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1. Introduction
 

      In 1986, Maki [6 ] continued the work of 

Levine [5]and Dunhem[2] on generalized 

closed sets and closure operators by 

introducing the notion of a-generalized  -set 

in a topological space (X,τ) and by defining 

an associated closure operator, i.e.  

the  -closure operator. In this direction we 

shall introduce the notion of  - -set and  -

 -set in a given topological space and thus 

obtain new topologies defined by these 

families of sets. We also consider some of 

the fundamental properties of these new 

topologies.  

1- Preliminaries. 

Definition 2.1 A subset   of  topological 

space        is called: 

(1)  [9] Regular open, if              . 

(2)  [5] Semi-open, if       (      )  . 

(3)  [7] Pre-open,  if        (     )  . 

(4)  [8] α-open,  if          (      ) . 

The complement of a regular open (resp, 

semi-open, pre-open and α-open) set is 

called a regular closed (resp, semi-closed, 

pre- closed and  α-closed). 

Definition 2.2 [6] Let A be a set of a 

topological space ( X ,   ), Then               

A  ⋂{U ∶ A  U and U is open }  and  

A  ⋃{F | F  A  and F is closed}. 

Moreover,   is said to be  -set (or meet set) 

if       and   is said to be  -set  

(or join set) if       .  

Lemma 2.3 [6] Let (X,  )  be a topological 

space, A and B be subsets of X. Then the 

following hold  
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(1)  A  A  A . 

(2)  A  B implise A   B  and  A   B  . 

(3)  If A ∈   , then A    . 

(4)        . 

(5)        . 

(6)   ⋃  𝑖𝑖∈𝐼    ⋃  𝑖
 

𝑖∈𝐼 . 

(7)    𝑐       𝑐. 

(8)   ⋂  𝑖𝑖∈𝐼    ⋂  𝑖
 

𝑖∈𝐼 . 

(9)  If Ac
 ∈   , then A      . 

(10)  ⋂  𝑖𝑖∈𝐼    ⋂  𝑖
 

𝑖∈𝐼 . 

(11)  ⋃  𝑖𝑖∈𝐼   ⊃ ⋃  𝑖
 

𝑖∈𝐼 . 

(12) If  𝑖 is a  -set  ( ∈ 𝐼 ,  

then  ⋃  𝑖𝑖∈𝐼   is a  -set . 

(13) If  𝑖 is a V-set ( ∈ 𝐼 , then ⋂  𝑖𝑖∈𝐼   

is a V-set . 

(14)  A is a   -set  if and only if  

A
c
 is a V-set.  

Definition 2.4 Let   be a subset of a 

topological space      . Then is called: 

(1)       (resp, 𝑉  − A) [1] if it is the 

intersection (resp, union) of semi-open 

(resp, semi-closed) sets. 

(2)       (resp, 𝑉  − sei) [4] if it is the 

intersection(resp, union) of pre-open 

(resp, pre-closed) sets. 

(3)       (resp, 𝑉  − sei) [3] if it is the 

intersection (resp, union) of α-open 

(resp, α-closed) sets.  

(4) A is called         (resp, 𝑉       [1] 

if          (resp, A=𝑉      . 

(5) A is called         (resp, 𝑉       [4] 

if A=       (resp, A = 𝑉      . 

(6) A is called         (resp, 𝑉       [3] 

if A=       (resp, A =𝑉      . 

Definition 2.5. [10] A subset   of a 

topological space       is called:  

(1)            (   𝑝.  𝑝        ), if    

    ⊃     ( resp, A A   ). 

(2)             (   𝑝.           ),   

   if   ⊃     (resp, A A  ). 

(3)   -   -sets.  

Definition 3.1. A subset A of a topological 

space  (X, ) is called  - -set, if  A כ     . 

We denote  that all  -    -sets by  -   (x). 

Proposition 3.2.  Let (X,  ) be topological 

space, then for any subset A of X, the 

followings  hold: 

i. Every   -set is an  -    -set . 

ii. Every  -    -set is a semi-  - set. . 

iii. Every  -    -set is a pre- -set. 

Proof . 

i. Let A is a    -set , then      . 

So  A ⊃    ⇒      ⊃(        ⇒A ⊃     .  

