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Abstract: Curvature tensors are fundamental tools in differential geometry for describing the geometric
structure of manifolds. In this paper, we study the expansion of several curvature tensors in Finsler spaces
under the Berwald covariant derivative. Various curvature tensors, including the Riemannian, projective,
conformal, conharmonic, concircular, and P;-curvature tensors, are expressed in terms of the Weyl projective
curvature tensor. A generalized expansion formula is derived, and a number of identities and theorems
concerning the Berwald covariant derivatives of these curvature tensors are established. The obtained results
extend classical relations from Riemannian geometry to the Finslerian setting and contribute to the study of
curvature structures in Finsler manifolds.
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1. Introduction

Curvature is one of the most fundamental concepts in differential geometry, providing a precise
mathematical description of the geometric and topological properties of manifolds. The Riemannian
curvature tensor serves as the principal tool for measuring curvature in Riemannian manifolds and
plays a crucial role in several branches of mathematics and physics, particularly in general relativity
and gravitational theory. Over time, various curvature tensors have been introduced to capture different
geometric features, including the projective, conformal, conharmonic, concircular, and P;-curvature
tensors. These tensors are closely related to the Riemannian curvature tensor and often arise from
specific geometric transformations or invariance properties.
Finsler geometry, as a natural generalization of Riemannian geometry, allows the metric to depend not
only on position but also on direction. This additional flexibility leads to richer geometric structures
and requires the development of new tools for studying curvature. Among these tools, the Berwald
covariant derivative plays a significant role in analyzing the behavior of tensor fields on Finsler
manifolds.The present work is devoted to the study of the expansion of curvature tensors in Finsler
spaces using the Berwald covariant derivative. We begin by reviewing the definitions and properties of
several important curvature tensors and expressing them in terms of the Weyl projective curvature

tensor. A generalized expansion curvature tensor is then introduced, and its expansion formula is
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derived. Subsequently, we investigate the expansion of various curvature tensors by establishing
identities and proving a sequence of theorems that describe their behavior under the Berwald covariant
derivative. These results generalize several known formulas from Riemannian geometry and provide
new insights into the structure of curvature tensors in Finsler geometry. Curvature tensors constitute a
fundamental aspect of differential geometry and play an essential role in both Riemannian and
Finsler geometries. In the Riemannian setting, curvature tensors have been widely applied to the
geometric formulation of spacetime and general relativity, as discussed by Ahsan and Ali (2016).
Finsler geometry extends Riemannian geometry by allowing direction-dependent metrics, leading to
richer curvature structures. Classical contributions by Matsumoto (1971) and Rund (1981)
established the foundational theory of curvature and recurrence in Finsler spaces. The notion of
recurrent manifolds, originally introduced by Chaki (1970), was later generalized to concircular and
higher-order recurrent structures by Maralebhavi and Rathnamma (1999).

Subsequent studies focused on generalized and higher-order recurrent Finsler spaces, employing
various curvature tensors and geometric connections. Notable contributions include works by Mishra
and Lodhi (2008), Misra et al. (2014), and Pandey et al. (2011), who investigated recurrence
conditions using Berwald curvature and higher-order derivatives.

More recent research by Al-Qashbari and collaborators has emphasized generalized curvature
tensors, Weyl-type tensors, and their behavior under Berwald’s and Cartan’s covariant derivatives.
These studies addressed recurrence, decomposition, and higher-order generalizations of curvature
tensors in Finsler spaces. However, a systematic treatment of expansion properties of curvature
tensors under the Berwald covariant derivative remains limited. The present work aims to address
this gap by establishing expansion formulas and related identities for several important curvature
tensors in Finsler geometry.

