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Abstract: The present work develops a rigorous theoretical framework for the structure of generalized
W™ birecurrent Finsler spaces, with special emphasis on the analytical behavior of Weyl’s projective
curvature tensor. By employing Cartan’s h-covariant differentiation and exploiting the identities
governing affinely connected Finsler manifolds, several equivalent conditions characterizing generalized
W' birecurrent spaces are established. New commutation relations for higher-order h-covariant
derivatives of Weyl’s projective curvature, torsion, and deviation tensors are derived. The analysis
clarifies how these tensors behave under recurrence and birecurrence conditions, and how such properties
propagate in affinely connected settings.

Furthermore, the study highlights the relevance of these curvature structures to geometric mechanics and
theoretical physics, where Finsler-type curvatures naturally arise in the modeling of non-Euclidean
trajectories and anisotropic dynamical systems. The results deepen the understanding of curvature-driven
geometric behavior and provide a foundation for future applications in mechanical and physical systems
governed by generalized geometric dynamics.
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1. Introduction

Finsler geometry provides one of the most general frameworks for studying geometric structures in
which the fundamental metric depends not only on the positional coordinates x‘but also on the directional
arguments y°. This anisotropic nature gives rise to a rich hierarchy of connections, curvature tensors, and
derivative operators among which Cartan’s h-covariant differentiation plays a central role. Within this
framework, Weyl’s projective curvature tensor emerges as a fundamental geometric object that measures
projective deformation in Finsler manifolds. Its behavior under various recurrence conditions has been of
particular interest in differential geometry, as recurrence often reveals deep structural symmetries in
curvature spaces. Generalized W"-birecurrent spaces extend the classical notion of recurrence to higher-
order h-covariant derivatives, producing stronger geometric restrictions on curvature tensors. These
constraints become especially significant in affinely connected Finsler spaces, where properties such as the
vanishing of the Berwald connection derivatives simplify the tensorial structure.
The objective of this study is to provide a complete theoretical characterization of generalized W"-
birecurrent Finsler spaces by analyzing the transformation behavior of Weyl’s projective curvature, torsion,
and deviation tensors under successive h-covariant differentiation. The derived identities not only establish
necessary and sufficient conditions for birecurrence, but also demonstrate how this curvature structures
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relate to geometric mechanics and theoretical physics particularly in systems governed by anisotropic
trajectories, non-Euclidean dynamics, and curvature-driven motion.

The results presented here contribute to a unified tensorial understanding of curvature recurrence and
provide a basis for potential applications in mechanical modeling, physical field theories, and geometric
control systems.

Over the past decades, the theory of Finsler geometry has undergone significant development, particularly
in the study of curvature tensors, recurrent structures, and the behavior of higher-order covariant
derivatives. Foundational contributions by Rund (1959), Matsumoto (1972), Akbar-Zadeh (1988), Bao,
Chern, and Shen (2000), and other classical works established the geometric and analytic basis for
understanding Cartan and Berwald connections, projective curvature structures, and the role of anisotropic
metrics in generalized geometric settings.

Building on these classical foundations, a substantial body of modern research most notably by Al-Qashbari
and his collaborators has expanded the framework of recurrent and birecurrent curvature tensors in Finsler
spaces. These studies introduced and analyzed a wide spectrum of generalized recurrent structures,
including BR-trirecurrent spaces, fifth-order recurrent structures, generalized R"-recurrent spaces, and
various extensions of M-projective and R-projective curvature tensors. Through the systematic use of
Cartan’s and Berwald’s higher-order derivatives, these works provided refined decomposition formulas,
structural identities, and necessary and sufficient conditions characterizing recurrence, birecurrence, and
trirecurrence in several classes of Finsler manifolds.

Moreover, the recent contributions of Al-Qashbari et al. have deepened the analysis of Weyl’s projective
curvature tensor—particularly its decomposition, recurrence behavior, and transformation properties under
generalized covariant derivatives. These studies also explored the geometric implications of curvature
tensors in higher-order recurrent spaces and established new relationships between torsion, deviation, and
projective curvature structures.

