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Abstract: This paper investigates the geometric structure and recurrence properties of generalized
HV-recurrent Finsler spaces GHV-RF,, characterized by a Berwald curvature tensor H}kh satisfying a
specific (v)-covariant recurrence condition. Several fundamental identities are derived for the first-
order (v)-covariant derivatives of the Berwald curvature tensor, the deviation tensor, the Ricci tensor,
the curvature vector, and the associated torsion and curvature tensors. Necessary and sufficient
conditions for these tensors to be generalized recurrent are established through detailed analysis
using Cartan’s first and second kind covariant differential operators. The results show that the
Berwald Ricci tensor and the Berwald scalar curvature cannot vanish in such spaces, and that several
geometric objects exhibit strict recurrence behavior governed by the recurrence vectors A; and y;.

Furthermore, generalized recurrence conditions for Izumi’s tensor Zj,, are obtained, along with new
identities linking various torsion and curvature components.

The theoretical framework developed in this study provides deeper insight into the structure of
Finsler spaces with generalized recurrence and supports potential applications in engineering fields
that rely on differential geometric modelling, such as nonlinear mechanical systems, anisotropic
material modelling, and advanced control systems.

Keywords: Finsler geometry, Generalized H"-recurrent spaces, Berwald curvature, Recurrence
tensors, Differential geometric modeling, Covariant differentiation, Izumi tensor.

1. Introduction: Finsler geometry provides a rich generalization of Riemannian geometry through the
introduction of directional dependence in the metric structure, leading to a wide spectrum of curvature
and torsion tensors with intricate geometric behavior. Among these tensors, the Berwald curvature and
its associated torsion and deviation tensors play a fundamental role in characterizing the geometric and
physical properties of Finsler spaces. Recurrent structures in differential geometry, particularly within
the Finslerian framework, have attracted considerable attention due to their relevance in the study of
symmetric spaces, stability of geodesic flows, and applications in engineering models involving
anisotropic or nonlinear media.

In this context, generalized recurrent spaces constitute a natural extension of classical recurrent
manifolds, where curvature-related tensors satisfy specific recurrence relations governed by non-
vanishing covariant vector fields. Recently, the notion of generalized H"-recurrent Finsler spaces has
been introduced, providing a coherent framework for analyzing recurrence phenomena through the (h)-
covariant derivative. Motivated by this development, the present work focuses on the complementary
structure governed by the (v)-covariant derivative and introduces the class of generalized H”-recurrent
Finsler spaces, denoted by GH"-RE,. These spaces are characterized by a Berwald curvature tensor

Hj"kh satisfying a specific (v)-recurrence condition involving two non-null recurrence vectors A; and y;.
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The objective of this paper is to investigate the geometric properties of such spaces and to establish a
set of fundamental theorems describing the behavior of various curvature and torsion tensors under (v)-
covariant differentiation. By employing Cartan’s first and second kind covariant differential operators,
we obtain explicit expressions for the first-order (v)-covariant derivatives of the Berwald curvature
tensor, the deviation tensor, the torsion tensor, the Ricci tensor, the curvature scalar, and the associate
curvature tensor. Furthermore, the study demonstrates that several of these geometric objects are
necessarily non-vanishing in generalized H”-recurrent spaces, and that their recurrence behavior is
tightly controlled by the recurrence vectors.

In addition, the paper establishes necessary and sufficient conditions for some of these tensors to be
generalized recurrent, particularly through detailed identities involving the Cartan tensor and its
derivatives. Special attention is given to Izumi’s tensor Zjikh, for which a generalized recurrence
condition is derived based on the recurrence properties of an associated mixed tensor. The obtained
results culminate in a set of identities that characterize the geometric structure of GHV-RF, spaces and
enrich the theory of recurrent Finsler manifolds.

The findings presented in this work deepen the understanding of recurrence phenomena in Finsler
geometry and contribute to differential geometric modeling relevant to modern engineering
applications, especially those involving anisotropic materials, nonlinear dynamical systems, and
geometric control theory.