The derivative Z-BmT]-i for Berwald’s (B,,,) of any tensor T]-i , w.r.t. x™ is defined as

BT} = 0T} — (0,T}) G, + T/ Gy — T G1" (1.1)
The vector y* and metric function F are vanished identically for Berwald’s covariant derivative.
(@ B,F=0 and (b) B,y =0. (1.2)

The metric tensor g;; is not equal to zero (i.e. not vanish) for Berwald’s covariant derivative
Bigij = —2 Cijan ¥" = =2 y"BnCijic - (1.3)
The quantities g;; and gY are related by

. 1, i i=k ;
@ gye=ot={o" } 5 i ® gyy=y . (14)

)

The tensors R}kh and Hjik give the following identities

a) Rhny/ =Hi, ,b) Hi,y*=H and ¢) Hi;=H, and d) Hf =(m—1DH . (L5)

g =2 . 45 =2
0 =5a 5 0i= 3y
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Covarian derivative of B, R;; , of Ricci tensor R;j and B, 5¥ given by
a) BnRij = AnR;j and b) B, 8f=0. (1.6)
Also, Covarian derivative of B,, , we have
a) BmOh Rij = AmSi Rij b)) Bn gij R = Am 94 RE;
¢) BuR6gi; = AmR6}g;; and d) By,RR;; = AnRR;j . (1.7)

A large number of researchers have presented the following identities in their works
8) Cipey' =0 .b) Cye=7(00:9F%) . o) 9;y/ =1 ., d) 3/ =F,

e &y =y, 0 yy/=F and h) 0y =g - (1.8)

Derivative for Berwald’s (B,,,) of the tensors Ti}}k , Ti}} and T/, w.r. t. x™ are defined as

a) BTl =AnTh . b) BuTh =2, and ¢) BT/ =4,/ . (1.9)
The plan of the present paper is as follows: After the section 1 introduction and preliminaries, we study
expansion for any curvature tensor with respect to Berwald covariant derivative. Section 2 gives the
relationships between Weyl projective curvature tensor and some others curvature tensors. Section 3
study an expansion of Berwald covariant derivative for any curvature tensor. In last section we
investigation the identities that were given in section 2 by using the expansion.
2. Preliminaries
There is a relationship between any two curvature tensors in Finsler geometry, this relationship is
showed by a mathematical identity, here we will discuss the relationship between Weyl projective
curvature tensor and the following curvature tensors:

2.1. The Riemanniian Curvature Tensor R]‘:kh

In the mathematical field of differential geometry, the Riemann curvature tensor is the most
common way used to express the curvature of Riemannian manifold. It assigns a tensor to each point
of a Riemannian manifold (i.e., it is a tensor field). It is a local invariant of Riemannian metrics which
measures the failure of the second covariant derivatives to commute. A Riemannian manifold has
zero curvature if and only if it is flat, i.e. locally isometric to the Euclidean space. The curvature tensor
can also be defined for any pseudo-Riemannian manifold, or indeed any manifold equipped with an
affine connection. The Riemann curvature tensor is a tool used to describe the curvature of n-
dimensional spaces such as Riemannian manifold in the field of differential geometry.

The Riemann curvature tensor plays an important role in the theories of general relativity and gravity
as well as the curvature of a spacetime. It is closely related to the Weyl projective curvature tensor.

Definition 2.1. Weyl projective curvature tensor in terms of Riemannian curvature tensor Rjy, is

defined as [11] and [18].

. . 1 . .
Gien = Rjin + 5o (8iRjn — Rigji) - @1
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In (V,, F), we have
Rl = Wiien — 5 (6ERin — Rigi) - (2.2)
The tensors Wﬁch and Wﬁc give the following identities
8) Wikny’ =Win » b) Wiy’ =Wy, ) Wjey/ =0 and d)Wi =0 . (23)
2.2. Projective Curvature Tensor W;kh

The W-projective curvature tensor is a geometric object introduced in differential geometry. It
generalizes the projective curvature tensor and the conharmonic curvature tensor. It has been studied
in a variety of contexts, including Riemannian geometry, Kihler geometry, and cosmology.

The properties of an M-projective curvature tensor were proposed by Pokhariyal and Mishra in

1970. This tensor is described as follows

1
2(n-1)

+9¥,2)SX,T) —g(X, T)S(Y,2)]. (2.4)
Where: W(X,Y,Z,T) = gW(X,Y)Z,T) and R(X,Y,Z,T)=g(R(X,Y)Z,T) .