Taken together, these previous studies form a coherent and progressively expanding research landscape that
extends the classical theory of Finsler geometry into more sophisticated domains of recurrent tensor
analysis. They provide a strong theoretical foundation that supports the present work, which further
examines generalized W"-birecurrent spaces and the analytical behavior of Weyl’s projective curvature
under successive h-covariant differentiation.

An n-dimensional Finsler space, equipped with the metric function f satisfies the requisite conditions
Consider the components of the corresponding metric tensor g;;, Cartan’s connection parameters r;;; and
Berwald’s connection parameters Gjik (the indices i, ], k, ... assume positive integral values from 1 to n).
These are symmetric in their lower indices.

The vectors y; and y! satisfy the following relations:

(1.1) a) yi=gy ¥ . b yiy'=F> , ¢ 0yj=g;and d) 9,y = 5} .

The metric tensor g;; Fig.(1.2), the metric tensor gY Fig.(1.3) and the vector y! are covariant constant
with respect to the above process.

(1.2) a) gyx=0 , b yllk =0 and ¢ gY,=0

The h-covariant derivative of second order for an arbitrary vector field with respect to x* and x/,
successively, we get

L A (i AN N i 4 N ey
(1.3) Xllklj =0; (X|lk) - (X|lr) Lyj + (X|k) T7j = 0y <X|lk) Ljs v°

Taking skew-symmetric part with respect to the indices & and j, we get the commutation formula for h-
covariant differentiation as follows [13]:

(14)  Xi, =Xl =X Kl — (0 XU) Ky v°

WEre
(1.5) i =0 T + (0, T75) Gl + Ty Tk — 0, Ty — (0, T7k) G} — Do T

The tensor Krik ; as defined above is called Cartan’s fourth curvature tensor.
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The process of h-covariant differentiation, with respect to x* , commute with partial differentiation with
respect to y/ for arbitrary vector filed X!, according to

1.6) &) d(xL)=(8x"), +X7(8; i)~ (3,X") P and b) & Trh= Tl .
The tensor VijhIS known as projective curvature tensor (generalized Wely’s projective curvature tensor),

the tensor W]‘k is known as projective torsion tensor (Wely’s torsion tensor) and the tensor W]-i is known as

projective deviation tensor (Wely’s deviation tensor) are defined by

, 25 st .
(17) jlkh = th H[hk] + —8 H[kh] + nz—fl(n Hjh + th + yrathr)

n+1

(nHk+Hk,+y OiHir)

(18) W= ,‘k+ 2 Hi — Y Hr)
and

. . . 1 . . .
(1.9 Wi =H —H&§ ——(0H - 9H)y" ,
respectively.

The tensors ]-ikh , jl;c and W} are satisfying the following identities [13]
(110) @) Winy/ =W, . b) Wiyl =wy |
©) 0 Win =Wk, and d) 9 Wi=W,

The projective curvature tensor W]lkh is skew-symmetric in its indices k and h.
An affinely connected space has some properties as follows:
(1.11) @) Gp=0 and b) Cyjp=0
Remark 1.1. An affinely connected space or Berwald space characterized by any one of the above two
equivalent conditions.
Also, we have the following properties
The connection parameters l};l of Cartan and Gjik of Berwald coincide in an affinely connected space and
they are independent of the directional arguments
(1.12) &) Ghp=0;Gip =0 , b) oTih=0
and ©) ¥ Gl = —2Cijipy" = 2Py =0 .
2. Necessary and Sufficient Conditions for Generalized W"-Birecurrent Finsler Spaces

This section develops a rigorous characterization of generalized W"-birecurrent Finsler spaces by
examining the recurrence behavior of Weyl’s projective curvature tensor with respect to Cartan’s h-
covariant differentiation. Starting from the first-order recurrence condition
(2.1 Wikhim = @mWijkn + bm(Ongjk — 0k gjn),
the analysis investigates how this structure evolves under successive h-covariant derivatives. By applying
the identities of Cartan’s connection and using the vanishing of metric derivatives, the second-order
condition is shown to take the form

