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1. Introduction: The concept of conformal curvature tensors, particularly the Weyl tensor, plays a 

significant role in the study of differential geometry and theoretical physics. In Riemannian geometry, 

the Weyl tensor characterizes the conformal properties of the manifold, providing a measure of the 

deviation from conformal flatness. Extending such structures to Finsler geometry a generalization of 

Riemannian geometry introduces rich geometrical complexity and broader curvature behaviors. 

This study focuses on analyzing the behavior of the Weyl conformal curvature tensor     
  within the 

framework of Finsler spaces. In particular, we explore its recurrence properties under the context of 

generalized recurrent Finsler (RF) and birecurrent Finsler (BRF) spaces, denoted as        -    and 

       -    , respectively. The work involves detailed covariant differentiation of the Weyl tensor, 

incorporation of scalar, Ricci, and projective tensors, and identification of conditions under which 

these tensors preserve generalized recurrence structures. 

By establishing several theorems and proving equivalence conditions for recurrence behaviors, we 

provide a unified framework for understanding the conformal geometric structures in Finsler spaces. 

The theoretical insights gained from this research not only deepen the algebraic understanding of 

Finslerian recurrence but also set the groundwork for potential applications in modern geometric 

theories. 

The study of curvature tensors in Riemannian and Finsler geometries has attracted considerable 

attention due to its fundamental role in understanding the intrinsic structure of manifolds and their 

generalizations. Over the years, numerous researchers have contributed to the development of this area 
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by introducing various types of curvature tensors and analyzing their recurrence properties and 

geometric implications. Notably, the works of Abu-Donia et al. (2020), Ahsan and Ali (2014, 2016) 

explored the role of www- and w∗w^*w∗-curvature tensors in the context of relativistic space-times, 

highlighting their significance in mathematical physics. Further, Al-Qashbari and collaborators have 

made extensive contributions to the field by introducing generalized recurrent, birecurrent, and 

trirecurrent Finsler structures involving higher-order covariant derivatives, such as those of Berwald 

and Cartan (e.g., Al-Qashbari et al., 2024; 2025). Their studies on projective, conharmonic, and Weyl 

curvature tensors within the Finslerian framework have deepened the understanding of higher-order 

geometrical structures and their decomposition properties. 

In addition, foundational works by Misra et al. (2014), Pandey et al. (2011), and Goswami (2017) laid 

theoretical groundwork for higher-order recurrence and its applications in specialized Finsler spaces. 

Meanwhile, Rund’s classic monograph (1981) continues to serve as a cornerstone reference in the 

differential geometry of Finsler spaces. 

This body of literature provides the essential theoretical framework and motivation for the present 

study, which aims to further investigate the behavior of the conformal curvature tensor in the setting of 

generalized recurrent and birecurrent Finsler spaces using higher-order covariant derivatives and 

associated curvature relations. 

The work of Al-Qashbari and his colleagues, including their studies on generalized recurrent Finsler 

spaces and various decomposition techniques, contributes to the ongoing development of Finsler 

geometry. Their research on the conformal curvature tensor and its properties in generalized Finsler 

spaces provides valuable insights into the intricate relationships between curvature, torsion, and the 

underlying geometric structures. 

This paper builds on the foundation laid by previous studies, particularly focusing on the role of 

conformal curvature tensors in generalized recurrent Finsler spaces. By extending existing methods and 

exploring new techniques, we aim to deepen the understanding of the geometry of these spaces, offering 

new avenues for further research in the field. 

In this paper, we investigate some identities between Weyl’s tensor     
  and conformal tensor     

 . We 

first introduce the basic concepts of Weyl’s curvature tensor and conformal tensor     
 . Then, we derive 

some identities between these two tensors. 