Previous research on curvature tensors and recurrent structures in Finsler geometry has established a
substantial foundation for the present study. Early contributions, such as those by Dubey and
Srivastava (1981), De and Guha (1991), and Matsumoto (1971), laid the groundwork for understanding
recurrent and generalized recurrent manifolds within the broader context of differential geometry.
Subsequent developments expanded these concepts to higher-order recurrences and specialized
curvature tensors, as seen in the works of Dikshit (1992), Mishra and Lodhi (2008), and Misra et al.
(2014). In recent years, a significant body of literature has focused on advanced curvature structures,
higher-order derivatives, and decomposition techniques in Finsler spaces. Ahsan and Ali (2014, 2016)
examined fundamental properties of various curvature tensors, while numerous studies by Al-Qashbari
and collaborators (2017-2025) introduced extensive generalizations of recurrent Finsler structures,
including BR-trirecurrent, W"-birecurrent, and higher-order recurrent spaces. Their works also
explored Berwald and Cartan covariant derivatives, Lie derivatives, and specialized tensors such as
Weyl, M-projective, R-projective, and conharmonic curvature tensors. These contributions have
enriched the analytical framework of Finsler geometry and provided new methods for characterizing
generalized recurrent manifolds.

Collectively, the existing literature demonstrates the depth and evolution of research on curvature
tensors and recurrence phenomena in Finsler geometry. The present work builds upon these advances
by further developing the structural understanding of generalized recurrent spaces and extending the
theoretical tools used to analyze higher-order curvature behaviors.

Let us consider an n-dimensional Finsler space equipped with the metric function F satisfying the
requisite conditions. Let consider the components of the corresponding metric tensor g;;, Cartan's

connection parameters 1“1;c and Berwald’s connection parameters jik. These are symmetric in their
lower indices and positively homogeneous of degree zero in the directional arguments.
The two sets of quantities g;; and its associate tensor g*/ are related by

. 1, if i=k
. glk = §k = ’ ’
(1-1) gl] g 51 { 0, if i+k

The vectors y; and y* satisfies the following relations
(1.2) a) yi=g5y . b) yiy'=F*, ¢) g;;=0;y=0;y .
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d) gyy’ = ;0,F* =Fo;F and e) &y =4
The tensor C;;, defined by
(1.3) Cijk :%ai Iijrk :iai aj ak F?
is known as (h) hv - torsion tensor. It is positively homogeneous of degree -1 in the
directional arguments and symmetric in all its indices.
The (V) hv-torsion tensor 2 and its associate (h) hv-torsion tensor Ciji are related by
(1.4) a) Cijk yi= Crij yi= Ciki yi=0, h) Cj'ik yl = Clij y =0
) Ch =g"Cy and d) (0; CL)y*=—Cf; .
The (v) hv-torsion tensor CJ is also positively homogeneous of degree -1 in the directional arguments
and symmetric in its lower indices.
Eliminating dy* from (1.5.1) and in terms of the absolute differential of [¢, E. Cartan deduced
(1.5) DX' = FX!|, DI¥ + X\ dx* +y*(3,X") =, where X'|, = d,X + X"C},
The unit vector [* and the metric function F are vanished under v-covariant differentiation, i.e.
(1.6) a) I'ly=0 and b) F|,=0
The v-covariant derivative of metric tensors g;; , gY and the vectors y', y; are given by
(1.7) a) gijlk=0 , b) g, =0 , ¢) yilx=gs and d) y'|, =6
And the metric tensor g;; and the vector y; are given by
(1.8) a) gij5;i< =gjx and b) Yibh = Vi -
For an arbitrary vector field x* , the two Processes of covariant differentiation, defined above commute
with partial differentiation with respect to y’/ according to
(1.9) 0, (X1 — (8, X)), = X" (8;CL) + Cl; (8XY)
The quantities Hj,, and Hy,form the components of tensors and they called h-curvature tensor of
Berwald (Berwald curvature tensor) and h(v)-torsion tensor, respectively, and defined as follow:
(1.10) a) jikh =0; Gy + Gl:hG:;j + Grihj G — 0; Ghye — Gy Grij - rikj Gy
An b) Hi,=0,GL + G Clp— 0y Gi — Gf Ciy
They are skew-symmetric in their lower indices, i.e. k and h . Also, they are positively homogeneous
of degree zero and one, respectively in their directional arguments.
Contraction of the indices i and h in (1.10a) and (1.10b), we get the following
(1.11) a) jiki =Hy, and b) Hy = Hy
They are also related by
(1.12) a) Hiny/ =Hi, , b) Hhy=0Hi, ,¢) Hj=0;H, and d) Hy = 0;H, .
These tensors were constructed initially by mean of the tensor H}, , called the deviation tensor, given by
(1.13) Hi =20,G'— 9,G\:y" + 2G:.G* — GG} .
The deviation tensor H} is positively homogeneous of degree two in the directional arguments.
The h(v)-torsion tensor H., , the deviation tensor HL, the curvature vector H, and the scalar
curvature H in sense of Berwald, is given by
(1.14) &) Hjy/=—Hi;y/=H. , b) y;H =0 , ¢ Hy'=m-1H,
d) Hyy'=(n—1)0,H—H; and e) Hgpy"=(n—1) 09 H—Hy .
The quantities Hj,, and Hj, are satisfies the following
(1.15) a) Hijkn = 9jrHipx + b) Hjen = gjrHpe and c) Hfp = (Hpe — H)
Also, Berwald curvature tensor H/,, satisfies the following:

