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Abstract: The main objective of this paper is to introduce and investigate a two-variable of the Humbert
function. We derive its generating function, establish several recurrence relations, and obtain corresponding
difference equations. The proposed generalization extends classical Humbert functions and provides a
broader framework for analyzing special functions in both pure and applied mathematics. Potential
applications in approximation theory and mathematical physics are also discussed.
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1. Introduction: Special functions play a central role in mathematical analysis, approximation theory, and
applications in physics and engineering. Among these, the Humbert function represents an important class
that generalizes several classical polynomials such as Gegenbauer, Legendre, and Horadam polynomials.
Although extensive research has been conducted on single-variable Humbert functions, less attention has been
given to their multi-variable analogues. Recently, multi-variable extensions of Bessel and Mittag-Leffler
functions have attracted significant interest [1-3]. Motivated by these developments, this paper aims to
construct and analyze a two-variable analogue of the Humbert function, filling a gap in the literature and
extending its theoretical framework. We present its generating function, recurrence relations, and difference
equations, highlighting their potential role in future applications.

The Humbert function J, ,, (x) is defined by means of the generating function [12]:

exp <§ (u +t- i)) = Ynm=—ooJnm () u™t", (1.1)

ut

or, equivalently, by forms:

x m+n 1 x3
Jnm(x) = (E) rminrmrn 02 (_;m tln+1; _E)

v (_1)k x m+n+3k
= Lk=0 KIT(m+k+1)T(n+k+1) (3) ) (1.2)

Note also the immediate results
]—m,n (x) = (_1)m]m,m+n (X)
]m,—n(x) = (_1)n]n+m,n (x) .

The Bessel function of two variables is defined by the generating function [1]:

exp (E (t - %)) .exp (%(x) (W — %)) = 2]?5:—00]k,s(x' y) thws, (1.3)

In the next sections, we introduce a two variable of the Humbert function, some properties and study some of

its recurrence relations.

2. A Two-Variable Analogue of the Humbert Function and Its Properties:

We define the Humbert function of two variables, denoted by J;,, , s (X, ¥), by the following
]m,n,r,s (x, y) = ]m,n (x)]r,s (Yf(X)),

which can be expressed by means the following generating function:

exp(g(u+t—%)+%(x)(v+w—$)) =exp(g(u+t—%)).exp(%(x)(v+w—$))

= Z?rol,n,r,s=—oo]m,n,r,s(x: Y) u™t"v"w?, (2.1)
where x,y € R,x,y > 0,f(x) >0, u,t,v,w €C, u,t,v,w #0.
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By using well-known result, we have

x _ yoo X"
e =T 2)
We obtain
1 (&b e 1 (v @\ e -
Lap=0 Le=o(— D) T (5) utee? ngf}:(’z’?:‘)(_l)ki!j!k! (T) vrwI T
= Z??L,n,r,sz—oo]m,n,r,s(x' Y) u™t™v"ws, (2.3)

By replacing a, b,i and j by m + ¢,n + ¢,r + k and s + k respectively in the left-hand side of equation (2.3),
we get

o0 X min yf(x) r+s [ c+k 1 1
Lmnrs=-c (3) ( 3 ) Lej=o(—1) (m+0)!(n+0)1(c)! (r+k)!(s+k)!(k)!
3c 3k
X (g) (%(x)) u™t"vws = Z?rol,n,r,s=—oo]m,n,r,s(x' y) um™t"vws, (2.4)

by equating the coefficients of u™t™v"w?, we obtain the following explicit representation for a two variable
of the Humbert function:

Jmnr,s(X,y) = (§)m+n (%(x))”s

X T mo(—1)cH* . (")3c (L("))Sk. 2.5)

(m+c)l(n+o)l.c!(r+k) ! (s+k)Lk! \3 3

Also, we can write

m+n r+s
f(x)
]m,n,r,s(x: y ) = (g) (%)
o (_1)C+k x 3c yF(x) 3k

X Xce=0 T(m+c+ DT (n+c+DT(c+DT(r+k+1)T(s+k+1)I(k+1) (3) ( 3 ) : (2.6)

Fory = 01in (2.1), we have
x 1 0f(x) 1 _ x _ 1

exp(;(u+t—;)+—3 (U+W_E)> = exp(3(u+t ut))

= Z;.ﬁm:—oo]n,m(x) u™t" .
Which is the relation (1.1).