Thus A is  an  -   -set . 

ii. Let A is an  -   -set,  then 

A ⊃     ⊃   . Hence A is a semi- -set. 

iii. Let A is an  -   -set,  then 

A⊃     ⊃    . Hence A  is a pre- -set . 

The following diagram holds for any subset 

A of topological space (X,  ).                           

     open set               se   

                       

                                -   -set   

     se i     se            p e    se  

                              Diagram 1 

Remark 3.3. The converse of this 

proposition 3.2. is not true as shown of the 
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next examples. 

Example 3.4 . Let X= { a, b , c , d} and  

  = { , {a}, {b},{a, b}, {a, c}, {a ,b, c}, X} 

Then  -    -sets = { , {a}, {b},{c},{a, b}, 

{a, c},{a, b ,c}, X} and    -sets= { , {a}, 

{b}, {a, b}, {a, c}, {a, b, c}, X }. 

If  we take  A= {c},  then we get A is not    

  -set but it  is an  -    -set. 

Example 3.5. Let X={a, b, c, d } and  

  = { , {a},{a, b}, {a, c, d}, X}. Then                                 

 -  -sets = {  ,{a },{a ,b}, {a, c, d},X}, 

 -   -set ={  ,{a},{b},{a,b},{c,d},{a, c, d}, 

X} and  -  -sets ={  ,{a},{c}, {a, b},{a ,c}, 

{a, d }, {a, b, c}, {a , b, d}, { a, c, d}, X }.  

If we take A={ b } is a  -   -set  but is not 

an  -  -set . And  if we take B= {c}, then 

we get B is not   -  -set but it is a 𝑝-    -set. 

Theorem 3.6. Let  ( X,   ) be a topological 

space and  𝑖 ∈   -    (x), then                                  

  {  𝑖 : i ∈  I } ∈    -    (x), for each i ∈ I . 

Proof.  Let  𝑖  is an  -   -set , then  

          𝑖 ⊃  𝑖
     ∀ i ∈I , thus  

          𝑖∈  𝑖 ⊃  𝑖∈   𝑖
    ⊃ ( 𝑖∈   𝑖

      

            𝑖∈   𝑖
    ⊃( 𝑖∈   𝑖     . 

This shows that   𝑖∈      𝑖 ∈  -   (X).    

Lemma 3.7 . Let A be a subset of a space  

(X, ). Then A is an  - -set in (X, ) if and 

only if A is  - -set  and  - -set in ( X,   ). 

Proof . 

      Let  A ∈  -   (X) . By  the definition of 

 - -set, we have A⊃    and A⊃    . 

Therefore, we obtain A∈S- (X)   P- (X) . 

Sufficiency , let  A ∈   -   (X)   P-  (X). 

Since A ∈ P-  (X), A⊃     and hence it 

follows from A ∈ S-  (X) that 

 A⊃     ⊃       ⊃     .  

Therefore, we have A ∈  -   (X) .                                                                                                                                                                 

Remark 3.8.  The λ-open set and  -  -set 

are independent notions we can show that 

from the next example . 

Example 3.9. Let  X={a, b, c, d} and       

 ={   {a, b}, X}.  

If we take A={c ,d} and  B ={a}.  

Then A is a λ-open but it is not  -  -set and 

B is not λ-open but it is an  - -set. 

Remark 3.10 .The   - open set and  -  -set 

are independent notions we can show that 

from the next example: 

Example 3.11. Let X ={ a ,b, c , d} and       

  = {  {a},{b},{a ,b},{a,c},{a,b,c}, X}.  

If   A={c} and B ={a, b, d}. Then A is an 

 - -set but it is not   - open and B is not  - 

  -set but it is an  - open set . 

Remark 3.12. The   -set and  -  -set  are 

independent notions we can show that from 

the next example. 

Example 3.13. Consider the topological 

space ( X,   )  given in Example 3.4.  

Hence, if A={c} and  B ={a, b ,d}.Then A is 

an  - -set but it is not   -set and B is not  

 -  -set but it is    - set . 

Lemma 3.14. Every open set is an  - -set.  

Proof. The Proof comes from the fact that, 

every open set is a   -set .  

