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1. Introduction 

Given  ∑                    
 
   , hence 

∑       ( ) 
 
   is also convergent for all 

         and           ( )        

Is called Abel's method (see[8],[11],[6]). 

Poisson used Abel's method in order to 

recover the original function of Fourier 

Series, (   , - ,  - ,  - ) which gave as 

following: 

Let   ,    - and 2 -periodic function: 

Then  

   ( )  
  
 
 ∑  (        

 

   

        )                      (   ) 

The coefficients at the  above are  

    
 

 
∫  ( )    
 

  
  

   
 

 
 ∫  ( )    (  )    
 

  
     and 

    
 

 
 ∫  ( )    (  )     
 

  
 

Poisson summation is very important 

applications in physics and Engineering. 

Let  ,    -
    , define as space of every 

continuous  and 2L- Periodic function. 

Now, we introduce in this paper, instead of a 

fixed r take Fraction part, in order to we 

reach for positive results (see the third 

section for details) and  give theorem, it is 

generalized the Poisson summation(see 

section 4 for details). 

Now, we introduce some mathematical 

preliminaries that are very important. 

 

   Abstract:   

   The Poisson Summability used Abel's method in order to studying converges uniformly   

   Fourier series. In this paper, we give instead of a fixed r in Abel's method, take  of 

   fractional Part function by their Fourier series on [-L,L], we obtain the new results.  

   Finally,we generalized Poisson summability and studying converges uniformly on [-L,L]. 

  Keywords: Poisson Summability, Fourier Series, Fractional Part Function, Dirichlet  

   Kernel, Poisson Kernel.  
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1. Preliminaries 

Definition 1.1. [2].  A series of the form 

  ( )  
  

 
 ∑ .      .

   

 
/   

   

       .
   

 
/ /                                             (   ) 

is called a trigonometric series.  

Definition 1.2.([2],[12]).If the trigonometric 

series in (2.1) convergent uniform to the 

function f in [-L,L], under series of the form: 

  ( ) 
  

 
 ∑ (      .

   

 
/   

   

      .
   

 
/)                                         

then  ( )   (  ) and the coefficients are 

    
 

 
∫  ( )   
 

  
  

    
 

 
∫  ( )   .

   

 
/     

 

  
   and 

    
 

 
∫  ( )   .

   

 
/    

 

  
 

Definition 1.3. (Dirichlet's Test([5],[3])). 

Let *  + and *  + is two function sequences 

in X such that. 

i)    There is  m   and 

ii)  |∑   ( )
 
   |   ,      , x     

iii)     ( )    ( )          

iv) *  +    uniformly on X.  Then 

∑     
 
    is uniformly convergent in X. 

Definition 1.4. ([13],[14],[15],[16]) 

The floor function of real number x is define 

by symbol ⌊ ⌋ that satisfies the following 

⌊ ⌋    ⌊ ⌋    ; 

                                         * + 

that satisfies x=⌊ ⌋  * + ; 

                                        

       ⌈ ⌉                ⌈ ⌉         

Lemma 1.1 ( Riemann-Lebesgue ([5],[1]) ). 

Given  f  is an integrable function in ,   - 

and    . Then 

       ∫  ( )
 

 
   (  )   

    
   

∫  ( )
 

 

   (  )         

Theorem.1.1. ([1],[4],[7]).  

Let m  , the Dirichlet's kernel  defined by: 

   ( )  
 

 
 ∑    .
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∑   .

   

 
/ 

                                         (   ) 

Proof: Since 

 
 

 
∑   .
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 ∑   .

   

 
/  

      

  ∑   .
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 ∑    .

   

 
/  ∑   .
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        thus 

 
 

 
∑   .
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 ∑    .

   

 
/   

    

1. 2. Abel - Poisson Summability 

Definition 2.1.  Let  ∑       
 
    

be a convergent numerical series, then: 

● The function  (* +)  ∑ * +   
 
    is 

well defined (convergent)      * +      

●     * +    (* +)      where * + be the 

Fractional part function from Definition 

(1.4),   y   . 

We introduce this Abel's method to Fourier 

series. Consist the following , where the 

coefficients in Definition (1.2)  

  * + ( )  
  

 
  ∑ * +  

   .     .
   

 
/ 

        .
   

 
/ /                                        (   ) 

 Which we have to study its limit 
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     ( )     * +    * + ( ), what we 

call the  Abel summation of  ( ). 

Using the exponential expression form 

equation(   )   we obtain the following:     

 * + ( )  ∑ * +| | 
       

 .
   