Further, it is of interest to point out that the series representation in (2.5), in particular, yields the following
relationships:

Joo00CY) =1, Jmmo006Y) = Jimn(x) .
These corollaries demonstrate structural symmetries and parity properties of the two-variable Humbert
function, which may be useful in deriving closed-form solutions for related problems.
Corollary 2.1.
If m,n, r, s be integer, then [, , - s(x, y) satisfies the following relations:

]—m,n,r,s (x' Y) = (_1)m]m,m+n,r,s(x' y) > (2.7)
]m,—n,r,s(x' Y) = (_1)n]n+m,n,r,s(xr y) 5 (2.8)
]m,n,—r,s(x' Y) = (_1)r]m,n,r,r+s (x' y) > (2.9)
]m,n,r,—s(xr y) = (_1)S]m,n,s+r,s(x: }’) ) (2-10)
]—m,n,—r,s (x' Y) = (_ 1)m+r]m,m+n,r,r+s (x' y) 5 (2.11)
]m,—n,r,—s (x: }’) = (_ 1)n+S]m+n,n,r+s,s (x: J/) ) (2- 12)
]—m,—n,—r,—s(xv y) = (_1)m+r]m,m—n,r,r—s (X, y) . (2- 1 3)

Proof. Using (2.5), we get
]—m,n,r,s(x: Y) = Zgozm Z}?:o(_l)c-'-k

y (E)—m+n+3c (yf(x))”'s"' 3k
3

1
(—m+co)!(n+co)!c!(r+k)!(s+k)!k!

3 ’ (2.14)
by replacing ¢ with ¢ + m in ther. h. s. of (2.14), we obtain
]—m,n,r,s (x, Y, P, Q)

— Zg?kzo(_l)c+m+k 1

cl(m+n+c)!(m+c)/(r+k)!(s+k)'k!
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x\2m+n+3c V£ (x) r+s+3k
<G5 @.15)
which on using definition (2.5) gives yields the required relation (2.7).

Similarly, we can prove the relations (2.8), (2.9) and (2.10).

Also,
1
(-m+o)l(n+o)l.cl(—r+k)!(s+k)'k!

]—m,n,—r,s (x, y) = Zgo=m Zliozr(_ 1)C+k

X\ TTAT3C 1y 50\ TTESH3K
0 ) ’ (2.16)
replacing ¢ by c + m and k by k 4+ r in the r. h. s. of (2.16), we find
]—m,n,—r,s(x, y) = ng’kzo(_l)c+m+k+r

x\2m+n+3c yf(x) 2r+s+3k
JO NN
3

1
cl(m+n+c)!(m+c)!(k)!(r+s+k)!(r+k)!

3 = (_1)m+r]m,m+n,r,r+s (x, Y, P, Q)
which on using definition (2.5) gives yields the required relation (2.11).
The equation (2.12) can be proved in a like manner.
By a similar analysis, it can be shown that

Yok 1
(—-m+o)l(—n+o)!(c)!

J-m—n—-r-s (x,y) = Z?:max (mn) Z:I(;o=max (r,s)(_1
1 x\ ~Mm-—n+3c yf(x) —-r—s+3k
X s 010! (5) ( 3 ) ’ 2.17)
Upon setting ¢ by ¢ + m and k by k + r in the r. h. s. of (2.17), we deduce
]—m,—n,—r,—s (‘x’ y)

_ o _1\c+m+k4r 1
= Zek=0(-1) cl(m—-n+0)(m+0) (k) (r—s+k)!(r+k)!

y (E)Zm—n+3c (%(x)) 2r—s+3k

3 = (_1)m+r]m,m—n,r,r—s (X, YD, CI) 5
from using definition (2.5) gives yields the required relation (2.13).
Also, upon setting ¢ by c +n and k by k + s in ther. h. s. of (2.17), we get
]—m,—n,—r,—s (x! y) = (_1)n+s]n—m,n,s—r,s (x, Y) . (2.18)
Corollary 2.2. If ¢, k are even numbers and f(x) is an even function, then the function J,,, ,(x,y) satisfies
the relations:

