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Abstract: The aim of this paper is to give a connection between two methods, the (g—;)

expansion method and the tanh method which are used to find exact solutions of nonlinear
partial differential equations (NLPDES). It has been shown that these two methods are the
same in special conditions. For illustration we present a new models of Equal-Width (EW)
equation and Vaknenko-Parks (VP) equation. Exact traveling wave solutions are obtained
and expressed in terms of hyperbolic functions, trigonometric functions and rational
functions, with the aid of the software Maple.
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1.Introduction:Many physical phenomena can be represented by nonlinear partial differential
equations (NLPDEs). Therefore, the investigation of exact traveling wave solutions of
nonlinear partial differential equations has become of great interest to the researches. Many
methods have been developed for obtaining exact solutions of NLPDEs such as: the
generalized exponential rational method [1], the extended tanh function method [2], the first
integer method [3], a new rational Sine-Goron method [4], the Jacobi elliptic function

expansion method [5], the generalized Riccati equation mapping method [6], the (CG;—I(G;—;)
expansion method [7], the extended mapping method [8], the modification of fan sub-
equation method [9] and the reduction mKdV method [10].

The tanh method is proposed by Malfiet [11], this method is used for the computation of
exact traveling wave solutions [12,13]. The second method is the (g—;) expansion method has

been proposed by Li Wen-An, Chen Hao and Zhang Guo-Cai [14], this method is an
interesting method to obtain exact solutions for nonlinear partial differential equations

[15,16]. In this paper we prove that the tanh method is a special case of (g—;)-expansion

method.
2. Description of the methods

2.1. The (g—;) expansion method

Suppose we have the following nonlinear partial differential equation

N (U, Uy, Up, Uy Uty o) = 0, (1)
where u = u(x, t) is an unknown function, V" is nonlinear of its arguments, the subscript
denotes the partial derivatives.
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Step 1. Use the wave variable ¢ = a(x — Bt), where a and B are the wave number and the

wave speed respectively, to change the NLPDE into NLODE.
d

Q(u,u',u”,..) =0, '= P (2)
Step 2. Suppose the traveling wave solution of Eg. (2), can be expresses in the form

N
uCe, ) = u@ = ¢+ I o (%) | 3)

where the coefficients ay, a;, « and S are constants to be determined later and (%) satisfies a

nonlinear ordinary differential equation,
NI N2

(&) =u+2(5). @)
where p and A are arbitrary constants, shut that u # 1 and A # 0. The parameter m is a
positive integer and can be determined via balancing between the highest order derivative
terms and the nonlinear term in Eq. (2).

Step 3. Substituting Eq. (3) into Eg. (2) and using Eq. (4). Collecting all terms of the same

INL
power order of (%) ,(i=0,1,2,..,m). Setting each coefficient to zero yields a set of

algebraic equations which can be solved and obtained all the constants a,, a;(i =

1,2,...,m),a and B with the aid of Maple.

The ODE (4) has the following solutions

Case 1: If Au > 0, then

(G_') _ JE (Ccos(m §)+D sin(y/2n e)) )
G2 A\Dcos(JAu &)-csin(Jan§))’

Case 2: If Au < 0, then

(G_’) _ [Aul (Ccosh(z\/l)l—ulf)+65inh(\/|/1—u|f)+D>
G? A Ccosh(z \/Il—yl§)+65inh(\/ll—u|$)—D ’

Case 3: If u=0,4+0,then

(&) = )

In the above expressions, C and D are nonzero constants.

Step 4. Substituting the obtain constants and general solution of Eq. (4) into Eq. (3), we have

the traveling wave solutions of nonlinear partial differential equation (1).

2.2 The tanh method: The tanh method for Eq. (1), is given by

Step 1. Use the wave variable ¢ = a(x — ft) to change the NLPDE into NLODE.

Step 2. The tanh method admits the use of finite expansion

u@é) = S(¥) = X biY' = XL, bitanh' (nf), (8)

Y'=n(1-Y?). (9)

The parameter m is a positive integer and can be determined via balancing between the

highest order derivative terms and the nonlinear term in Eq. (2).

Step 3. Substituting Eqg. (8) into Eqg. (2) and using Eq. (9), yields an algebraic equation in

power of Y. Collect all coefficients of power Y¢,i = (0,1,2, ..., m) in resulting equation where

these coefficients have to vanish. This will give a system of algebraic equations involving the

parameters b;(i = 0,1,2, ..., m), « and (3.