(1.16) a) (ajHlich)yk = (ajHIich) y"=0 ,and b) (Hjikhlm) yl = (Hjikhyj)lm - HjikhSrj;l
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2. Properties of Generalized HV-Recurrent Finsler Spaces

This section develops the fundamental geometric properties of generalized HV-recurrent Finsler
spaces, denoted by GH"-RF,. These spaces are characterized by a Berwald curvature tensor whose (v)-
covariant derivative satisfies a specific recurrence condition governed by two non-null vector fields.
Using Cartan’s first kind covariant differential operator, several identities are derived for the (v)-
covariant derivatives of the Berwald curvature tensor and its associated geometric objects. The section
establishes essential theorems concerning torsion behavior, deviation tensors, Ricci-type tensors,
curvature vectors, and associated curvature structures.

Let F, be a Finsler space with Berwald curvature tensor H}kh . A space is said to be generalized H"-
recurrent if the Berwald curvature satisfies the relation

(2.1) Hjikhll =4 Hjikh + #1(5}1 jk — 8k gjh) , Hjikh =0 ,

where |; denotes the (v)-covariant derivative, and 4, , y; are non-zero recurrence vectors. Such a space
is denoted by GHV-RE,.

Definition 2.1. A Finsler space F,, whose Berwald curvature tensor Hj"kh is satisfying the condition 2.1,

where A; and y; are non-null covariant vectors field, is called a generalized HV-recurrent space and the
tensor will be called generalized v-recurrent tensor, respectively. We shall denote them briefly by
GHV-RF, and Gv-R , respectively.

Transvecting the above condition by y’/ and employing standard identities of Finsler geometry (1.11a),
(1.6d), (1.1), (1.2b) and (1.15b) yields

(2.2) Hinli = 4 Hig, + Hn + (85 i — 8k yn) -
This leads to the following result.

Theorem 2.1. In a generalized HV-recurrent Finsler space GH"-RE,, the first-order (v)-covariant
derivative of the torsion tensor H_, satisfies the relation above (2.2).

Further, transvecting (2.2) by y* , using (1.6d), (1.1), (1.2b), (1.15b), (1.13a) and (1.15a), we get
(2.3) Hilo = L Hj + (8, F2 =y y') .
leading to:

Theorem 2.2. In a GH"-RF, space, the deviation tensor H} satisfies the foregoing recurrence relation
under (v)-covariant differentiation.

Contracting indices appropriately yields recurrence relations for the Berwald Ricci tensor and the
curvature scalar:

(2.4) Hyl, = A4Hj + (n —1) g, , and
(25) Hll:AlH‘l'llle .
The conditions (2.4) and (2.5), show that Ricci tensor Hj, and the curvature scalar H (both in sense of

Bewald) cannot vanish, since the vanishing of any one of them would imply the vanishing of the
covariant vector field y; ,i.e. y; = 0, a contradiction.

Since vanishing of either quantity forces u; = 0, a contradiction, we deduce:

Theorem 2.3. In a GH"-RE, space, both the Berwald Ricci tensor H;;, and the Berwald scalar curvature
H are necessarily non-zero.