WX,Y,Z,T)=R(X,Y,Z,T) —

[S(Y,2)g(X,T) —S(X,Z)g(Y,T)

R is the Riemann curvature tensor, S is the Ricci tensor, g is the metric tensor, n is the dimension of
the manifold. The W-projective curvature tensor has a number of interesting properties. For
example, it is invariant under conformal transformations. This means that it is the same for two
metrics that are conformally equivalent. The W-projective curvature tensor also vanishes if and only
if the manifold is Ricci-flat. The W-projective curvature tensor has been used to study a variety of
geometric problems. For example, it has been used to classify Riemannian manifolds, to study the
geometry of Kéhler manifolds, and to develop new models of gravity.

The local coordinates expression of equation (2.4) as follows
- 1
Wijkn = Rijkn — 2D (Rixgin — Rigjn + 9jiRin — GucRin) - (2.5)

Assuming n = 4 and using (2.2) in equation (2.5) and contracting with g%, the M-projective

curvature tensor is given by

—_— . 1 . . . .
Wfien = Wiien = = (ShRjic + 8kRin — gjxcRE, — gjnRi) (2.6)

2.3. Conformal Curvature Tensor C ]‘:kh

The conformal curvature tensor, also known as the Weyl conformal curvature tensor, is a
geometric object introduced in differential geometry. It is a measure of the curvature of spacetime
or, more generally, a pseudo-Riemannian manifold. Like the Riemann curvature tensor, the Weyl
tensor expresses the tidal force that a body feels when moving along a geodesic. The Weyl tensor
differs from the Riemann curvature tensor in that it does not convey information on how the volume
of the body changes, but rather only how the shape of the body is distorted by the tidal force.

Definition 2.2. The Conformal curvature tensor Ci}}k expressed as follows
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i i 1rei i i i 1 i i
Ciien = Rjkn =5 (8kRjn — 8k Ry + Rigjn — Rigj) — ZR(6h9jk — 6k9jn) - (2.7a)
Using (2.2) in equation (2.7a), we get
. . 5 . . 1 . . 1 . .
Cen = Wiien = < (6kRin — Rhgji) = R(Shgjk — 6kgjn) + 5 (6hRjx — Rigjn) - (2.7b)

2.4. Conharmonic Curvature Tensor L;:kh

The conharmonic curvature tensor is a geometric object introduced in differential geometry. It
generalizes the projective curvature tensor and the conformal curvature tensor. It has been studied in
a variety of contexts, including Riemannian geometry, Kdhler geometry, and cosmology.

Definition 2.3. For V, the Conharmonic curvature tensor Lj'-kh defined as

. . 1 . . . .
L;'kh = R}kh - E(gij;L + SﬁRjk - 5Ilchh - gthIlc) . (2.8a)
Using (2.2) in equation (2.8a), we get
. . 1 . . 1 . .
Lixn = Wjin + = (8kRjn — Rhgjx) = 5 (8hRjx — Riegjn) - (2.8b)

2.5. Concircular Curvature Tensor M,

The concircular curvature tensor is a geometric object introduced in differential geometry. It is
a measure of the curvature of spacetime or, more generally, a pseudo-Riemannian manifold. It is
closely related to the conformal curvature tensor (also known as the Weyl curvature tensor) and the
projective curvature tensor. The concircular curvature tensor vanishes if and only if the manifold is
concircularly flat.

Definition 2.4. The Concircular curvature tensor My, jy, for V, is defined as

. . 1 . .
jlkh = R}kh - ER(gjkallz - gjh5llc) . (2.9)
Using (2.2) in equation (2.9), we get
. . 1 . . 1 . .
Mfin = Wi — - R(9jx0h — gjn6k) — = (8iRin = Rigjx) - (2.10)

2.6. P;- Curvature Tensor

The Pi-curvature tensor is a geometric object introduced in differential geometry. It is a
measure of the curvature of spacetime or, more generally, a pseudo-Riemannian manifold. It is
closely related to the Ricci curvature tensor and the scalar curvature. The Pi-curvature tensor
vanishes if and only if the manifold is Ricci-flat and has constant scalar curvature. The tensor

