O daaly — Al s s
22023 «(1) 332 < 17 alaal

JEF/Journal of Education Faculties
Volume 17, Issue (1), 2023

Other Notions of A — Sets and V — Sets In
Topological Spaces

Radhwan Mohammed Ageel Samah Mohammed Al-gadhi

Dept. of Mathematics, Faculty of Science
Aden University, Yemen
e-mail raqeel1976 @yahoo.com

Dept. of Mathematics, Faculty of Education
Aden University, Yemen
e-mail salgady047@gmial.com

Abstract: In this paper we have introduced and investigated a new notion in topological spaces
called a-A-sets and a- V-sets, which are defined by the notion of A- sets and v- sets. We
investigated the properties of the a-A-sets and a- V-sets. Also the achievement of the topology

defined by these families of sets is obtained.
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1. Introduction

In 1986, Maki [6 ] continued the work of
Levine [5]and Dunhem[2] on generalized
closed sets and closure operators by
introducing the notion of a-generalized A-set
in a topological space (X,t) and by defining
an associated closure operator, i.e.
the A-closure operator. In this direction we
shall introduce the notion of a-A-set and a-
v-set in a given topological space and thus
obtain new topologies defined by these
families of sets. We also consider some of
the fundamental properties of these new
topologies.

1- Preliminaries.

Definition 2.1 A subset A of topological
space (X, 7) is called:

(1) [9] Regular open, if A = int(cl(A) .

(2) [5] Semi-open, if A < cl(int(4)) .

(3) [7] Pre-open, if A < int(cl(4)) .

(4) [8] a-open, if A < int(cl(int(4)) .
The complement of a regular open (resp,
semi-open, pre-open and o-open) Set is
called a regular closed (resp, semi-closed,
pre- closed and o-closed).

Definition 2.2 [6] Let A be a set of a
topological space ( X, ), Then

A»=N{U: AcUandUisopen} and

AY = U{F | Fc A and F is closed}.
Moreover, A is said to be A-set (or meet set)
if A= A" and A is said to be V-set

(or join set) if A =AY .

Lemma 2.3 [6] Let (X,7) be a topological
space, A and B be subsets of X. Then the
following hold
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(1) AY cA c AN,

(2) Ac B implise AY = BY and A" ¢ B".

(38) If4 €7, then A = AN

4) AM = AN

(5) AV =AY,

(6) (Uier A" = User AL

(7) (A" = (AY)°.

(8) (Nier A" © Nl A7

(9) IfA°et,thend =A".

(10) (Nier 4DV = Nier AY.

(11) (Uier ADY 2 Ui  AY.

(12) If A; isa A-set (i € 1),

then U;¢; A4; isa A-set.

(13) If A; isa V-set (i € I), then N;¢ 4;

isaV-set.

(14) Aisa A-set if and only if

A°is a V-set.

Definition 2.4 Let A be a subset of a

topological space (X, 7). Then is called:

(1) Ag — set(resp, V; — A) [1] if it is the
intersection (resp, union) of semi-open
(resp, semi-closed) sets.

(2) A, — set(resp, V, — sei) [4] if it is the
intersection(resp, union) of pre-open
(resp, pre-closed) sets.

(3) A, — set(resp, V, — sei) [3] if it is the
intersection (resp, union) of a-open
(resp, a-closed) sets.

(4) Aliscalled Ag — set (resp, V; — set) [1]
if A=A — set (resp, A=V, — set).

(5) Aiis called A, — set (resp, V, — set) [4]
if A=A, — set (resp, A=V, — set).

(6) Alis called A, — set (resp, V,, — set) [3]
if A=A, — set (resp, A =V, — set).
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Definition 2.5. [10] A subset A of a

topological space (X, 7) is called:

(1) Pre —A —set (resp. pre —V —set), if
A D A (resp, ACAN).

(2) Semi —A\ —set (resp.semi —V —set),
if A > A" (resp, ACAVA),

(3) a- A -sets.

Definition 3.1. A subset A of a topological

space (X,T) is called a-A-set, if A2 ANV

We denote that all a- A -sets by a- A (X).

Proposition 3.2. Let (X, T) be topological

space, then for any subset A of X, the

followings hold:

i. Every A-setisan a- A -set.

ii. Every a- A -setisasemi-A - set. .

iii. Every a- A -setis a pre-A-set.

Proof .

i. LetAisaA -set,then A = A".

So A AV= (A" o( ANV ) A D ANVA,

Thus Ais an a- A -set .

ii. Let Aisan a- A -set, then

A D AM*o AN, Hence A is a semi-A-set.

ii. Let Aisan a- A -set, then

A> ANo AYM, Hence A is a pre-A-set .