Similar contraction gives

(2.6) Hily = AHe + Hye + (= 1) gy i

which establishes:

Geometric Properties and Recurrence Conditions in Generalized .... Al-Qashbari

503



JEF/Journal of Education Faculties o6 el — Ayl LK Y2

Volume 19, Issue (1), 2025 ¢ 2025 «(1) 33l 19 A

Theorem 2.4. The curvature vector H; is non-vanishing in any GH"-RE,.
By transvecting with g;,, , additional equivalent forms of the recurrence condition are obtained:

(2.7) Hipknli = A Hipien + .Uz(ghp Gjx — Gip gjh) , and

(2.8) Hipnly = A Hipn + Hipin + .ul(ghp Yk — Gkp )’h) :

Conversely, transvecting conditions (2.7) and (2.8) by g vyields conditions (2.1) and (2.2),
respectively. Consequently, conditions (2.1) and (2.2) are equivalent to conditions (2.7) and (2.8),
respectively. Hence, a generalized HV-recurrent space can be fully characterized by condition (2.7),
while the first-order v-covariant derivative of the associated torsion tensor Hy, , associated with the

h(v)-torsion tensor H_, is given by condition (2.8).
We thus obtain the following results:
Theorem 2.5. A generalized GH"-RE, space is characterized by condition (2.7).

Theorem 2.6. In GHV-RF, , space, the first-order v-covariant derivative of the associated torsion
tensor Hy,, , associated with the h(v)-torsion tensor H}, is determined by condition (2.8).

Contracting the indices i and j in (2.1), and using (1.15c) and (1.1), we obtain:
(Hpx — Hed i = 4 (Hpi — Hyp)

Thus, we conclude

Theorem 2.7. In GHV-RE, , the curvature tensor (H,, — Hy) is recurrent.

Transvecting the conditions (2.4) and (2.6) by y*, using (1.6d), (1.14c), (1.2a) and (1.14d), we get
[(n—1) 3jH - Hj]|l =4[(n—-1) 8]-H - Hj] +Hy+(m—-1wy; , and
H|,=A H+0;H+u F? |, respectively.

Thus, we conclude

Theorem 2.8. In GH-RF, , the tensor [(n — 1) 9;H — H; | and the curvature scalar H (in sense of
Bewald) are non-vanishing if and only if H; =0 and 3]-H = 0, respectively.

Now, we know that Berwald curvature tensor Hj"kh and the h(v)-torsion tensor H}k satisfy the equation
(2.9) Jip Hjxn + 9ij Hpen, = 0

Taking the v-covariant derivative for the above equation with respect to y*, using (1.2d), we get

(2.10) gi Hiyn + ¥i Hinly + gin Hjly = 0

By employing (1.15a), and conditions (1.7a) and (1.7b) in (2.10), we get

(2.11) Hiyen + i [AZH]l:kh +w (8 gji — 8k gjn)] + gih[/le}k + Hijy + w (6t y; — &} yi)] =0 .
Using (1.15b) and (1.7a), equation (2.11) becomes:

(2.12) MY Hin + gin Hy) + Hyyen + Hinjie + 1(9jxVn + ien Y — 290 Yie) = 0
Substituting the equation (2.9) in (2.12), we get

(2.13) Hiyen + Hipjiie +.Uz(9jk Yot Gknyj — Zgthk) =0

Transvecting (2.13) by y* and y" separately, using (1.2a) and (1.2b), we get

(2.14) Hjiin yryh = — Hipji yEyh

Therefore, we have the identity for the associate curvature tensor Hj,, of Berwald curvature tensor

Hjikh in a generalized HV- recurrent space F, given by the condition (2.14).
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Thus, we conclude
Theorem 2.9. In GH"-RE, , we have the identity (2.14) for the associate curvature tensor Hj,, of
Berwald curvature tensor H}kh .

3. Necessary and Sufficient Conditions for Generalized Recurrence
of Selected Tensors in GH"-RF,,

In this section, we derive the necessary and sufficient conditions under which several geometric
tensors in a generalized HV-recurrent Finsler space GHV-RF,become generalized recurrent. By
applying partial differentiation with respect to directional arguments and utilizing the commutation
formulas associated with the Berwald connection, we obtain recurrence criteria for the Berwald
curvature tensor, the Ricci-type tensor, and the Izumi tensor Zj"kh. These results culminate in a set of
structural identities that characterize generalized recurrence within this geometric framework.