enimin = AmnWikn + bmn (Ongjk — SkGjn),

which provides the essential criterion that defines a generalized W "-birecurrent space.
The results demonstrate that every generalized W "-recurrent space automatically satisfies the birecurrence
property, and explicit forms for the second-order h-covariant derivatives of Weyl’s projective torsion and
deviation tensors are established. Furthermore, the derived tensorial expressions yield precise necessary and
sufficient conditions presented in Theorems 2.1, 2.2, and 2.3 for Weyl’s curvature, torsion, and deviation
tensors to preserve their birecurrent structure under higher-order differentiation. This framework forms a
fundamental analytical basis for understanding recurrent curvature structures in Finsler geometry.
The space is called as a generalized W"-birecurrent space and denoted briefly by GW"-BIRE, .
Result 2.1. Every generalized W "-recurrent space is generalized W "-birecurrent space.
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Transvecting the condition (2.2) by ¥/ and by y¥, successively, using (1.3b), (1.10a), (1.10b), (1.1a) and
(1.1b), we get
(2.3) Wléhlmln = An Wi + ﬂmn(6iltgjk - 5Iicgjh) ,
(2.4) Wiilmln = Amn Wfi + #mn((S}lLFZ - Yhyl) ,
where A,,,and p,,, are non-null covariant vector fields.
Thus, it leads to the following theorem.
Theorem 2.1. In a generalized W"-birecurrent Finsler space GW"-BIRE,, the second-order h-covariant
derivatives of Weyl’s projective torsion tensor Wi,and deviation tensor Wjare given (2.3) and (2.4),
respectively.
Differentiating (2.3) partially with respect to y/, using (1.14c) and (1.1c), we get

aj (Wkihlmln) = (a] Amn) Wkih + Amn M/]lkh + (a] Umn )(5;L Ve — 6li yh)

+ Umn (5;1 gjk - 611; gjh) .

Using the commutation formula exhibited by (1.6a) for the h(v) torsion tensor (Wlihlm)’ in the above
equation, we get
@3 G W)+ WO = W BT = Wi (BT50) = W, (3550

- (aeriMm) P]rn = (aj Amn)Wkih + Amn jl;ch + (ajﬂmn )(6111 Y — 6}; Yh)

+ ﬂmn((g}il Ijk — 515, gjh) :

Again, apply the commutation formula exhibited by (1.6a) for the h(v) torsion tensor (Wkih), in the
equation (2.5) and using (1.10c), we get

(Wi + Wi (8T5) = Wi (8153) = Wi (3yT5m) = (G )P |

+ Wkrhlm(ajF:Til) - W:hlm(aj[":;;) - Wlirlm(ajrﬁrrl) - Wkihlr(a.}'rm;l - (a'erihlm) PJ?;l
= (aj Amn)Wléh + AmnVle;ch + (3jﬂmn )(6;1 Yk — 611; yh) + .umn(afil gjk - Sli gjh) 5
which can be written as

26 Wi + {Win(9T) = Wi (9Tir) = Wier (9Tim) = (0-Wien) P},

+ erhlm(aj[‘#l) - erhlm(aj[":;;) - lerlm(ajrﬁ;) - VVIéhlr(afl—‘;;S1 - (arWIzhlm) PJT;l
= (aj Amn)Wléh + AmnVlekh + (aj:umn )(6;1 Yk — 6;( yh) + ﬂmn(S;l gjk - 6;( gjh) .
This shows that
M/;'lkhlmln = dnnWikn + Hmn (81 Jjk — O gjh)
if and only if
Q@7 AWiL(0TR) — Win(9;Tim) — Wir (9,Tam) — (0:Win) Pin} + Wiy (9iT0)
o erhlm(afrlgl) - Wlérlm(afrﬁrl) - Wléhlr(ajr;;lrn - (aTWIéhlm) Pj;l
- (aj Amn)WIEh - (ajﬂmn )(S;L Vi — Ok yh) =0.
Thus, it leads to the following.
Theorem 2.2. In GW"-BIRE,, Weyl’s projective curvature tensor j‘}chis generalized birecurrent (G-BR) if

and only if the following condition is satisfied: 7},ichmn - (6. jlmn)Wkih - (6. jumn)(c?};yk - S,iyh) =0,
where @ihmndenotes the tensorial expression generated by the commutation of h(v)-covariant derivatives

as defined in equation (2.7).
Differentiating (2.4) partially with respect to y*, using (1.10d) and (1.1c), we get

ak (Wf;mm) = (ak Amn) Wi; + Amn Wléh + (ak llmn)(giil F? — yy yi)
+ ftonn (Ok 84 F* — 8k yn ).
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Using the commutation formula exhibited by (1.6a) for the h(v) torsion tensor (W;lm), in the above

equation, we get
3 i
2.8) {6kWh|m}|

= (ak Amn) Wf; + Amn Wléh + (ak Hmn )( 6}1 FZ —Vn yi) + HUmn (a‘ké‘}l:z FZ - 5Iic Yn )
Again, apply the commutation formula exhibited by (1.6a) for the h(v) torsion tensor (W,f), in the