 
/        (   ) 

Indeed, 

         
 

 
   

 

  
   

 

 
(* +   )  

 

  
(* +   )  * +

        thus 

 * + .
 

 
   

 

  
  /  * +

      

We want to express it in an integral form. 

Let    , hence     be bounded by the  

Lemma (1.1). Thus the series in equation 

(2.2) is continuous for every ⌊ ⌋      

⌊ ⌋  and uniform convergence (see [ l ],[9] ) 

in ⌊ ⌋      ⌊ ⌋   , for any    , 

with these observations, the computation 

bellow are justified. 

 ∑    
 .
   

 
/* +| | 
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∫  ( )   .
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∑   

  

 
(   ) 

    * +| |    

 

Definition 2.2. We define the Poisson kernel 

as the following:  

  * +( )  
 

 
∑   .

   

 
/ 

    * +| |   

therefore, 

  * + ( )  
 

 
∫  ( ) * +(   )    
 

  
 

Using some alternative relations for the 

Poisson kernel. In the first plane, by Euler's 

formula 

  * +( )  
 

 
∑   .
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    * +| | 
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/      .

   

 
/) 

    * +| | 

  
 

 
∑ * +| |   .

   

 
/ 

     
 

 
 

∑ * +| |   .
   

 
/   

    

where we have used sine and cosine parities, 

since summation of one to infinity, then,  we 

exclude the absolute value. Thus  

  * +( )  
 

 
 ∑ * +    .

   

 
/   

         (   ) 

We find the partial sums of the equation 

(3.3). 

   * +( )  ∑   .
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    * +| | 

 ∑   .
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/* + 
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∑   .
   

 
/* +  
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  * + 
 .
  
 
/
   

   * +( )  
  * + 

   * +   .
  

 
/ * + 

   

if we multiply by 
 

 
 at the above, we obtain 

the formula 

  * +( )  
  * + 

 .   * +   .
  

 
/ * + /

               (   ) 

Now, let us give some properties of the 

Poisson kernel. 

Theorem 2.2. 

1)  * + is an even, nonnegative and 2L-

periodic function. 

2)   
 

 
∫  * +( )  
 

  
=1. 

3)        * +( )  tends uniformly to zero 

as * +     in ,    -  (    ). 



JEF/Journal of Education Faculties 

         Volume 17, Issue (1), 2023 
 

 عدنجامعة  -كليات التربية مجلة 

 م 0202 ،(7) ، العدد 71المجلد 

 

AL-Dderbi   & AL- Saiyad                                                 Study of Representation of the Abel-Poisson…  
186 

Proof: 

1) From  expressions in (3.4) , we observe 

that it is nonnegative. form (3.1) we see that, 

it is clear that even and 2  periodic. 

2) From the equation (3.3),we take integral 

from L to –L , we obtain 

 
 

 
∫  * +( )  
 

  
 

  
 

 
∫ .

 

 
 ∑ * +    .

   

 
/ 

   /   
 

  
 

 
 

 
∫

 

 
    

 

  
. 

3) Given      we have that for every 

  | |     

We can bound the denominator by. 

  .   * +   .
  

 
/  * + / 

   .   * +  * +   * +   .
  

 
/  

 * +/ 

   0(  * +)   * + (     .
  

 
/)1 

   0(  * +)   * + (     .
  

 
/)1  

therefore 

  * +( )  
  * + 

 0(  * +)   * +.     
  

 
/1
      

From above equation, it is tends to zero 

where * +     independent of t , that is 

uniform. Thus  

 
  * + 

 0(  * +)   * +.     
  

 
/1

 * +   

→           

Now, we give alternative integral for the 

Abel's series of the Poisson kernel is: 

  * + ( )  
 

 
∫  (   ) * +( )   
 

  
   (   ) 

The above integral can be written as. 

  * + ( )  
 

 
∫  * +( ), (   )  
 

 

 (   )-                                                   (   ) 

Let us now give theorem about Poisson 

summability. 

Theorem  2.3.  

Given     be an integrable function.  

If   has got lateral limit at x, then. 

