = 0, acontradiction.

Theorem 2.3 In GBR-TIR- RF,,, the scalar

curvature P is non-vanishing.
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3. THE NECESSARY AND
SUFFICIENT CONDITIONS

In this section, the necessary and sufficient
conditions are obtained for some tensors to
be generalized recurrent in GBR-TIR- RF,, .
Taking Berwald’s covariant derivative of
third order for equation (1.12) with respect
to x', x™and x", successively , using the
conditions (2.3) and (1.12), yields

BnBmBi (_Sjikhlry r) = ~Qimn (Sjikhlry r)
+ bimn(8E 9k — OLGjn)

- ZClmBryr(5PiLCjkn - 511;C}hn)

— 2d1 By y" (84 Cjkem — 6k Cjnm)

~ 241 BnBr ¥ (84 Cjtom — 6k Cinm) - (3:2)
Theorem 3.1 In GBR-TIR- RF, , Berwald’s
covariant derivative of third order for the

i
tensor (Sjkmr

yT) given in equation (3.1).

It is known that Cartan’s third curvature

tensor R}kh and Cartan’s second curvature

tensor I}ikh are connected by the formula [3]:
e = Rikn — i (8 Rix = 6k Rin) - (32)

Taking Berwald’s covariant derivative of

third order for equation (3.2) with respect to

xt, x™and x™, successively , yields

BBmBiPjin = BnBmBiRjkn

— BB By(0% Ryt — 6 Rjn) - (3.3)
Using the condition (2.3) in equation (3.3),

yields

almnPjikh + bzmn((sfilgjk - 6Ii.gjh)

— 2¢;mBr (85 Cikn — 6LCinn) ¥

o daale — Ayl LK A2
p 2023 (1) 2udl 17 A

— 2 dy By (8}, Cjtem — 64Cjtam) ¥"

— 2 1t BBy (8}, Cjiam — 8i:Cinm) ¥ =
BnBmBiR e + %BanBl(gfil Rjx — 8k Rjr).
By using equation (3.2), the above equation
implies to

BuBnBi Rivn + 2B, BuBy (85 Rix — 5LRjn)
= QymnRn — § A tmn (8% Rie = 8k Rjn)

+ bimn (8h gjc — Sk Gjn)

— 2¢1m By (8}, Cjten — 8 Cjnn) ¥™

— 2d 1 B+ (8}, Gjtom — 8k Cinm) ¥

— 2 4 By B, (8} Gjtom — Sk Cinm) ¥ (34)
This shows that

BnBmBi Rjxn = QimnRln

+ by (8% 9jic — Ok 9jn)

= 21 By (8} Cikn — 8k Cinn)

— 2dy, B,y" (8%, Citom — 8% Cum)

— 2 1By Bry" (8} Cjtom — Ok Cinm) - (3.5)
If and only if

B BmBi(6L Rix — 8% Rjn)

= = ynn (6} Ri — 8k Ryn) -

Therefore, using the above assumptions and

mathematical analysis the following
theorems have been derived.

Theorem 3.2 In GBR-TIR- RF,, Cartan’s
third curvature tensor R}kh is generalized
trirecurrent if and only if the tensor
(8% Rj, — 8L Rjy) is trirecurrent,

Contracting the indices i and h in equation
(3.5), using (1.2d), (1.8), (1.9d) and (1.11c),

yields
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BnBmB Rix = ymnRjxk + (M — Dby gk
— 20 Bry"(n = 1) Ciyp

—2d1n By y"(n— 1) Cigm

— 2w BBy y"(n— 1) Cigmy - (3.6)
Theorem 3.3 In  GBR-TIR- RF, , Berwald's
covariant derivative of the third order for the
Ricci tensor Ry, is given by equation (3.6).
Transvecting equation (3.5) by y/,using
(1.1a), (1.2c), (1.4a) and (1.9a), yields
BnBmBiHin, = QymnHicn

+ bumn (8% Vi — 8 Y1) - (3.7)
Thus, it leads to the following.

Theorem 3.4 In GBR-TIR- RF,, , Berwald’s
covariant derivative of the third order for the
torsion tensor Hj, is given by (3.7).
Transvecting equation (3.7) by y¥,using
(1.1b), (1.4a),(1.9f) and (1.11Db), yields

B, BB H} = ayp,HE

+ By (84 F2 = y'yy) - (3.8)
Thus, it leads to the following.

Theorem 3.5 In GBR-TIR- RF,, , Berwald’s
covariant derivative of the third order for the
tensor H} is given by equation (3.8).
Transvecting condition (3.6) by y/, using
(1.1a), (1.2c), (1.4a) and (1.9c), yields

B, B.BiRx = Qymn R

+ (M —1) bymn Vi - (3.9)
Theorem 3.6. In GBR-TIR- RF,;, Berwald’s
covariant derivative of the third order for the
curvature vector R is given by equation
(3.9) is non-vanishing if and only if the
curvature vector R, is also trirecurrent.
Using (1.13) and (1.14) in (3.2), we get

Pixn = Kjxn + CisHip

J J _i{(Kjk"'

ClHy)ok — (Kjn + CLHR,) 8t ). (3.10)
Taking Berwald's covariant derivative of
third order for (3.10) with respectto x!, x™
and x™, successively , using condition (2.3)
and (3.2), we get
BnBnBiKjin = QimnKjin
+blmn(6iilgjk - 6Il;gjh)
_ZClmBryr(&iijkn - 6Il'chhn)
— 2d;p, Bryr(dﬁc}km - 511;6‘]"1"1)
—2 By By yr((sillc}'km - 6Ilchhm)

i 1
+ almn(lesngh ) 3 almn{(Kjk +
ClHE)8h — (K + CloHiy ) 6% }

i 1
_BanBl(lestcgh) + g BanBl{(Kjk +
CLH )8k — (Kjn + CliHR)SE).  (3.11)
This shows that
BanBlKjlkh = Qimn Kjlkh + blmn(é‘illgjk -
6Il;gjh) - chm(Bryr(&l;Cjkn - 6IL;thn)