The following diagram holds for any subset

A of topological space (X, 7).
open set ——> A — set

|

a- A -set
semi — A — set pre — A — set
Diagram 1
Remark 3.3. The converse of this

proposition 3.2. is not true as shown of the
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next examples.
Example 3.4 . Let X={a, b, c, d} and

7 ={0, {a}, {b}.{a b}, {a c}, {a b, c}, X}
Then a- A -sets = {@, {a}, {b},{c}.{a, b},
{a, c}{a, b ,c}, X} and A-sets= {0, {a},
{b}, {a, b}, {a,c}, {a, b, c}, X}
If we take A= {c}, then we get A is not
A-setbutit isan a- A -set.
Example 3.5. Let X={a, b, ¢, d } and
T = {0, {a}.{a, b}, {a, c, d}, X}. Then
a-A -sets = {0 {a },{a b}, {a, c, d} X},
S- A-set ={0@ {a}{b}{a,b}{c,d}{a, c, d},
X} and P-A -sets ={@ ,{a},{c}, {a, b}.,{a ,c},
{a,d} {a b,c} {a,b,d} {ac d} X}
If we take A={ b } isa S- A-set but is not
an a-A-set . And if we take B= {c}, then
we get B is not a-A-setbutitisap- A -set.
Theorem 3.6. Let ( X, T ) be a topological
space and A; € a- A (X), then
N{A;:i€e l}e a-A (X),foreachiel.
Proof. Let A; isan a- A -set, then

A; 2 A" viel, thus

Nier Ai @ Nier A7 2 (Nier A7)

= (Nie1 APV (Nier A; )™M
This shows that N;e | 4; € a- A (X).
Lemma 3.7 . Let A be a subset of a space
(X,7). Then A is an a-A-set in (X,7) if and
only if Ais S-A-set and P-A-setin ( X, T).
Proof .

Let A € a- A(X) . By the definition of
a-A-set, we have A>AMN and AoAYM .
Therefore, we obtain AeS-A(X) N P-A(X) .
Sufficiency, let A € S- A (X) N P-A (X).
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Since A € P-A (X), Ao AY" and hence it
follows from A € S-A (X) that

A:) A/\V DA/\VVA :)AAVA.

Therefore, we have A € a- A (X) .

Remark 3.8. The A-open set and a- A-set
are independent notions we can show that
from the next example .

Example 3.9. Let X={a, b, ¢, d} and

7={0, {a, b}, X}.

If we take A={c ,d} and B ={a}.

Then A is a A-open but it is not a- A-set and
B is not A-open but it is an a-A-set.

Remark 3.10 .The «a- open set and a- A-set
are independent notions we can show that
from the next example:

Example 3.11. Let X ={ a ,b, ¢, d} and
7 ={0,{a}{b}{a b}.{ac}{ab.c} X}

If A={c}and B={a, b,d}. Then Aisan
a-A-set but it is not a- open and B is not a-
A -set but it is an a- open set .

Remark 3.12. The A,-set and a-A -set are
independent notions we can show that from
the next example.

Example 3.13. Consider the topological
space ( X, T) given in Example 3.4.

Hence, if A={c} and B ={a, b ,d}.Then A is
an a-A-set but it is not A,-set and B is not
a-A -set but itis A, - set.

Lemma 3.14. Every open set is an a-A-set.
Proof. The Proof comes from the fact that,
every open setisa A -set .

4- a-Vv-sets

Definition 4.1. A subset A of topological

spaces (X, T) is called a-v-set, if Ac AV,
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We denote that all a- v-sets by a- v(X).
Proposition 4.2. Let (X,T) be a topological
space, the followings hold, for any subset A
of X:

I. Every v-setisan a-Vv-set.

ii. Every a-v-setisasemi-v-set .

iii. Every a-v-set is a pre -V-set.

Proof .

i. Let Aisav-set,thend =AY >
Ac A"'= (A)Vc (A"M)V= AVc AWV =
A c AYY  Thus Ais an a- V-set.

ii. Let A is an a-v-set, then Ac A\,
Since Ac AWV c AV = Ac A
Thus A'is a s- V-set.

iii. Let A is an a- v-set, then A c AYY >
AV c As(ANc (4)) = A" c A*
= (A € (4" )= AV < AV . Since
Ac A¥"V= Ac A", Thus A is a p-V-set.