4-  - -sets 

Definition 4.1. A subset A of topological 

spaces (X,  ) is called  - -set, if  A      . 
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We denote that all   -  -sets by  -  (X). 

Proposition 4.2. Let (X, ) be a topological 

space, the followings hold, for any subset A 

of  X: 

i. Every  -set is an  - -set. 

ii. Every  - -set is a semi- -set . 

iii. Every  - -set  is a pre - -set. 

Proof .  

i. Let A is a  -set, then      ⇒ 

A     ⇒       (     ⇒          ⇒ 

A        . Thus A is an  -  -set. 

ii. Let A is an  - -set, then A       . 

Since  A              ⇒ A        . 

Thus A is a  -  -set. 

iii. Let A is an  -  -set, then A        ⇒ 

     A ⇒(              ⇒            

⇒ (              ⇒            . Since  

A      ⇒ A     . Thus A is a p- -set. 

The following diagram holds for any a 

subset A of topological space ( X,  )                           

     Closed set               se   

                       

                                 -   set   

         se i     se            p e    se  

                             Diagram 2                                                    

Remark 4.3. The converse of these 

implications in Diagram 2 are not true in 

general as shown in the following examples: 

Example 4.4. Let  X = {a ,b, c, d},  

  ={ ,{a},{b}, {a, b}, {a, c}, {a ,b ,c}, X}. 

If we take A = {a, b, d }, then we get  A is 

not an   -set but it is an   -  -sets.  

Example 4.5. Let X = {a, b, c ,d },  

  = {  ,{a},{a, b},{a, c, d}, X }. If we take 

A= {a, b}, then we get A is not  -  -set but 

it is a semi-  -set. And if we take         

B={c}, then we get B is not an  -  -set but 

it is a pre-  -set . 

Theorem 4.6.  Let (X,  ) be a topological  

space and A X, then the following 

statements are equivalent . 

i. A is an  -  -set . 

ii.  𝑐 is an  -  -set . 

Proof.  

(i)            (ii) Let A be an  -  -set, then   

A       , implies that 

   𝑐⊃(     𝑐    𝑐    .   

Hence  𝑐 is an  -  -set . 

(ii)            (i) Let   𝑐 be an  -  -set, than  

 𝑐⊃( 𝑐    , such that ( 𝑐 𝑐 (  𝑐     𝑐                    

, implies that A   ((       𝑐 
 
=     .  

Hence A is an   -  -set .  

Theorem 4.7 . Let ( X,   ) be a topological 

space and  𝑖 be a subset of X. Then for each 

i∈ 𝐼 ,   { 𝑖 i∈ 𝐼 }∈   -  (X). 

Proof. Let  𝑖 be an  -  -set, then  𝑖   𝑖
   , 

thus    𝑖∈𝐼  𝑖    𝑖∈𝐼  𝑖
      ( 𝑖∈𝐼  𝑖

      

                                     𝑖∈𝐼  𝑖
     

                                   ( 𝑖∈𝐼  𝑖      . 

This shows that   𝑖∈𝐼  𝑖 ∈  -  (X). 

Lemma  4.8.  Let A be a  subset of a space   

( X,  ). Then  A is   - -set  in (X,  ) if and  

only if A is   - -set  and 𝑝- -set in (X,  ) . 

Proof . Let A∈  -  (x) . By the definition of 

 -  -set. We have A      and A     . 

Therefore, we obtain A∈  -  (x)  𝑝-  (x). 



JEF/Journal of Education Faculties  

     Volume 17, Issue (1), 2023   

 جامعة عدن –كليات التربية مجلة 

 م 0202 ،(7عدد )، ال71 لدالمج 

 

Other Notions of 𝜦 − Sets and 𝑉 – Sets In Topological Spaces                                                  Aqeel and Al-qadhi   

287 

 

Sufficiency. Let A ∈  -   (x)   𝑝-  (x). 

Since  A ∈ 𝑝-  (x) , A        and hence it 

follows from A ∈  -  (x)  that 

A                    . Therefore we have  

A ∈    -  (X) .  

Remark 4.9. The λ-closed set and  -  -set 

are independent notions , we show that from 

the next example  . 

Example 4.10.  Let X= { a, b, c, d},  

  ={  {a,b}, X}. If we take A={a ,b} and 

B={a, b, c}. Then A is an λ-closed set but is 

not  -  -set and B is an  -  -set but is not λ-

closed. 

