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1.Introduction:Many physical phenomena can be represented by nonlinear partial differential 

equations (NLPDEs). Therefore, the investigation of exact traveling wave solutions of 

nonlinear partial differential equations has become of great interest to the researches. Many 

methods have been developed for obtaining exact solutions of NLPDEs such as: the 

generalized exponential rational method [1], the extended tanh function method [2], the first 

integer method [3], a new rational Sine-Goron method [4], the Jacobi elliptic function 

expansion method [5], the generalized Riccati equation mapping method [6], the (
  

   
  

  )- 

expansion method [7], the extended mapping method [8], the modification of fan sub-

equation method [9] and the reduction mKdV method [10]. 

       The tanh method is proposed by Malfiet [11], this method is used for the computation of 

exact traveling wave solutions [12,13]. The second method is the (
  

  )- expansion method has 

been proposed by Li Wen-An, Chen Hao and Zhang Guo-Cai [14], this method is an 

interesting method to obtain exact solutions for nonlinear partial differential equations 

[15,16]. In this paper we prove that the tanh method is a special case of (
  

  )-expansion 

method.  

2. Description of the methods 

2.1. The (
  

  )- expansion method 

Suppose we have the following nonlinear partial differential equation 

 (                 )            ( ) 

where    (   ) is an unknown function,   is nonlinear of its arguments, the subscript 

denotes the partial derivatives. 

Abstract: The aim of this paper is to give a connection between two methods, the (
  

  )- 

expansion method and the tanh method which are used to find exact solutions of nonlinear 

partial differential equations (NLPDEs). It has been shown that these two methods are the 

same in special conditions. For illustration we present a new models of Equal-Width (EW) 

equation and Vaknenko-Parks (VP) equation. Exact traveling wave solutions are obtained 
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Step 1. Use the wave variable    (    )  where   and   are the wave number and the 

wave speed respectively, to change the NLPDE into NLODE. 

 (          )         
 

  
                     ( ) 

Step 2. Suppose the traveling wave solution of Eq. (2), can be expresses in the form  

 (   )   ( )     ∑   (
  

  )
 

  
                       (3) 

where the coefficients         and   are constants to be determined later and (
  

  ) satisfies a 

nonlinear ordinary differential equation, 

(
  

  )
 

    (
  

  )
 

             (4)  

where   and   are arbitrary constants, shut that     and    . The parameter   is a 

positive integer and can be determined via balancing between the highest order derivative 

terms and the nonlinear term in Eq. (2). 

Step 3. Substituting Eq. (3) into Eq. (2) and using Eq. (4). Collecting all terms of the same 

power order of (
  

  )
 

 (           ). Setting each coefficient to zero yields a set of 

algebraic equations which can be solved and obtained all the constants       (  

          )         with the aid of Maple. 

The ODE (4) has the following solutions 

Case 1: If      , then 

(
  

  )  √
 

 
(
    (√    )     (√    )

    (√     )     (√    )
)          (5)  

Case 2: If      , then  

(
  

  )    
√|  |

 
(

     ( √|  |  )      ( √|  |  )  

      (  √|  |  )      ( √|  |  )  
)       (6)  

Case 3: If           then           

(
  

  )  
  

 (    )
            (7)  

In the above expressions,   and   are nonzero constants. 

Step 4. Substituting the obtain constants and general solution of Eq. (4) into Eq. (3), we have 

the traveling wave solutions of nonlinear partial differential equation (1). 

2.2 The tanh method: The tanh method for Eq. (1), is given by 

Step 1. Use the wave variable    (    )  to change the NLPDE into NLODE. 

Step 2. The tanh method admits the use of finite expansion 

 (  )   ( )  ∑    
  

    ∑       
 (  ) 

           (8) 

    (    ).                     (9) 

The parameter   is a positive integer and can be determined via balancing between the 

highest order derivative terms and the nonlinear term in Eq. (2). 

Step 3. Substituting Eq. (8) into Eq. (2) and using Eq. (9), yields an algebraic equation in 

power of  . Collect all coefficients of power      (         ) in resulting equation where 

these coefficients have to vanish. This will give a system of algebraic equations involving the 

parameters   (           ),   and  . 

With the aid of the computer program Maple, we can solve the set of nonlinear algebraic 

equations and obtain all the constants    (            )           

Step 4. Having determined these constants and using Eq. (8), we have the traveling wave 

solutions of nonlinear partial differential equation (1).   
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3. Connection between the (
  

  )- expansion method and the tanh method 

The tanh method is a special case of the (
  

  )- expansion method. 

Proof: 

Using the general solution of equation        (  ), we have: for        

(
  

  )  √
 

 
(
    (√    )     (√    )

    (√     )     (√    )
)  where       and   are arbitrary constants. 