2. Preliminaries:  

In this section, some conditions and definitions well be provided for the purpose of this paper. Two 

vectors    and     meet the following conditions  

          a)            
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          c)     
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Also, if we suppose that the tensor    
   satisfy the following identities  

          a)     
          ,     b)     

    ,                c)     
     

    ,  

          d)         
     

  ,   e)         
      and  f)      

       .                                                  (2.8)                           

The conformal tensor      
 , torsion tensor     

 , Ricci tensor    , curvature vector    and scalar 

curvature    are satisfying: 

          a)       
         

    ,    b)      
        

    ,     c)       
      

          d)      
     ,              e)   

          and           f)           
       

                                          (2.9)  

Cartan’s 3th curvature tensor      
 , Ricci tensor    , the vector    and scalar curvature    are defined as 

          a)       
      ,   b)        

      ,   c)    
     and   d)     

  (   )                      (2.10) 

Let us consider a Finsler space    which the Weyl’s projective curvature tensor     
  satisfies a 

generalization generalized     
 -recurrent space and denoted by   

       
       i.e. satisfies  the 

following condition [5 - 6]   
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     )                                      (2.11) 

where              are non-zero covariant vectors of first order. 

By taking the    covariant derivative of (2.11), with respect to   , we obtain:  
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     )                                                                                           (2.12) 

where               ,                and     (         ) are non-zero covariant 

tensors field of second order and     is non-zero covariant  victor of  first order, respectively.  

Definition 2.1. In Finsler space, which the Wely’s projective curvature tensor     
  satisfies the 

condition (2.12) is called the generalization generalized    
 -birecurrent space and the tensor will be 

called a generalization generalized  -birecurrent space. These space and tensor denote them briefly by 

  
       

       and   
           respectively. 

A Finsler space    which the curvature tensor     
  satisfies the condition (2.12) is referred to as the 

generalization generalized    
                    and denoted by   

       
        

In next section, we introduce a new class of Finsler spaces, namely, generalized    
 -recurrent spaces 

and generalized    
 -birecurrent spaces. These spaces generalize the concept of recurrence and 

birecurrence to a broader setting and exhibit interesting geometric properties. We investigate the 

curvature tensor of these spaces and establish several characterization theorems. 

3. Relationship Between Weyl’s Curvature Tensor and Conformal Curvature Tensor  

            Finsler geometry, as a generalization of Riemannian geometry, provides a powerful framework for modeling a wide 

range of physical phenomena. In Finsler spaces, the curvature properties of the space are characterized by various curvature 

tensors, among which Weyl and the conformal curvature tensor      
   play a significant role. While the geometric 

interpretations and physical implications of these tensors have been extensively studied, the relationship between them 

remains a subject of ongoing research. This paper aims to investigate the connection between Weyl’s curvature tensor and 

the conformal curvature tensor      
  in Finsler spaces. By exploring their algebraic and geometric properties, we seek 

to establish new identities and inequalities that relate these two tensors. Our findings are expected to contribute to a deeper 

understanding of the curvature structure of Finsler spaces and provide insights into their applications in physics, such as in the 

study of gravitational theories and cosmology. 
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Some properties of      
  curvature tensor was proposed by Al-Qashbari, Abdallah and Al-ssallal [4]. 

For (   ) a Riemannian space, Weyl defined the conformal curvature tensor      
  often known as 

the Weyl conformal curvature tensor, as  
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By taking the    covariant derivative of (3.1), with respect to   , we obtain:  
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In conclusion the proof of theorem is completed, we can determine 

Theorem 3.1. In the space            , the conformal curvature tensor      
  represents a 

generalized   recurrent Finsler space, provided that the condition (3.7) is satisfied. 

By transvecting the condition to a higher-dimensional space as given in equation (3.5) with respect to  

    and utilizing relations (2.9a), (2.1a), (2.3b) and (2.10a), we obtain the following result  
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Therefore, the proof of theorem is completed, we conclude 

Theorem 3.2. In the space            , the torsion tensor    
  (Conformal curvature tensor     

 ) 

represents a generalized recurrent Finsler space, provided that the condition (3.10) is satisfied. 

By transvecting the condition to a higher-dimensional space as given in equation (3.8) with respect to  

    and utilizing relations  (   ), (2.9b), (2.3a), (2.3b), (2.1b), (2.8a), (2.1c) and (2.10e), we obtain 

the following result  
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Therefore, the proof of theorem is completed, we conclude 

Theorem 3.3. In the space            , the projective deviation tensor    
  represents a generalized  

recurrent Finsler space if and only if the tensors (     
        

   ) (  
     

    
 ) and  (  

   
  

  
   ) are generalized recurrent Finsler space. 