Remark 4.11. The  - closed and  -  -set 

are impendent notions, we show that from 

the next example . 

Example 4.12 . Consider the topological 

space (X,  ) given in Example 4.5. Hence, if 

we take A= {c} and B = {a, d} .Than A is an 

 - closed set but is not  -  -set and B is an 

 -  -set   but  is not  - closed set .  

Remark  4.13.  The    - set  and  -  -set  

are independent notions, we show that from 

the next example . 

Example 4.14.  From Example4.10. Hence 

A is an    - set  but is not  -  -set  and B is 

an  -  -set  but is not    - set  . 

Lemma 4.15 . Every closed set is a  - -set . 

Proof. The proof comes from the fact that, 

every closed set is an  -set.  

5. Some Operator via   -sets  

                 and  -sets 

Definition 5.1 A subset A of a topological  

space (X, ) is called    -set if intersection 

of all   -  -sets containing  A .           

    (A) =   { G: G   A. G ∈   -  (X) }. 

Example 5.2.  Let X={a, b, c, d},  

  = {  ,{b},{c},{b, c}, X}. 

Then  - (X) = {  ,{b},{c}, {b, c}, X}. 

    ({a})=X ,     ({c}) = {c}, 

   ({a, d}) = X ,     ({a, c, d}) = X  and                  

    (X) = X. 

Theorem 5.3. For subsets A, B and 

 𝑖( ∈ 𝐼) of a topological space (X,  ), the 

following hold   

i. A        (A)  

ii. If A   B . Then    (A)       (B) . 

iii.     (        =       . 

iv. If  A ∈  -  ( (x) , then  A=    (A). 

v.    ( { 𝑖    ∈ I})= {   ( 𝑖) I i ∈ I }. 

vi.    ( { 𝑖   ∈I})  {   {  𝑖   ∈I}. 

Proof. 

i. It is clear by Definition 5.1. 

ii. Suppose that x∉    (B). Then there exists 

a subset G ∈  -  (X) such that B   G with  

x ∉ G such  that x ∉ B,  since A   B then x 

∉    (A) and thus     (A)       (B) . 

iii. It follows from (i) and (ii) that   

   (A)    (   (A)). If x∈   (A), then there 

exists G ∈  - (X) such that A∈ G and x ∉ G  

hence    (A)   G  and so we have   

X ∉    (   (A )). Then 

(        (A ) )     ( A) . 

iv. Let A ∈  -  (X). Since A is the least     

 -  - set  containing itself, then 

    (A) =A.  Form (ii), 
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   ( 𝑖)    ( { 𝑖   ∈I}) implies that 

 {   ( 𝑖)   ∈ 𝐼}     (  { 𝑖     ∈ I}) .                  

Conversely suppose that exists a point x 

such that x ∉    ( { 𝑖    ∈I}). Then there 

exists an  - -set G  such that 

  { 𝑖    ∈ I}  G and x ∉ G. Thus for each 

   ∈ I we have  x ∉       𝑖 .  

This implies that x ∉ (   {     𝑖     ∈ I}). 

v.  Suppose that there exists a point x such 

that x∉ {     𝑖)   ∈ I} then, there exists     

  ∈ I such that x ∉      𝑖   and there exists 

an   -  -set  G such that  x ∉ G and  𝑖   G.  

We have  {     𝑖 )   ∈ I}  𝑖   G and 

x ∉ G. Therefore,    ∉    (  {  𝑖)    ∈ I}) .  

Remark 5.4  In general we have  

                 )        ). This can 

be shown by the following example: 

Example 5.5.  Let X={a, b, c, d},  

  ={ , {a},{b},{a, b}, {a, c}, {a ,b, c},X }. 

Now put    ={a} and    = {b}. Then 

             {b}=        )        ). 

Theorem 5.6 A subset A of a topological 

space (X,  ) is called  an  -  -set if and only 

if   A=     (A).  

Proof.  The proof comes from Theorem 3.6. 

and Theorem 5.3. 

Now we introduce the notions of revised 

weak forms  of   -  -sets .  