The following diagram holds for any a

subset A of topological space ( X, T)
Closed set ——> Vv —set

|

a- v —Sset

7 T~

semi —V — set pre —V —set
Diagram 2

Remark 4.3. The converse of these
implications in Diagram 2 are not true in
general as shown in the following examples:
Example 4.4. Let X={a b, c, d},

T ={0,{a}.{b}, {a, b}, {a, c}, {a ,b ,c}, X}.
If we take A = {a, b, d }, then we get A'is
only if Ais S -v-set and p-v-set in (X, T) .
Proof . Let A€ a- V(X) . By the definition of

oo dmeler — Ay LK Y2
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notan V-setbutitisan a- v-sets.
Example 4.5. Let X ={a, b,c ,d },
T = {0 {a}.{a b}.{a, c, d}, X }. If we take
A= {a, b}, then we get A is not a- Vv-set but
And

B={c}, then we get B is not an a- V-set but

it is a semi- V-set. if we take
itis a pre- v-set.
Theorem 4.6. Let (X, T) be a topological
space and AcX, then the following
statements are equivalent .
i. Aisan a- Vv-set.
ii. A%isan a- A-set.
Proof.
(i) —> (ii) Let A be an a- Vv-set, then
A c AVNV implies that
(A)C:)(AV/\V)C — (AC)/\VA_
Hence A€ is an a- A-set.
(i) —> (i) Let A€ be an a- A-set, than
AD(AYMA, such that (A€)“c((A°)MVM)E
,implies that A < (( AYAY ))“=4"AV .
Hence Aisan a- Vv-set .
Theorem 4.7 . Let ( X, T ) be a topological
space and A; be a subset of X. Then for each
iel,U{4;iel}e a-Vv(X).
Proof. Let A; be an a- v-set, then 4;c A7,
thus Uje; A; © Ugeg A7 © (Vg A7)V

= (Vier A\i/)/\v

C (Vier 4; )V
This shows that U;¢; A; € a- V(X).
Lemma 4.8. Let A be a subset of a space
(X, T). Then Ais a-v-set in (X, T) if and
a- V-set. We have Ac AV and Ac A",

Therefore, we obtain A€ s- v(X)N p- V(X).
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Sufficiency. Let A € s- V (X) N p- V(X).
Since A € p- v(X), A c A" and hence it
follows from A € s- V(x) that

Ac AN € AYMY c AV | Therefore we have
A€ a-V(X).

Remark 4.9. The A-closed set and a- Vv-set
are independent notions , we show that from
the next example .

Example 4.10. Let X={a, b, c, d},

T ={0,{a,b}, X}. If we take A={a ,b} and
B={a, b, c}. Then A is an A-closed set but is
not a- v-set and B is an a- V-set but is not A-
closed.

Remark 4.11. The a- closed and «a- Vv-set
are impendent notions, we show that from
the next example .

Example 4.12 . Consider the topological

space (X, T) given in Example 4.5. Hence, if
we take A= {c} and B ={a, d} .Than Alis an
a- closed set but is not a- v-set and B is an
a- V-set but is not a- closed set .

Remark 4.13. The v, - set and a- Vv-set
are independent notions, we show that from
the next example .

Example 4.14. From Example4.10. Hence
Alisan Vv, -set butisnot a- v-set and B is
an a- v-set butisnotv, -set .

Lemma 4.15 . Every closed set is a a-V-set .
Proof. The proof comes from the fact that,

every closed set is an Vv-set.
5. Some Operator via A -sets

and v-sets
Definition 5.1 A subset A of a topological

096 dsaler — &y oKz
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space (X,T) is called A *-set if intersection

of all a- A-sets containing A.
ANEA)=Nn{GC:G2A.Ge a-AX)}.
Example 5.2. Let X={a, b, c, d},
T ={0 {b}{c}{b, c}, X}.
Then a-A(X) = {0 {b},{c}, {b, c}, X}.
A" ({a})=X, A ({c}) = {c},
A{a, d}) =X, A* ({a c d}) = X and
A (X)=X
Theorem 5.3. For subsets A, B and
A;(i € I) of a topological space (X, T), the
following hold
i. Ac AY(A)
ii. FACSB.ThenA*(A)SA*(B).
iii. AC(A%(A)=A%(A).
iv. If A€ a-A((X),then A= A%(A).
V. AYU{A4;liel})=u{rn*(4;)liel}.
vi. A*(N{4; li el})cn {A *{(4)li €l}.
Proof.
i. Itis clear by Definition 5.1.
ii. Suppose that x¢ A “(B). Then there exists
a subset G € a- A(X) such that B ¢ G with
X & G such that x € B, since A c B then x
¢ A%(A) and thus A*(A)c A*(B).
iii. It follows from (i) and (ii) that
A E(A)CSA E(A %(A)). If XEA %(A), then there
exists G € a-A(X) such that Ae Gand x ¢ G
hence A “(A) c G and so we have
X & A%A%A)). Then
(ACAT(A)) =n9(A).

iv. Let A € a- A(X). Since A is the least

a- A- set containing itself, then
A% (A) =A. Form (ii),
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A %(A;)cA *(U{A; li €l}) implies that
U{A%(4;) li e Be AY(U{A; liel}).
Conversely suppose that exists a point X
such that x & A *(U{A4; li €1}). Then there
exists an a-A-set G such that

U {4; li € I} Gand x € G. Thus for each

i €lwehave X &A% (4)).