    * +    * + ( )  
 

 
, (  )   (  )-  

Proof: 

From integral (3.6), we get   

  * + ( )  
 

 
, (  )   (  )- 

  
 

 
∫  * +( )
 

 
, (   )   (  )  

 (   )   (  )-                                  (   ) 

Thus, we take the absolute value at the 

above: 

| * + ( )  
 

 
, (  )   (  )-| 
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        (  )   (  )-  | 

  
 

 
2|∫  * +( ), (   )   ( 
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|  

     |∫  * +( ), (   )   ( 
 )-  

 

 
|3    

We choose one integral and the other 

integral is the same proof. 

 |∫  * +( ), (   )   ( 
 )-  
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  ∫ | * +( ), (   )   ( 
 )-|

 

 
   

  ∫ | * +( ), (   )   ( 
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   ∫ | * +( ), (   )   ( 
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Given   , we can choose    , such that  

         | (   )   ( 
 )|  

 

 
 
 

 
   

Because    (  )          (   ),  

consequently, we can bound the first 

integral: 
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The second integral is: 
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         * +( ) ∫ | (   )   ( 
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since  

 ∫ | (   )   (  )|   ∫ | (  
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  ∫ | (   )|   ∫ | (  )|
 

 

 

  
   

∫ | ( )|    | (  )|
 

  
  

Where the equation holds by  periodicity of. 

Notice that the result is finite because f  is 

integrable. Also, from the last theorem of 

Poisson kernel on theorem.3.1, for r close 

enough to one. 

          * +( )  
 

∫ | ( )|    | (  )|
 

  

 
 

 
    

Thus  

 ∫  * +( )|, (   )   ( 
 )-|

 

 
   

 

 
    

Since   * +   , we obtain that  

 |∫  * +( ), (   )   ( 
 )-  

 

 
|      

consequently 

 ∫  * +( ), (   )   ( 
 )-  

 

             
→          

Similarly. 

 ∫  * +( ), (   )   ( 
 )-

 

 
  

            
→          

The above theorem is proven. 

Remark. 2.1. If   is continuous at x, then 

    * +    * + ( )   ( ). 

The prove is the same as proof at the above 

theorem. 

2. 3. Generalized Poisson Summability 

In this section, we will work to generalize 

the Poisson kernel and then study  the 

uniformly convergence it. 

Theorem 3.1. Let    ( ) be a Dirichlet 

kernel, such that partial summation is 

bounded on ,    --(    ) and there exists 

a function sequence *  ( )+, be uniformly 

decreasing to zero. Then the series 

  

 
 ∑   ( )

 
      .

   

 
/,  

be converges uniformly on ,    --(    ) . 

Proof: 

From Definition 1.5. we have 

 |   ( )|  |
 

 
 ∑    .

   

 
/ 

   |.                               

Multiple by 2sin.
  

  
/  we obtain that     

 |    .
  

  
/   ( )|  |   .

  

  
/  

∑     .
  

  
/    .

   

 
/ 

   |  |   .
  

  
/  

∑ .   .
 

 
  /

  

 
    .

 

 
  /

  

 
/ 

   |  

Decipher the above sums 

 |   ( )|  |
   .  

 

 
/
  

 

    .
  

  
/
|  

 

 |   .
  

  
/|
     

bounded on   ,    ---(    ) and *  ( )+, 

is decreasing and   ( )
   
→   
→     then by 

(                       ), 

which completes the proof.  

The above theorem, gave generalized to the 

Poisson kernel. 
 

Remark 3.1. If we take   ( )  * +
  in 

Theorem 3.1, then we get  * +( ). 
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  Summability Abel-Poisson  دراسة حىل تمثيم

 دانة انجزء انكسري وتعميمها بناءً عهى

  

جهاد فضل علي الدربي. أ                              عنتر علي الصيادد.           

 كهٍت انتسبٍت -انسٌاضٍاثقسم  -معٍد                 

 انٍمه  - نحججامعت              

 

   كهٍت انتسبٍت                           -انسٌاضٍاثقسم  -استاذ 

 انٍمه     -جامعت عدن           

 

 

 

 

 

 

 

 

 

 

 

 

 

  

:انمهخص   

  مجموع بواسون استعمم طسٌقت آبم مه أجم دزاست انتقازب انمىتظم نمتسهسهت فوزٌت. فً هرا انبحث وعطً بدلاً مه  

  , حصهىا عهى وتائج [L,L-]طسٌقت آبم, أخد دانت انجزء انكسسي مه خلال متسهسهت فوزٌت عهى انفتسة فً   rانثابج  

 جدٌدة. وأخٍساً وعمم مجموع بواسون ودزاست انتقازب انمىتظم . 

انكهمات انمفتاحية:          

انكسسي.وواة دزشهٍت , وواة بواسون, دانت انجزء  مجموع بواسون, متسهسهت فوزٌت ,           