By contracting the index space through summation over indices i and h in the equations (3.5), (3.8) and 

(3.11), and applying relations (2.2a), (2.1a), (2.1b), (2.8b), (2.8c), (2.8d), (2.10c), (2.10d) and (2.1c), in 

view of ( 2.9c), (2.9d) and (2.9e), we obtain the following result 
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In conclusion the proof of theorem is completed, we can say 

Theorem 3.4. In the space              , Ricci tensor     , vector    and scalar   are defined in 

equations (3.15), (3.18) and (3.21) , respectively, if and only if the conditions (3.16), (3.19) and (3.22) 

are satisfied. 

By transvecting the condition to a higher-dimensional space as given in equation (3.5) with respect to 

     and utilizing relations (2.1d), (2.2c), (2.8d) and (2.9f), we obtain the following result  
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Therefore, the proof of theorem is completed, we can say 

Theorem 3.5. In the space             , associate tensor       (Conformal curvature tensor     
 ) 

represents a generalized recurrent Finsler space, provided that the condition (3.25) is satisfied. 

By taking the    covariant derivative of (3.1), with respect to    and    , respectively, and applying 

the condition (2.2c), we get  
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In conclusion the proof of theorem is completed, we can determine 

Theorem 3.6. In the space             , conformal curvature tensor      
  represents a generalized   

birecurrent Finsler space, provided that the condition (3.29) is satisfied. 

By transvecting the condition to a higher-dimensional space as given in equation (3.27) with respect to  
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     (  
      

   )  
 

 
   (  

       
    )  

 

 
  (  

       
    )    

        
 

 
(    

    
   )     

 

 
(  

         
 )
    

 
 

 
. (  

      
   )/

    
 
 

 
   (     

    
   ) 

         
 

 
   (   

          
 )  

 

 
    (  

      
   )                                                                     (3.30) 

This demonstrates that  

                 
        

     (  
      

   )  
 

 
   (  

       
    ) 

          
 

 
  (  

       
    )                                                                                                              

(3.31) 

If and only if  

         (     
     

   )        (     
     

   )  

         (   
          

 )
    

=   (   
          

 )  and 

         . (  
      

   )/
    

=    (  
      

   )                                                                           (3.32) 

Therefore, the proof of theorem is completed, we conclude 

Theorem 3.7. In the space             , the torsion tensor    
  (Conformal curvature tensor     

 ) 

represents a generalized birecurrent Finsler space, provided that the condition (3.32) is satisfied. 

By transvecting the condition to a higher-dimensional space as given in equation (3.30) with respect to  
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Therefore, the proof of theorem is completed, we conclude 

Theorem 3.8. In the space             , the projective deviation tensor    
  represents a generalized  

birecurrent Finsler space if and only if the tensors (     
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and (3.33), and applying relations (n=4), (2.2a), (2.1a), (2.1b), (2.8b), (2.8c), (2.8d), (2.10c), (2.10d) 

and (2.1c), in view of ( 2.9c), (2.9d) and (2.9e), we obtain the following result 
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In conclusion the proof of theorem is completed, we can say 

Theorem 3.9. In the space              , Ricci tensor     , vector    and scalar   are defined in 

equations (3.37), (3.40) and (3.43), respectively, provided that the conditions (3.39), (3.41) and (3.44) 

are  satisfied. 
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By transvecting the condition to a higher-dimensional space as given in equation (3.27) with respect to  

     and utilizing relations (2.2c), (2.2d), (2.8d), and (2.9f), we obtain the following result  
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This demonstrates that  
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If and only if  

         (       
     

    )        (       
     

    )   

         (   
              

 )
    

    (   
              

 )  and 

          . (   
        

    )/
    

     (   
        

    )                                                           (3.47) 

Therefore, the proof of theorem is completed, we can say 

Theorem 3.10. In the space              , associate tensor       (Conformal curvature tensor     
 ) 

represents a generalized birecurrent Finsler space, provided that the condition (3.47) is satisfied. 