With the aid of the computer program Maple, we can solve the set of nonlinear algebraic

equations and obtain all the constants b;(i = 1,2,...,m ), a and S.

Step 4. Having determined these constants and using Eg. (8), we have the traveling wave

solutions of nonlinear partial differential equation (1).

(6)
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3. Connection between the (g—;) expansion method and the tanh method

The tanh method is a special case of the (g—;) expansion method.

Proof:

Using the general solution of equation Y = tanh(n¢), we have: for Au > 0,

(G_’) _ | (C cos(y/Au &)+D sin(Ap &)
62) — |2 \Dcos(yAu & )-Csin(au €)

If we take C = 0,4 =1 in Eq. (5), we get the following form
& = VAtan Vi§, (10)
since Au > 0,2 = 1. Suppose that /u = ,/—n, by substituting Eq. (10) turns to
% =, ,/—ntan,/—n¢,
= =—fntanh fn&. (11)
Substituting Eqg. (11) into Eqg. (3), we get

m

u(é) = z a; (— \/ﬁtanh\/ﬁf)i,

i=0
u(§&) = YMm, b; tanh'(6¢), & = ﬁ b =—a;6% i=0,12,..,m (12)
By comparing Eg. (8) and Eq. (12), we conclude that the result of the tanh method can be

), where C, D, u and A are arbitrary constants.

obtained directly by the (%) expansion method under the special conditions € = 0 and
A=1

4. Applications

4.1 Exact solutions for potential EW equation

4.1.1 Using (%) expansion method: In this section, we solve our new equation, namely a
potential EW equation as the form

U + 20 (Uy)? — Wiy =0, u=1u(xt), 6,w €ER, (13)
and denoted by potential Equal-Width (pEW) equation, where
Uy + 20Uy — WUy =0, u =u(x,t), 6,w ER, (14)

is the Equal-Width (EW) equation [17].

We get the original solutions for our new equation as the following

Substituting ¢ = a(x — Bt) in Eq. (13), we obtain

—pu’ + 20a(u)? + wa?pu’’ =0, (15)
Balancing the order of the nonlinear term (u’)? with the highest derivative u'"’ gives

2(m+ 1) = m + 3 that givesm = 1.

The solution of Eg. (15) has the form

u() =a,+a, (%), (16)
Substituting Eq. (16) in Eq. (15) and using Eq. (4), collecting the coefficients of each power

I\l
of (G—Z) ,0 < i < 4, setting each coefficient to zero, and solving the resulting system with the
G
aid of Maple, we obtain the following sets of solutions

lL.ag=0a=ap=p,

3BAw 1 1
2.0y =—— |— a= |— =
1 ] 4Auw’ 4)luw’ﬁ B,
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_ 3[3/1(» ’
4Auw 4/1;4(» '8 ’B

Using Eq. (16), the solution of Eq. (4), and the above sets of solutions [1-3], we get
uy(x,t) =0, trivial solution
For Au > 0, we obtain

_3. ﬁw\/i(c cosh(i)iiD sinh(i))

Y23 = + El G(D cosh(s)ﬂc smh(f)) ’

where C, D, w, 6 are arbitrary constant and é = \/g (x — Bt).
For Au < 0, we obtain

f(Ccosh(E)+651nh(E)+D)
i 2 0(Ccosh(&)+Csinh(§)-D) *

~»

Fig (1) Graph of singular periodic Fig (2) Graph of singular Fig (3) Graph of kink solution
solution u, (x, t) when periodic solution ug(x,t) when uy (x,t) when

s

w=-18=2C=1D=260=2 @=-1,=1C=2D=10=-1 w=1=-05C=1,D=-1,0=1

4.1.2 Using the tanh method: By using the above technique in (4.1.1), the solution of Eq.
(15) has the form

u=by+bY, Y =tanh(né). (17)
Substituting Eq. (17) in Eq. (15) and using Eq. (9). Collecting of each power of Y,

0 < i < 4, we obtain the following sets of solutions

Lb1=0cz=cxﬁ-ﬁ

SBw

2.b = —%, —Zn\fﬁ B,
Bﬁw\/; 1 [1

3. by =—-— ,az—a\/;,ﬁzﬁ.