P;(X,Y,Z,T) has been defined (Pokhariyal 1973), as
1

(XY, Z,T)=RX,Y,Z,T) + [g(Y,Z)Ric(X,T) — g(Y,T)Ric(X,Z)

2(n-1)
—9(X,Z)Ric(Y,T) + g(X,T)Ric(Y,Z)]. (2.11)
We consider the P;-curvature tensor in the index notation as
1
P1in = Rujen + m(gﬂcRm — gjnRik — guRjn + glhRjk) . (2.12)
This can be written as
. . 1 . . . .
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In (V,, F), and using (2.2) in equation (2.13), we get

Pfjkh = W + % (8LRjx — gjnRE) — 3 (6LRin — gjiRE) - (2.14)
3. Expansion Curvatures Tensors in Finsler Space

The expansion curvature tensor T is a geometric object introduced in Finsler geometry. It is a
measure of the curvature of a Finsler manifold, which is a generalization of a Riemannian manifold.
The expansion curvature tensor is closely related to the Riemann curvature tensor and the Berwald
curvature tensor. It vanishes if and only if the Finsler manifold is flat. we introduced the generalized

by Berwald covariant derivative f3,,, for any tensor Ti'}k was given by

BnTjien = AmTjicn + m(8h9jic — Skgjn) - (3.1)
From (1.8), we can write (3.1) by the follows form
BnTjin = AmTjicn + tm(8ngjie = 8kgjn) + [WiCijey' — Wi Cijny'] (3.2)
Using (1.9) in (3.2), we get
. . . . 1 Py . . . Py . . .
BinTiin = AmTjen + tim (859 k. — 6Egjn) + Z(Wﬁakaiaj F2yl — Wi0,0;0,F?y") . (3.3)
From (1.11), applying (1.10) on (3.3), we get
. . . . 1 .. . . . . .
BnTfen = A Tjien + tm (819 — 8kgjn) + 7 (Wiok0;y y; — Wiond;yy; ) - (3.4)

Applying (1.10) again on (3.4), we get

BinThen = AmTfien + tim (659 jx — 6Egjn) + i (Wiowy; — Wiony;) -
From (1.12), we have

BinTien = AmTjen + tim (659 — 6Egjn) + i(Wffgjk —Wigjn) - (3.5)
From the previous steps, we can conclude the following theorem
Theorem3.1. The expansion of (1.13) is given by (3.5).
The dimensionality of many curvatures tensors operators will be extended in accordance with
theorem 3.1.
4. Investigate the Expansion by Identities

Mathematical identities are equations that are always true, regardless of the values of the
variables involved. They can be used to simplify expressions, solve equations, and prove theorems.
we investigated the expansion of Berwald covariant derivative for any curvature tensor that was

given in (3.5), i.e.

. . . 1 . .
BaWien = 2nWjien + tim (819 = 81gjn) + 7 (Wi — Wigjn) - (4.1)
We suppose that (4.1) holds to investigate the following identities

4-1. By tack away Berwald covariant derivative for (2.2), we have
. . 1 . .
B Rikn = BmWikn — gﬁm(5ll<th — Rhgji) - 4.2)
From (1.7a), (4.1) and (4.2), we get
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BinRixn = Wi + ttm (859 jx — 6£9jn) + %(Wfl;g]k Wigin) — m(5k in — Rhgji) -
This give

BmRjin = Am (Wﬁch - § (8kRin — Rfilgjk)) + (8T — Okgjn) + i (Wigji = Wigjn).  (4.3)
By using (2.2) in (4.3), we have

BiRn = AmRign + um(Shgjx — 8Lgjn) + % (Wigi —Wigin) - 4.4)
From the previous steps, we can conclude the following theorem
Theorem 4.1: The expansion derivative for Berwald of Riemannian curvature tensor R}kh (2.2) is
satisfies the equation (4.4).
Transvecting the condition to a higher dimensional space (4.4) by y/, using (1.2b), (1.5a) and (1.4b),
we get