4. Conclusions  

In this work, we have established a comprehensive treatment of the Weyl conformal curvature tensor 

    
  and its derivatives in the context of generalized recurrent and birecurrent Finsler spaces. Through 

rigorous covariant differentiation and tensor contractions, we derived multiple characterizations of the 

conformal, torsion, Ricci, and projective deviation tensors. 

Our analysis led to the formulation of eight theorems (Theorems 3.1 to 3.8), each providing necessary 

and sufficient conditions for a specific tensor to represent a generalized recurrent or birecurrent 

structure in the Finsler space        -    and        -    . These results highlight the critical role 

of conformal geometry in characterizing the intrinsic structure of Finsler spaces and contribute 

significantly to the broader field of differential geometry. 

Future studies may build upon this framework to investigate applications in gravitational theories, 

spacetime models in physics, and further generalizations in Finsler and pseudo-Finsler geometry. The 

findings also suggest potential for exploring higher-order recurrence conditions and their geometric 

implications. 

5. Recommendations 

Based on the results of this research, we recommend the following directions for future research: 

 Explore other types of decompositions: Investigate different decomposition schemes and their 

corresponding geometric interpretations. 

 Investigate the physical implications: Explore the physical implications of the decomposition 

results, particularly in the context of field theories and cosmology. 

 Develop numerical methods: Develop numerical methods for computing the decomposed tensors 

and analyzing their properties. 
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    -       عممة فً انفضاءات انهٍاكم ثنائٍة انتكرار انم

 باستخذاو موتر الانحناء انتشاكهً نوٌم

1،2 عادل محمذ عهً انقشـبري                      
فهمً أحمذ مثنى انسلال                                                     

3
 

  ، جبيعت عذٌانضبنعلسى انزٌبضٍبث، كهٍت انخزبٍت                                         عذٌلسى انزٌبضٍبث، كهٍت انخزبٍت عذٌ، جبيعت                  

 عذٌ -جبيعت انعهىو وانخكُىنىجٍب  -كهٍت انهُذست وانحبسببث -لسى انهُذست انطبٍت 

 

 

 

 

     فً هذا انبحث، َذرس خظبئض يىحز الاَحُبء انخشبكهً نىٌم :انمهخص 
 ضًٍ سٍبق انفضبءاث انزًٌبٍَت وانفٍُسهزٌت لأبعبد   

، يع حزكٍز خبص عهى انهٍبكم انًخكزرة وانًعًًت ثُبئٍت انخكزار. لًُب ببشخمبق عذة طٍغ يكبفئت نًىحز الاَحُبء انخشبكهً     

ححج اشخمبلبث حغبٌزٌت يخخهفت، يًب كشف عٍ علالبث يخببدنت عًٍمت بٍٍ يىحزاث الاَحُبء، ويىحز رٌخشً، والاَحُبء انمٍبسً 

، اسخُخجُب انشزوط      ويىحزاث يثم     و    اث الاَحُبء انخشبكهً ببسخخذاو يخجهبث يثم ويشخمبحهب. يٍ خلال ححىٌم حعبٍز

انضزورٌت وانكبفٍت انخً حًكٍّ يىحز الاَحُبء انخشبكهً، ويىحز الانخىاء، ويىحز رٌخشً، ويىحز الاَحزاف الإسمبطً يٍ حًثٍم 

(، وانخً 3.3إنى انُظزٌت  3.3انًعًًت وانًخكزرة ثُبئٍبً. ولذ حىّجج انُخبئج بسهسهت يٍ انُظزٌبث )يٍ انُظزٌت  انفضبءاث انفٍُسهزٌت

حسهى هذِ انُخبئج فً حعًٍك انفهى انهُذسً نهٍبكم انخكزار       -        و      -       حمذو حىطٍفبً شبيلاً نهفضبءاث 

 .كًب حىسّع الإطبر انُظزي نههُذست انفٍُسهزٌتفً انهُذست انخفبضهٍت، 

    الاشخمبق انخغبٌزي يٍ انزحبخٍٍ الأونى وانثبٍَت، فضبء فٍُسهزي يخكزر يعًًبً، يىحز وٌم  انكهمات انمفتاحٍة:
، ويىحز الاَحُبء  

    انخشبكهً 
   . 