Differentiating condition (2.3) partially with respect to y/ , using (1.12b) and (1.2c), we get
31 (Hinl) = (94) Hin + 1(Hjxn) + 0;Hiy
+(0; 1) (85 yie — 8k yn) + i (8h gjx — 6k Gjn) -
Using the commutation formula exhibited by (1.8) for the h(v) torsion tensor Hj"k in the condition (3.1)
and using (1.12b), we get
(3.2) Hjikhll + HICh(ajClir) - Hrih(ajczrk) - Hlir(ajcﬁz) + Cj; Fen = (a.j/ll) Hip + Hjikh
+0; Hijn + (0; ) (8% v — 8k yu) + 111 (8% g — 65 gjn) -
This shows that
Hiwnli = MHi, + 11 (8% g — 61 gjn)
if and only if
(3.3) HI:h(ajClir) - Hrih(ajczrk) - Hlir(aj Clh) + Cj; Hn
= (9; A0) Hin + 0 Hi + (9 1) (85 i = Sk yn) -
Thus, we conclude

Theorem 3.1. In GH"-REF,, the Berwald curvature tensor H]-ikhis generalized v-recurrent if and only if
condition (3.3) holds.

Differentiating the equation (2.6) partially with respect to y/ , using (1.12c) and (1.2c), we get
(3.4) 0;(Hel) = (0;4) Hy + 4 (Hy) + 0 Hye + (n = 1) (0; ) yie + (n— D py g -

Using the commutation formula exhibited by (1.8) for the curvature vector H, in (3.4) and using
(1.12d), we get

(3.5) Hily — H(0; C) + Hyy € = (8; A)) Hy + A Hjy + 0;Hy
+(n-1) (31 w) v+ (n—1 g
This shows that
Hyl, = Hje + (= 1)y gjc
if and only if
(3.6) Hy G — Hr(ajCI:l) = (5]'11)1‘11( + 3szk + (- 1)(5,' Ill) Yk
Thus, we conclude
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Theorem 3.2. In GHY-RE, , Ricci tensor Hj; (in sense of Berwald) is non-vanishing if and only if (3.6)
holds.

H. 1zumi [20] defined the tensor Z-ikh as the follows:

(3.7) Zjikh = Hjikh (n D (Hh gjk — H,”(‘igjh) , where Hjikh g’* = Hy!

Taking the v-covariant derivative for the condition (3.7) with respect to y ¢, we get
. . 1 *. *.

(3.8) Zixnli = Hjgnly — oD (Hi'gji — Hi'gjn)li

Using the condition (2.1) in (3.8), we get

Zjikhll = AlHjikh + #l(5fil Ijk — 51i gjh) (n D (Hh Gjk — H;igjh)ll .
In view of the condition (3.7), the above equation becomes

Zjikhll = Aleikh + ul(Siil Gjx — 8 g}h) +—= Al(Hh Gjx — H;igjh)

(n-1)
1 *i *
_(nj(thgjk — Hy!' gjh)ll .

This shows that

Zjikhll =4 Zjikh +w (8 gjk — Ok gjh)
if and only if

(Hﬁigjk - H;igjh)ll = AI(H;Ligjk - Hltigjh)
Thus, we conclude

Theorem 3.3. In GH-RE, , the tensorZJ‘kh is generalized recurrent if and only if the tensor (Hh Jjk —
H;lgjp) is recurrent.

Using (2.1) and (2.6) in (3.2) and (3.5), we get
(3.9) Hin(0; €)= HE, (0; Cf) — HE(0;Ch) + Cl; Hixn
= (0; A1) Hin + 0; Hipy, + (0; 1) (8% yie — 6% vn)
and
(3.10)  HuCl—H.(9,c5) = (0;4) Hy + 0;Hye + (n — D(0; 1) vie
respectively.
Transvecting (3.10) by y*, using (1.14a), (1.4d), (1.16a), (1.7a) and (1.2b), we get

3.11)  Hj(9;CL) + HLCl; — HL(9;Cl) = (0; A1) Hi + (0; ) (6L F> —yn ¥*)
Further, transvection (3.10) by y*, using (1.14d), (1.4d), (1.14c), (1.8.18a) and (1.7a), we get

(6.312) (m-1DG,H)C; =(n-1)(0;)H+(n—-1)0;0,H—Hy;

—Hy+(m—1(0jm)F?.
Thus, we conclude
Theorem 3.4. In GH"-RE, , identities (3.9), (3.10), (3.11) and (312) hold.

4. Applications of Generalized H”-Recurrent Finsler Structures
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The recurrence relations established for the Berwald curvature and the associated geometric
tensors in GH"-RE, spaces provide an effective framework for modelling a wide range of anisotropic
geometric phenomena. Owing to the presence of two non-null recurrence vectors 4, and y;, these
structures naturally capture direction-dependent behavior in curvature, torsion, and Ricci-type
quantities.

4.1. Modelling Anisotropic Curvature Fields

The fundamental recurrence condition:  Hjy,|; = 4; Hi, + 14,(8% gji — 65 gjn)
allows describing the evolution of curvature along distinguished directions.