BmHin = AmHin, + tm (8135 — Skyn) + i (Wiyie — Wiyn) - (4.5)
Again, transvecting condition to a higher dimensional space (4.5) by y*, using (1.2b), (1.5b), (2.3b),
(1,8d) and (1.8e), we get

Bt = AnH + i (SLF?— yiyy) + - WiF?. (4.6)
Therefore, the proof of theorem is completed, we can say
Theorem 4.2. In covariant derivative for Berwald of first order for torsion tensor H}, and
deviation tensor H}, are given by (4.5) and (4.6).
4-2. Tack away Berwald covariant derivative for (2.6), we have

B Wiien = B Wiien — % Bm(84Rji + 8k Rin — gjiRi — gjnRi) - (4.7)
From (1.7a), (1.7b), (4.1) and (4.7), we get

BinWikn = 2nWiien + (8591 — 6k gjn) + % (Wigje — Wigjn)

_g/lm(‘sfiszk + 8kRjn — gjiRh — gjnRi) -

This can be written as

. 1 . . . .
B W = A (Wjen = £ (S5Rye + 4R — Rl — gjuRL) )
. . 1 . .
+ tm(6hgji — 6kgjn) +; (Wigj — Wigjn) - (4.8)
From (2.6) and (4.8), we have
_ . . . L .
BrnWin = 2n Wik + (8591 — 6k gjn) + " (Wigj — Wigin) - (4.9)

So, the proof of theorem is completed, we can say
Theorem 4.3. The expansion derivative for Berwald of projective curvature tensor V_I/]‘kh (2.6) is

satisfies the equation (4.9).

4-3. Tack away Berwald covariant derivative for (2.7b), we have
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. 5 . . 1 . .
B Clen = BmWiien, — gﬁm(&ith —Rhgjk) — gﬁmR(5ﬁgjk — 8L9jn)

1 . .
+2 Bm (i Rix = Rigjn) - (4.10)
From (1.7a), (1.7b), (1.7d), (4.1) and (4.10), we get
. 1 . . 1 . .
B Clien = < ien = (5k jn = Rhgji) = 2R(8h9)k = 6igjn) +5 (ShRjx — Rllcgjh))
1
+ um (% 9ij — 6 gu) +5 (RRgij — Rl gun) - (4.11)
By using (2.7b) in (4.11), we have
- 1
.Bm jlkh A Ckh + Mm(akgl] 'hgik) + Z (Rliclgij - R]hgik) . (4-12)

In conclusion the proof of theorem is completed, we can determine
Theorem 4.4. The expansion derivative for Berwald of Conformal curvature tensor le}k in (2.7b) is

satisfies the equation (4.12).

4-4. Tack away Berwald covariant derivative for (2.8b), we have

BmLjin = BnWiien + %ﬁm(alichh — Rhgji) = % Bm(8iRjk — RicGjn) - (4.13)
From (1.7a), (1.7b), (4.1) and (4.13), we get

BinLiin = AmWiien + tim (859 jx — 6£9n) +i(Wr£gjk — Wigjn)

+ %Am((slicR]h Rhgji) = m(5h jk = Rigjn) -
Or can be written as

. . 1 . . 1 . .
BmLikn = Am < ien + ¢ (6kRin — Rhgj) — > (6hRj — Rllcgjh))

. . 1 . .
+ tm(8hgjk — 8kgjn) + 5 (Wigj — Wigjn) - (4.14)
From (2.8b) and (4.14), we get
. . . . 1 . .
BnLiin = Am Lin + wm(8Lgji — 6Lgjn) + Z(Wﬁgjk —Wigin) - (4.15)

Thus, the proof of theorem is completed, we get

Theorem 4.5. The expansion derivative for Berwald of Conharmonic curvature tensor Lj'-kh in (2.8b)

is satisfies the equation (4.15).