This implies that x € (U {A *(4;) li € I}).

v. Suppose that there exists a point x such
that x¢n{A *(4;)li € 1} then, there exists
ip €l such that x & A *(4;) and there exists
an a- A-set Gsuchthat x € G and 4;, cG.
We have n{A “(4;p)li € I}c A;p cGand

X & G. Therefore,x ¢ A“(N{A4;) li€l}).
Remark 5.4 In general we have

A%(A1 N Ay)) #AY(A1)NA Y (A,). This can
be shown by the following example:
Example 5.5. Let X={a, b, c, d},

T ={0, {a}.{b}.{a, b}, {a, c}, {a b, c},X }.
Now put A; ={a} and A, = {b}. Then
AN¥(A1NAy) =@ #{b}= A% (A1)NAE (A4)).
Theorem 5.6 A subset A of a topological
space (X, T) is called an a- A-set if and only
if A=A%(A).

Proof. The proof comes from Theorem 3.6.
and Theorem 5.3.

Now we introduce the notions of revised
weak forms of a- v-sets.

Definition 5.7. A subset of A of a

topological space (X, T) is called v#- set
if union of all a- v-sets contained in A .
v® (A)=uU{S\Sc A, Sea-v(X)}
Example 5.8. Let X ={a, b, c, d},

ove ol — lﬂ)ﬂ\ CJ\:KKB-
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T={ 0, X, {b}{c}.{b, c}}. Hence

vi({ah)=0, v ({a,d}) =9,

v®({a, c,d})={a, c,d}and v* (X)=X.

Theorem 5.9. For subsets A, B and

A;(i €l)of atopological space (X, T), the

following held

i. VE(A) € A.

ii. IfAcSB,then v¥(A)c (B).

iii. v¥ (V¥ (A4))= V*(A).

iv. (V¥ (A%))° = A%(AS) .

v. If A€ a-Vv(X), then A=Vv*A).

vi. V¥ (n{A4; liel}) =n{v®¥(4))!liel}
vii. VEWU{A;Liel}))ou{vi¥4)liel}.
Proof .

i. It's clear by Definition 5.7.

ii. Suppose that x¢Vv%(B). Then there exists
asubset S € a- v(X)suchasthatS c B
with x & B such that x € S since A c B,
then x ¢ V¥(A) and thus V*(A)cVv* (B).

iii. It follows from (i) and (ii) that

VE(A) cvE(v* (A)). If x ¢ V*A), then

there exists S € a- v(X) such that A > S. x

¢ S hence V%(A) c S and so we have

X€VE(VE(A)). Then VE(VE(A)) = VE(A).

iv. (VE(A)C = (U{ S: S 2A, SE a- v(X)})¢
=N{S: SCC A°, S €a-A(X)}

Put S¢ =G, then we have

(VEA) =n{G:Gc A°,Gea-AX)}

= AE(A°).

To prove (v), let B an a- v-set in (X, T), then

B¢ € a-Vv (X, T). Thus B¢ =(v* (B))°.

Hence B = v* (B) .

To prove (vi) , by theorem 5.9. (v) that
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ANU{A liel}))=U{A*(A)iel}).
Take complement for both such that
ANEU{ A Liel)=(u{A® (4) liel })°.
Hence V&*(N{ A;°li € 1})=n{v¥(4A)lie I} .
To prove (vii) , by using statement ( iv) and
(v) we have
ANULA liEll) =(AYU{A4; liel})©)E
= (A% (N{ A¢ li€1}))°
D (N{A* (AF ) li € I})¢
=(n{vEA)9) liel})*
=u{((v*(Ap)liel}
=u{Vv® (4)liel}.
Remark 5.10. In the Theorem 5.9. part
(vii) , then in conclusion can not be replaced
by equality , as the following example .
Example 5.11. From Example 5.8. if we put
A ={a} and B={d}. Then v¥(AuU B) ={a, b},
but v¥ (A)uv*(B)=0.
Theorem 5.12. A subset A of a topological
space (X, T)iscalledan a- v-setif
A=V*(A).
Proof . The proof comes from Theorem4.7,
and Theorem 5.9.
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