This is directly applicable to:

a) anisotropic optical and material media,
b) geometric stability analyses of Finslerian trajectories,
¢) and curvature-driven propagation in direction-dependent systems.

The guaranteed non-vanishing of the Ricci tensor, curvature scalar, and curvature vector (Theorems
2.3-2.4) ensures persistent geometric anisotropy in such models.

4.2. Recurrence-Based Tensor Modelling

The necessary and sufficient conditions obtained in (3.3), (3.6), and Theorems 3.1-3.3 provide criteria
under which the Berwald curvature, the Ricci-type tensor, and the Izumi tensor become generalized
recurrent. These results support:

a) Finsler Ricci flow modelling under structured tensor evolution,
b) anisotropic deformation analysis in geometric mechanics and biological tissues,
¢) and invariant field construction through recurrent curvature objects.

4.3. Associated Curvature and Structural Invariants

The equivalence of conditions (2.1), (2.7), and (2.8) (Theorems 2.5-2.6) enables characterizing GH"-
RE, spaces through associated curvature tensors. The identity (2.14) (Theorem 2.9) further imposes
symmetry constraints that are useful in:

a) classification of anisotropic geometric structures,
b) modelling higher-order curvature interactions,
¢) and analyzing wave-front deformation in Finsler-type optical geometries.

4.4, Scalar Curvature Behaviour in Differential Models
The scalar recurrence relation: H|, = A,H + y; F? ,

provides a direct mechanism for incorporating curvature potentials into differential geometric models.
Its non-vanishing (Theorem 2.8) is relevant for:

a) constructing anisotropic Lagrangians,
b) analysing geometric energy conditions,
¢) and developing curvature-informed dynamical systems.

4.5. Computational and Modelling Implications
The structural identities (3.9)-(3.12) furnish implementable differential constraints that:

a) simplify symbolic computation in Finsler geometry,
b) support numerical simulation of anisotropic geodesics,
¢) and provide stable geometric priors in computational models.

5. Conclusions

In this paper, we investigated the geometric structure of generalized HV-recurrent Finsler spaces
GHY-RE,, characterized by a Berwald curvature tensor whose v-covariant derivative satisfies a two-
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vector recurrence condition. By employing Cartan’s first-kind covariant differential operator and the
fundamental identities of Finsler geometry, we established a comprehensive set of structural results
governing the behavior of Berwald-type tensors under recurrence.

The study revealed that the recurrence condition imposed on the Berwald curvature tensor necessarily
induces corresponding recurrence relations for several associated geometric quantities. In particular,
we proved that the torsion tensor, the deviation tensor, the Berwald Ricci tensor, the curvature vector,
and the Berwald scalar curvature all satisfy first-order v-covariant recurrence relations. As a significant
consequence, it was shown that the Berwald Ricci tensor and the Berwald scalar curvature are non-
vanishing in any generalized HV-recurrent Finsler space, establishing an intrinsic rigidity within this
geometric structure.

Furthermore, we demonstrated that the recurrence condition is equivalently characterized through
alternative tensorial relations, notably condition (2.7), which provides a complete characterization of
the GH"-RE,spaces. The first-order v-covariant derivative of the associated h(v)-torsion tensor was
also shown to be uniquely determined by the corresponding recurrence condition.

A key contribution of this work is the derivation of necessary and sufficient conditions for the
generalized recurrence of several fundamental tensors, including the Berwald curvature tensor, the
Ricci-type tensor, and Izumi’s tensor Z}kh. These results were obtained through successive
differentiation with respect to directional arguments and the application of commutation formulas
associated with the Berwald connection. The resulting identities, such as conditions (3.3), (3.6), and the
recurrence criterion for Z}kh, provide a unified framework for understanding recurrence phenomena in
Finsler spaces of this type.

Additionally, the investigation established structural identities for the associate curvature tensor of the
Berwald curvature, including the symmetry relation (2.14), which further elucidates the internal
geometry of generalized H”-recurrent spaces.

Overall, the results obtained demonstrate that GHV-RE,spaces possess a rich geometric structure
governed by interconnected recurrence relations across multiple curvature tensors. These findings
contribute to the broader theory of Finsler spaces with special curvature properties and provide a
foundation for future research on generalized recurrence, invariant structures, and potential
applications in geometric analysis and theoretical physics.
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