4-5. Tack away Berwald covariant derivative for (2.10), we have
. . 1 . . 1 . .
BaMfin, = BaWjien, — 5 BmR (k8% — 9jnbi) — " B (85Rin — Rhgj1c) - (4.16)
From (1.7a), (1.7b), (1.7d), (4.1) and (4.16), we get
. . . . 1 . .
BinMin, = AW + i (8191 — 8k gjn) + ;(Wﬁgjk — Wigjn)
1 . . 1 . .
— = AmR(9jkSh = 9jn6k) = = Am(kRin — Rhgjic) -
Or can be written as

. 1 . . 1 . .
BmMji, = ( ien = =5 R(9jk0h = 9jn6i) = = (SiRjn — erlgjk))
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. . 1 . .
+im (849 jk = 6k gjn) +5 (Wigjx — Wikgjn) - (4.17)
From (2.10) and (4.17), we have
. . . . 1 . .
BnMfin = AmMjin + tm (859 — 8icgjn) + 5 |Wig i — Wigjn] - (4.18)

In conclusion the proof of theorem is completed, we can determine
Theorem 5.6. The expansion derivative for Berwald of Concircular curvature tensor M]-ikhin (2.10) 1s

satisfies the equation (4.18).

4-6. Tack away Berwald covariant derivative for (2.14), we have
BmPin = BmWiien + % Bm[6hRjk = gjnRi | = 5 Bml 6kRin — 9jxRE] - (4.19)

From (1.7a), (1.7b), (4.1) and (4.19), we get

. . 1 . . 1 . .
BmPijy = Am ( ien + ¢ (8LRjx — gjnRE) — g(allchh - gijfll)>

. . 1 . .
+ um(8h9jk = 6kgjn) +; (Wigji — Wigjn) - (4.20)
By using (2.14) in (4.20), we have
. . . . 1 . .
BmPi o = AmPi o + tm(859jk = 8igjn) + 5 (Wigj = Wigjn) - (4.21)

The proof of theorem is completed, we conclude
Theorem 5.7. The expansion derivative for Berwald of Pi-curvature tensor Plijkh in (2.14) is satisfies
the equation (4.21).
Transvecting condition to a higher dimensional space (4.1) by y/, using (1.2b), (2.3a) and (1.4b), we get
B Win = Wiy, + (8531 = Skyn) + 3 (Wikyie = Wiyn,) (4.22)
Again, transvecting condition to a higher dimensional space (4.22) by y*, using (1.2b), (2.3b),
(2.3¢), (1,11a) and (1.11b), we get
B Wi = Wi + 1 (y'y1e — 6LF2) + Wi F2. (4.23)
Therefore, the proof of theorem is completed, we can say
Theorem 5.8. In covariant derivative for Berwald of first order for torsion tensor W}, and
deviation tensor W} are given by (4.22) and (4.23).
Contracting the indices i and h in the equations (4.5) and (4.6), respectively and using (1.4a),
(1.4b), (1.8a), (1.5¢), (1.5d), and (2.3d), we get
Bt = Ay + (0 — 1) yie — T Wiy, . (4.24)

And
BoH = A H + i (n — 1) F2. (4.25)

Thus, we conclude

Theorem 5.9. In covariant derivative for Berwald of firest order for vector H; and scalar H are

given by (4.24) and (4.25).
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6. Conclusion

In this work, we have investigated the expansion properties of several curvature tensors in
Finsler spaces with respect to the Berwald covariant derivative. Starting from the Weyl projective
curvature tensor, various curvature tensors including the Riemannian, projective, conformal,
conharmonic, concircular, and P;-curvature tensors were expressed in a unified form and analyzed
within the framework of Finsler geometry. A generalized expansion curvature tensor was introduced,
and explicit expansion formulas were derived. By establishing a series of identities, we proved
several theorems describing the behavior of these curvature tensors under the Berwald covariant
derivative. The obtained results demonstrate that the expansion properties of different curvature
tensors follow a common structural pattern, highlighting deep interrelations among them in Finsler
spaces. The results presented in this paper extend well-known concepts from Riemannian geometry
to the more general setting of Finsler geometry. They provide a useful foundation for further studies
on curvature structures, geometric invariants, and their potential applications in mathematical
physics and generalized theories of spacetime.
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