AW (B = W (BeTin) = Wi, (Bin) = CA

equation (2.8) and using (1.10d), we get

(W + W (00T) = WD) = (B WE) Pl } -+ Wy, (Bu3h)

- Wi (akri:g) - W};r(ak[‘;{h - (arwi )PI:n = (ak Amn) Wfi + Amn Wkih

rim him
+ (Ok ttmn ) (81 F2 = yny") + tmn (0164 F2 =8 yn)
which can be written as
29 Wi + Wi (OxTm) = W (0kTim) = (0, Wi)Piom ) + Wi (9kTm)

khimin

- Wi (akrft;t) - Wiiw(a.kr;;l?;l - (arwi )PI:n = (ak Amn) Wfi + Amn Wkih

rim him
+ (Ox tmn ) (84 F2 =y ¥") + tnn (0k6h F* — 84 yn)
This shows that

Q210) W = AmnWin + tn (985, F2 = 8 )
if and only if
@11 (W (0kTh) — WE(OkThm) = (0, W) Piem 3, + Wi (9T58) = Wi (kT

- W;i|r(akr1;1r11 - (8rW}i|m) PI:n = (ak Amn) WI: + (ak Hmn )( Siil F? — Yn yi ) .
Therefore, it is concluded the following.
Theorem 2.3. In GW"-BIRE, , Wely’s projective torsion tensor W}, is given by (2.10), if and only if the
equation (2.11) holds good.
3. Affinely Connected Structure in Generalized W"-Birecurrent Spaces
We now introduce the notion of an affinely connected generalized W "-birecurrent Finsler space.
Definition 3.1. A generalized W"-birecurrent Finsler space that additionally satisfies any one of the affine
connection conditions (1.12a), (1.12b), or (1.12¢) is called a generalized W "-birecurrent affinely connected
space. Such a space will be denoted succinctly by GW"-BIR-affinely connected space.
Remark 3.1. Any tensor field that satisfies the defining conditions of a GW"-BIR-affinely connected space
may be referred to simply as a generalized h-birecurrent tensor, abbreviated as Gh-BIR.
By applying the affine connection conditions (1.12a), (1.12b), and (1.12¢), equation (2.6) simplifies to the
reduced form:
(3.1 le}(h,mm = (0 Lmn) Wit + LrnWiien + (0jttmn) (8% Yic = 8k Vi) + tmn (85 9k — Sk 9jn) -
This shows that
32 Winmm = tmnWien + Himn(8k gjx = 8k gjn)
if and only if
(3.3) (0 Amn) Win + (Ojttmn ) (8 yie — Sk yn ) = 0
Therefore, it is concluded the following.
Theorem 3.1. In a generalized W "-birecurrent affinely connected space, Weyl’s projective curvature tensor
Wjikhis generalized h-birecurrent (Gh-BIR) if and only if: (3]-Amn)Wkih + (@umn)(é‘,‘;yk - S,iyh) =0.
Transvecting the equation (3.1) by y/, using (1.2b), (1.10a) and (1.1a), we get
(3.4) Wlihlmln = (a] lmn) Wléh yj + Amanih + (aj.umn)(afil Yk — 6Ii yh) yj + .umn(é‘fil Vi — 611; yh) .
This shows that
(3.5) Wlihlmln = Amanih + ﬂmn(é‘}il Yk — SIi Yh)
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if and only if
(3.6) (0; nn) Wi, + (Ojttmn )( 8k vk =S8k yn) =0 , since y/ #0
Transvecting the equation (3.4) by y*, using (1.2b), (1.10b), (1.1b) and (1.1a), we get
Wi = (05 An) Wi 7 + A Wi+ (Ojttmn ) (01 F2 = yu ¥") ¥ + ttmn (81 F2 =0 y")
This shows that