Definition 5.7. A subset of A of a 

topological  space (X,  )  is called   - set  

if union of all  -  -sets contained in A .  

    ( A) =   {S \ S    A, S ∈  -   (X) }. 

Example 5.8.  Let X = {a, b, c, d}, 

 ={  , X, {b},{c},{b, c}}. Hence 

  ({a})=  ,     ({a , d}) =   , 

  ({a, c, d}) = {a, c, d} and     (X) = X . 

Theorem 5.9. For subsets A , B  and  

 𝑖    ∈ 𝐼 ) of  a topological space (X,  ), the  

following held  

i.    (A)     A . 

ii. If A   B , then     (A)       . 

iii.     (       ) =     (A) . 

iv. (         𝑐 =   (    . 

v.  f  A ∈   -  (X),  then A =   (A) .  

vi.     ( {  𝑖     ∈ I})  =  {     𝑖  )    ∈ I}  

vii.      { 𝑖    ∈ I}) ⊃   {  ( 𝑖)    ∈ I} .  

Proof .  

i. It's clear by Definition 5.7.  

ii. Suppose that  ∉  (B). Then there exists 

a subset S ∈   -  (X) such as that S   B 

with    ∉ B such that   ∉ S since A   B, 

then   ∉   (A) and thus    (A)    (B). 

iii.  It follows from (i) and (ii) that        

  (A)    (     ).  If    ∉   (A), then 

there exists S ∈  -  (X) such that A ⊃ S.   

∉ S  hence    (A)   S  and so we have 

 ∉  (  (A)). Then   (  (A)) =   (A). 

iv. (  (A) 𝑐 = ( { S: S  A, S∈  -  (X)} 𝑐 

      =   { 𝑐:   𝑐    𝑐 ,  𝑐 ∈  -  (X) } 

Put   𝑐 = G , then we have 

(  (A) 𝑐 =  { G: G    𝑐, G ∈  -  (X) }  

=    ( 𝑐) . 

To prove (v), let B an  -  -set in (X,  ), then 

 𝑐 ∈  -   (X,  ). Thus   𝑐 = (      𝑐 . 

 Hence B =       . 

To prove (vi) , by theorem 5.9. (v) that  
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   ( {  𝑖     ∈ I}) =    {      𝑖    ∈ I }).a 

Take complement for both such that 

   ( {  𝑖    ∈ I} 𝑐 = ( {       𝑖  li∈I } 𝑐 . 

Hence   ( {  𝑖
𝑐   ∈ I})= {  ( 𝑖 

𝑐l i∈ I} . 

To prove (vii) , by using statement  ( iv) and  

(v) we have 

   (  {  𝑖 l i∈ I}) =     ( {  𝑖    ∈ I} 𝑐  𝑐 

                              =      ( {  𝑖
𝑐     ∈ I}  𝑐  

                              ⊃ ( {    ( 𝑖
𝑐 )    ∈ I} 𝑐  

                              = (  {    ( 𝑖 
𝑐)    ∈ I} 𝑐 

                              =  { ( (   ( 𝑖 
𝑐 𝑐   ∈ I}  

                              =   {     ( 𝑖     ∈ I} . 

Remark 5.10.  In the Theorem 5.9.  part 

(vii) , then in conclusion can not be replaced 

by equality , as the following example . 

Example 5.11. From Example 5.8. if we put     

A ={a} and B={d}. Then   (A  B) ={a, b}, 

but     (A)      (B ) =   .  

Theorem 5.12. A subset A of a topological 

space  (X ,  ) is called an   -  -set if   

A =    (A) . 

Proof . The  proof comes from  Theorem4.7, 

and Theorem 5.9.   
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 :الولخص      

 ، والتي تن sets α- -و  sets- -  ودرسنا هفاهين جديدة في الفضاءاث الطىبىلىجيت تسوىفي هذا البحث ، قدهنا    

  لقد قونا بدراست العديد هي خىاصها . sets- ,  و  sets- -تعزيفها هي خلال هفاهين    

 الوفاهين بالوفاهين الطىبىلىجيت السابقت .كوا تن دراست علاقت هذه    

 :الكلوات الوفتاحية 

  α- -sets و   α- -sets     الطىبىلىجيت، الوجوىعاث اثالفضاء 
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