- 2dln Bryr(drilc}'km - 6}ic}hm)

-2 2] BnBryr(é‘iiLCjkm - 6Iichhm) . (3-12)
If and only if

1 .
g BanBl{(I(jk + ngHlir)(SflL -

(Kjn + CliH )61 } — BanBl(Cjisngh)

1

= galmn{(Kjk +
(th + C}T;Hfir)6llc} - almn(lelsHlih ) (313)
Thus, we conclude
Theorem 3.7. In GBR-TIR-RF, , Cartan’s

ersHI}gr) 5;.1 -

fourth curvature tensor Kj, is generalized

trirecurrent if and only if equation (3.13)
holds.
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Contracting the indices i and h in the
condition (3.11), using (1.2d), (1.8), (1.10a)
and (1.11c), we get

BnBmBiKjx = aymnKjx + (0 — 1) bynn gk
— 2cmByy"(n — DCjpp

—2d1, Byy"(n — DCjgm

=2y BpByy" (0 = DCitem + Qumn (CsHiie)
- § almn{ n (K]k + CjT;Hlir) -

(Kjn + ClHE )51 } = BoBmBi(CLiHi, )

+ g BanBl{n(Kjk + CJT;ngr) -
(Kjn + CleHE 6%} -

This shows that

(3.14)

B,BnB Kjk = Aumn Kjk + (n—1) bynn Ijk
-2(n-1) ClmBerkn y'
-2n—-1) dlnBerkm y'
—2(71 - 1) M BnBerkm yr : (3-15)
If and only if
1
3 BanBl{n(Kjk + er.;ngr) -
(Kjn + CLHE) 8% } — BuBmBi(CiiHiy )

1
=3 almn{n(Kjk +
C]'?.;Hfgr)é‘lg} - almn(ngngt) :
Thus, we conclude
Theorem 3.8. In GBR-TIR-RF,, , Berwald's

CjT;Hlir) - (th +

(3.16)

covariant derivative of the third order for the

Ricci  tensor K (for Cartan's fourth

curvature tensor Kjy,) is given by (3.15) if
and only if the equation (3.16) holds.
Transvecting (3.14) by y*, using (1.1a),
(1.2c), (1.4a), (1.9f), (1.10c), and (1.11b),
we get

BanBlKj = almnKj + (= 1) bypn Yj

+ almn(CjtsHts) - g almn{n(Kj + C};Hﬁ)

o daale — Ayl LK A2
p 2023 (1) 2udl 17 A
~(Kjn + CLHE:) v} — BuBmB(CHE)
+ 2 BuBuBi{n(K; + CHS) —

(th + C;;ng) yt} '
This shows that

(3.17)

B, BB iK; = apmnK; + (n — Dby, y;. (3.18)
If and only if

> BB Bufn(K; + CLHE) — (Kin +
CliHz) v} = BuBnBi(CLHE)

= é almn{n(Kj + CJTSHTS) - (th +

CliHE) ¥*} = Qumn (G HE) - (3.19)
The equation (3.18), shows that the
curvature vector K; can’t vanish, because
the wvanishing of it would imply the
vanishing of the covariant vector field
bimn » 1.€. by = 0, a contradiction.
Thus, we conclude
Theorem 3.9. In GBR-TIR-RF, ,the

curvature vector K; (for Cartan’s fourth

curvature tensor Kjikh) is non-vanishing if

and only if the equation (3.19) holds.

4. DISCUSSIONS OF RESULTS

In discussion of the results of section 2, the
GBR-TIR-RF,, is introduced.

It is found by Berwald’s covariant derivative
of the third order for Cartan tensors and is
shown in the non-vanishing of the same
tensors. Also in discussion of the results of
section 3, the necessary and sufficient
conditions are obtained for some curvature
tensors to be generalized trirecurrent and of

Berwald’s covariant derivative of the third
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order for Cartan tensors are obtained and
also the condition for non-vanishing of the
same tensors.

More results is important for work in Finsler
space.

5. CONCLUSIONS AND
RECOMMENDAITIONS

A Finsler space is called generalized BP-
trirecurrent if it satisfies the condition (2.3).
In  GBR-TIR-RF,,
derivative of the third order for the torsion

Berwald’s covariant
tensor H}, , the deviation tensor H: and the
Ricci tensor Pj, are given by the equations
(3.7), (3.8) and (2.7), respectively. In GBR-
TIR-RF,,, the curvature vector P, , the scalar
curvature P and the curvature vector R; are
non-vanishing. In

GBR-TIR-RF,, , the

necessary and sufficient condition of
Cartan’s thirth curvature tensor R}kh to be
generalized trirecurrent is given by the
equation (3.5). In GBR-TIR-RF, , the
necessary and sufficient conditions of
Berwald’s covariant derivative of the third
order for the Ricci tensor K, , is given by
equation (3.15).

In GBR-TIR-RF, , the necessary and
sufficient conditions of non-vanishing for
the curvature vector K; is given by equation
(3.18). In GBR-TIR-RF,, , the necessary and
sufficient condition of Cartan’s fourth
curvature tensor jikh to be generalized

trirecurrent is given by the equation (3.12).

In GBR-TIR-RF,, , the necessary and
sufficient conditions of Berwald’s covariant
derivative of the third order for the Ricci
tensor Kjy, .

Authors recommend the need for continuing
research and development in generalized
BR-trirecurrent spaces and interlard it with
the properties of special spaces for Finsler
space.
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