]m,n,r,s(_xr y) = (_1)m+n]m,n,r,s(xr y)a (2-19)
]m,n,r,s (x, _Y) = (_ 1)r+s]m,n,r,s (x' Y)a (2.20)
]m,n,r,s(_xr _)’) = (_ 1)m+n+r+slm,n,r,s (x, }’)- (2-21)

Proof. Since,
]m,n,r,s(—x, y) = (_ g)m"'n (M)T+S

3
3c 3k

© _(—1)ctk 1 _x yf(=x)
X Xcge=0(=1) (m+c)!(n+c)!(c)!(r+k)!(s+k)!(k)!( 3) ( 3 )
_ man z m+n yf(x) r+s
=D (3) ( 3 )

3c 3k

0 _1\c+k 1 x yf(x)

X Lex=0(—1) (m+c)!(n+c)!(c)!(r+k)!(s+k)!(k)!(3) ( 3 ) ’

which in view of (2.5), becomes relation (2.19).

Similarly, the relations (2.20) and (2.21), can be proved.

3. Difference Equatios

In this section, we establish difference equations satisfied by the two-variable Humbert function. These
relations provide an effective tool for recursive computation and can be compared with analogous relations
for Bessel and Legendre functions.

Theorem (3.1). The Humbert functions J,, , » s(x, y) satisfy the following relation:

a 1
ajm,n,r,s(xr y) = ; (]m—l,n,r,s(x: Y) +]m,n—1,r,s(x' y) _]m+1,n+1,r,s(x' Y))

yf/(x)
+ 3 (]m,n,r—l,s (x, :V) + ]m,n,r,s—l (x: y) - ]m,n,r+1,s+1 (x' }’)), (3- 1)
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and

o Imnrs o) = L2 (1,60 + Jmrs-1(63) = Jmmrs1s41(6 7)) (3.2)

Proof. Differentiating (2.1) with respect to x, we obtain

a
2% nr,s=—oo _]mn rs(x; }’) umt"vTws

3(u+t——)exp( (u+t—i)) ex p(yf()( +w—$))

yf/(x) 1 yf(x) 1
+T(v+w—w)exp< (u+t——t)).exp<T(v+w—m)), 3.2)
and using (2.2), yields

d
Z?r%,n,r,s=—oo ajm,n,r,s(x' Y) u™t"v'ws = (u +t— _) a,b= OZC 0( e

a'b!c!
x a+b+c —ceb— o o K 1 V(%) i+j+k ke ik
X (g) Ut Ym0 Zk=0(—1) T ,k.( . ) v w/
yf/(x) a+b+c _ _
+T(v+ )Zab OZC 0( ) al'blc! (_) uf Ctb ‘
oo o 1 yf(x) itk i— j—
X Dm0 S (D s (B2) T vikwIE (33)

By substituting a, b,i and j by m + ¢,n + ¢,r + k and s + k respectively in the right-hand side of equation
(3.3), we see that

F] 1 1 x m+n yf(x) r+s
Z%)l,n,r,s:—oo a]m,n,r,s(xr }’) umt"v'ws = 3 (u +t— E) Z%}l,n,r,s=—oo (_) (T)

3
P (-1)ctk x Y@V mon s
XZC’RZO(m+c)!(n+c)!(c)!(r+k)!(s+k)!(k)!(3) ( 3 ) utttviw

R =) B () (2)

(-1)Hk 3¢ vV mon s
X ZCk =0 (m+c)'(n+c)'(c)'(r+k)'(s+k)'(k)'( ) ( 3 ) urttviwe (34)
By equating the coefficients of t™w™v"w* in (3.4), we get relation (3.1).

In a similar manner, we can prove (3.2).

4. Recurrence Relations: Recurrence relations are central to both theoretical analysis and numerical
computation of special functions. For the two-variable Humbert function, the following recurrence relations
hold.