The solution of Eq. (15)
uqy(x,t) = 0, trivial solution

3w |—=
u, (x,t) = —tanh ( ) where w, 6 are arbitrary constants and ¢ = f (x — Bt).
Fig (4) Graph of kink solution u,(x, t) when
w=1=20=1
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The solution
Bw_ | *(c cosh(£)+iD sinh(: )
U, = — 3 w‘/;( Cosf(f), l,smf(Z)) by using the (G—z) expansion method is, the same
2 G(D cosh(E)+lC smh(E)) G
solution

3{301)\[T
uy(x,t) = " tanh( ) by using the tanh method if we put C = 0.
4.2 Exact solution for cmVVP equation
4.2.1 Using ( ) expansion method: In this section, we solve our new equation, namely a

combined Vaknenko-Parkes and the modified VVaknenko-Parkes equation as the form
Vyyr — UyVye + (W2 + 1)1, =0, v =v(x,t), (18)
and donated by (cmVP), where
VVyyt — UyVye + V20, = 0,
is the Vaknenko-Parkes (VVP) equation [18].
VWuxt — VyVye + V30, =0,
is the modified VVaknenko-Parkes (mVP) equation [19].
Substituting ¢ = a(x — Bt), in Eq. (18), we find
a?(v)? — a?vv' — %3 — v:‘* =0, (19)
We get the original solutions for our new equation as the following
Balancing the order of the nonlinear term (u')? and u* gives m = 1

The solution of Eg. (18) has the form

v(&) = ag + a, (), (20)
Substituting Eq. (20) in Eq. (19) and using Eq. (4), collecting the coefficients of each power
N
(%) ,0 < i <4, setting each coefficient to zero, and solving the resulting system with the
aid of Maple, we obtain the following sets of solutions
—4

1. aO =?,a1

-2 ,—,1 /1
2. a0=—,a1= ey

3

-2 ,—,1 f
) =—= =22 a=421 1
3. a S 3 ”,a A

Using Eq. (20), the solution of Eq. (4), and the above sets of solutions [1-3], we get
vi(x, t) = _?4, trivial solution

For Au > 0, we obtain

¢ cos(\/Au&)+D sin(\/Auf)
1723(96 t) = _g i 3 ( Dcos(ﬁ@?Csin(Wf))'

where C, D are arbitrary constants and ¢ = i(x — Bt).

For Au < 0, we obtain
2, 2 ¢ cosh (2/12u§)£C sinh(2,/T2u§)+D
174‘5(96, t) T 373 C cosh (ZJIAMIE)$C sinh(ZJI/luIE)—D '

3
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Fig (5) Graph of anti- kink solution Fig (6) Graph of of anti-kink
v4(x, t) when solution wvs(x,t) when
A=1,u=-1,=1C=2,D=1 A=1pu=-1,=-2,C=-3,D=-2

4.2.2 Using the tanh method: By using the above technique in (4.2.1), the solution of Eq.
(19) has the form

v = by + biY, Y = tanh(né). (21)
Substituting Eq. (21) in Eq. (19) and using Eq. (9). Collecting of each power of Y,

0 <i < 4, setting each coefficient to zero, and solving the resulting system with the aid of
Maple, we obtain the following sets of solutions

2 2 i
lby=—-2by=2a=+ —

3 3 3n

2 2 i
2.b0=——,b1=——,0£=i -

3 3 3n

The above set of values yields the following exact solutions for cmVP
v(x,t) = —é +§i tan(¢), where ¢§ = i(x — Bt).
The solutions

_ 2, 2. (Ccos(yAu§)+D sin(\/l_uf)> . G’ . .
V3 (x, t) = st 3 (Dcos(mfﬁmn(mf) by using the ((;2)' expansion method is, the

same solution
v(x,t) = —2 +§i tan(¢) by using the tanh method if we put € = 0,4 = 1.

!

5. Conclusion: In this paper, we have been looking for a comparison between the (%)
expansion method and tanh method. we have analyzed the two new form of Equal-Width
(EW) equation and Vakhnenko-Parkes (VP) equation. Exact traveling wave solutions are
constructed including periodic wave solutions and kink wave solutions. Many solutions
represent graphically with the aid of Scientific WorkPlace by choosing the suitable values of
involved parameters. We have succeeded in identifying the equivalence of two methods under
special conditions. We proved that the tanh method is a special case of (g—) expansion

2
method. It is also a promising methods to solve other nonlinear partial differential equations.
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