GD Wyun = A Wi + ttmn (85 F2 = yn y*)
if and only if

(3-8) (9 Amn) Wi y7 + (Ot ) (85 F2 = yny') y/ = 0
Therefore, using the above assumptions and mathematical analysis results the following theorem have been
derived.
Theorem 3.2. In a GW"-BIRaffinely connected space, Weyl’s projective torsion tensor W,éhand deviation
tensor W} satisfy:

Wklhlmln = AmnWIéh + an(aillYk - Skyh) ,

W}:Imln = hnnWp + ﬂmn(dilez - Yhyl) ’
if and only if the respective conditions:

(OkAmn)Wiep, + (Orcttmn) (6hYk — 8kyn) = O,

(O Amn )Wy ¥7 + (Oicktmn) (81F? — yny*) y/ =0, hold.
By using the conditions (1.12a), (1.12b) and (1.12¢), the equation (2.9) reduce to
(3-9) Wléhlmln = (ak Amn) Wf; + Amn Wléh + (ak .umn)((sfll F2 —Yn yi) + Umn (ak 5;1 Fz - 5Il< Yh) .
This shows that

(B10)  Winmn = Amn Win + timn (9x 84 F? = 8¢ yn,)
if and only if

@11 (Ok Amn) Wi + (Ok tmn ) (8h F> = yay') =0
Therefore, it is concluded the following.
Theorem 3.3. Weyl’s projective torsion tensor W,ihin a generalized W"-birecurrentaffinely connected
space satisfies:
Wklhlmln = AnnWin + an(aké‘flle - S;Cyh) )
if and only if:
(aklmn)wfi + (ak.umn)(aflle - yhyl) =0.
Transvecting the equation (3.9) by ¥*, using (1.2b), (1.10b), (1.1b) and (1.1a), we get
W;me = (aklmn) Wiiyk +/1mn W}: + (ak Hmn)(é‘li F? _Yhyi) yk + Umn (6;1 F? — Yhyi) .
This shows that

(B12)  Wyn = A Wi + i ( 85 F2 =y y*)
if and only if

(3.13)  (9k Amn) Wa y* + (Oicttnn ) (8 F2 = yny' )y =0
Therefore, using the above assumptions and mathematical analysis results the following theorem have been
derived.
Theorem 3.4. Weyl’s deviation tensor Wsatisfies:

Wiilmln = AmnWii + llmn((siile - Yhyi)'
if and only if:

(a-k/lmn)wii yk + (ak:umn)(&ize - yhyi) yk = 0.
4. Conclusion
The present study has established a comprehensive theoretical framework for the structure and behavior of
generalized W"-birecurrent Finsler spaces, with particular emphasis on the analytic properties of Weyl’s
projective curvature tensor. By employing Cartan’s h-covariant differentiation and exploiting the defining

Theoretical Analysis of Generalized W"-Birecurrent Finsler Spaces... Al-Qashbari and Husien
918



JEF/Journal of Education Faculties 3% daaler — Ly LK Y2

Volume 19, Issue (2), 2025 p 2025 «(2) sl (19 !

identities of affinely connected Finsler manifolds, several equivalent conditions for recurrence and

birecurrence have been rigorously derived.

The analysis shows that the propagation of recurrence conditions to higher-order h-covariant derivatives

imposes strong structural constraints on Weyl’s projective curvature, torsion, and deviation tensors. These

constraints lead to clear necessary and sufficient conditions characterizing generalized W"-birecurrent

spaces, both in the general Finsler setting and under the additional assumptions of affine connection.

Furthermore, the tensorial identities obtained reveal significant geometric coherence between curvature

recurrence and the behavior of direction-dependent geometries. These theoretical findings are particularly

relevant for geometric mechanics and theoretical physics, where Finsler-type curvature structures naturally

arise in nonlinear dynamical models, anisotropic field theories, and generalized variational frameworks.

Overall, this work contributes a unified and rigorous description of curvature recurrence in Finsler spaces,

laying a foundation for future research on curvature-controlled trajectories, geometric flows, and the role of

Finslerian structures in physical and mechanical modeling.
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