Theorem (4.1). The polynomials sequence J,, , s(x, y) satisfies the next recurrence relations

(m + 1) Jns1nrs 6 ¥) =3 (s 06 9) + Imszmenrs(69)). @.1)

(4 Dmnerrs9) =5 (s 1) + Imsrnrzrs( ), (42)

0+ D a1 ) = L2 (Joir s 3) + Jammra2,501 G600, (43)
and

(s + D Jmnrse1 6 Y) = L2 (Jous 06 9) + I raa se2(6)) - (4.4)

Proof. Differentiating (2.5) with respect to u, we find

a
Z?)g,n,r,s=—oo a]m,n,r,s (x, YD, Q) u™t™v"'w?

— o [2] exp ] exp [ ] exp [ e 21625,y [ 222

e 222

%)

3vw

e [ exp [ exp [ =] exp o]

3u2t
By using relation (2.2), we obtain

_ x
E?ﬁ,n,s,r=—oo m]m,n,r,s(x: Y)um LmwTws = ngﬁb:o 220=0(_1)c

- 1 ik
xZi,j 0 2k=o(— Dk — (yf(x)) vkl ok

a+b+c
1 x ud—cgb—c
a!blc! \3

iljlk! 3
c a+b+c aecCeb—c
3u2t2ab OZ 0( D a'b'c'(_) ut
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1 yf(X) i+j+k . .
X Zl] Ozk o(~1 )kll]lkl( 3 ) vitwlT 4.5)
By replacing a,b,i and j by m+c¢,n+c,r + k and s + k respectively in the right-hand side of equation
(4.5), we get

Z?ri n,s, r=—co(m + 1)]m+1 nr, s(xr Vo, Qumt" v we

_ —Z Z ( )c (x)m+n+3c umtn
mn=-0 &c=0 (m+c)'(n+c)'c'

o o Nk 1 V(%) r+s+3k s
er,sz—wZ’Fo( D (r+k)'(s+k)'k'( 3 ) vw

— c_____—
Lmn=-00 2czo(—1) [m+c]! (n+C)'C'(

0 0 _ k 1 yf(x) r+s+3k roos
X Lrs=-o0 Lk=0(—1) (r+k)!(r+k)!k!( 3 ) vw

Comparing of both sides, we get the relation (4.1).

X

m+n+3c
) umen
3u2t

Similarly, way differentiating (2.5) with respect to t,v and w, we find relations (4.2), (4.3) and (4.4)

respectively.
Theorem (4.2). A two variable of the Humbert function [, ,, » s (x, ¥) satisfies the following relation:
1 m+n £(x) r+s o 1 € ryfx) k
minlrls! (g) (y 3x ) - ZC'kZO clk! (g) (y 3x ) Jmtcntertiesti (x,5). (4.6)

Proof. Using generating function of function J,, ,, »s(x, y) and definition expression for functions
exp [x3 ] exp [ ] exp [y ! ;x)v] , exp [y ! (:)W] ,exp [ﬁ] and exp [313fv_(wx)] we have
yf(x)v yfxw
| exp [25]

exp 2] exp [2] exp [ 22

[J/f (x)]

= exp[ ] exp Zmnsr——oo]mnrs(x y)umt"v'w?

Using the relation (2.2)
m+n r+s
Z?ri,n,r,s=0 : (E) (y_f(x)) umt"p"ws

minlris! \3 3

yfx) o —CaN—CaiT— _
ch Oc'k'( ) ( 3 ) Zm,n,s,rz—oo]m,n,r,s(xr:)’) um-cgn=cyr=ky,s-k

gok 0 C,lk, ( ) (yf?’(X)) Z?rol,n,s,rzo]m+c,n+c,r+k,s+k(xx }’) umt"v'ws
Comparing of the coefficients of u™t"™v"w? of the above equation, we obtain the required relation (4.6).
Conclusion: In this work, we have introduced a two-variable analogue of the Humbert function and derived
several of its fundamental properties including generating functions, recurrence relations, and difference
equations. This generalization extends the classical Humbert function and enriches the theory of special
functions. Future work may focus on exploring applications in mathematical physics, approximation theory,
and numerical analysis, as well as extending the framework to fractional and q-analogues.
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