If we take         in Eq. (5), we get the following form 

  

   √    √               (10) 

since         . Suppose that √  √    by substituting Eq. (10) turns to  

 
  

   √     √      

 
  

     √     √              (11) 

Substituting Eq. (11) into Eq. (3), we get 

 ( )  ∑   

 

   

(  √     √  )
 
   

 ( )  ∑       
 (  )       √         

 
       

                                               (12) 

By comparing Eq. (8) and Eq. (12), we conclude that the result of the tanh method can be 

obtained directly by the (
  

  )- expansion method under the special conditions     and 

     

4. Applications 

4.1 Exact solutions for potential EW equation 

4.1.1 Using (
  

  )- expansion method: In this section, we solve our new equation, namely a 

potential EW equation as the form 

     (  )
                (   )               (13) 

and denoted by potential Equal-Width (pEW) equation, where 

                       (   )                 (14) 

is the Equal-Width (EW) equation [17]. 

We get the original solutions for our new equation as the following  

Substituting    (    ) in Eq. (13), we obtain  

        (  )                       (15) 

Balancing the order of the nonlinear term (  )  with the highest derivative      gives  

 (   )      that gives      

The solution of Eq. (15) has the form  

 ( )       (
  

  )            (16) 

Substituting Eq. (16) in Eq. (15) and using Eq. (4), collecting the coefficients of each power 

of (
  

  )
 

        setting each coefficient to zero, and solving the resulting system with the 

aid of Maple, we obtain the following sets of solutions 

1.                

2.      
    

 
√ 

 

    
   √ 
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3.      
    

 
√ 

 

    
    √ 

 

    
      

Using Eq. (16), the solution of Eq. (4), and the above sets of solutions [1-3], we get 

  (   )        trivial solution 

For        we obtain  

        
 

 
 
  √

 

 
(     (

 

 
)       (

 

 
))

 (     (
 

 
)       (

 

 
))

  

where         are arbitrary constant and    √
 

 
(    )    

For     , we obtain 

        
 

 

 √
 

 
(     ( )      ( )  )

 (     ( )      ( )  )
  

 

 

 

 

 

 

 

 

 

 

4.1.2 Using the tanh method:  By using the above technique in (4.1.1), the solution of Eq. 

(15) has the form 

                  (  )          (17)         

Substituting Eq. (17) in Eq. (15) and using Eq. (9). Collecting of each power of     

     , we obtain the following sets of solutions 

1.               

2.     
   √

 

 

  
    

 

  
√

 

 
      

3.       
   √

 

 

  
     

 

  
√

 

 
      

The solution of Eq. (15) 

   (   )       trivial solution 

   (   )   
   √

 

 

   
    (

 

 
)   where     are arbitrary constants and   √

 

 
(    )   

 

 

 

 

 

 

 

 

 

𝝎   𝟏 𝜷  𝟐 𝑪  𝟏 𝑫  𝟐 𝜽  𝟐 

Fig (1)   Graph of singular periodic 

solution 𝒖𝟐(𝒙 𝒕) when 

 

𝝎   𝟏 𝜷  𝟏 𝑪  𝟐 𝑫  𝟏 𝜽   𝟏 

Fig (2)   Graph of singular 

periodic solution  𝒖𝟑(𝒙 𝒕) when 

𝝎  𝟏 𝜷   𝟎 𝟓 𝑪  𝟏 𝑫   𝟏 𝜽  𝟏 

Fig (3)   Graph of kink solution  

𝒖𝟒(𝒙 𝒕) when 

𝝎  𝟏 𝜷  𝟐 𝜽  𝟏 

 

Fig (4)  Graph of kink solution  𝒖𝟐(𝒙 𝒕) when 
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The solution  

       
 

 
 
  √

 

 
(     (

 

 
)       (

 

 
))

 (     (
 

 
)       (

 

 
))

  by using the (
  

  )- expansion method is, the same 

solution 

  (   )   
   √

 

 

   
    (

 

 
)  by using the tanh method if we put      

4.2 Exact solution for cmVP equation 

4.2.1 Using (
  

  )- expansion method: In this section, we solve our new equation, namely a 

combined Vaknenko-Parkes and the modified Vaknenko-Parkes equation as the form 

            (     )           (   )         (18)                                                             

and donated by (cmVP), where  

                      

is the Vaknenko-Parkes (VP) equation [18]. 

                    

is the modified Vaknenko-Parkes (mVP) equation [19]. 

Substituting      (    ) , in Eq. (18), we find 

  (  )         
  

 
 

  

 
                     (19) 

We get the original solutions for our new equation as the following  

Balancing the order of the nonlinear term (  )  and    gives     

The solution of Eq. (18) has the form  

 ( )       (
  

  )                                                (20) 

Substituting Eq. (20) in Eq. (19) and using Eq. (4), collecting the coefficients of each power  

(
  

  )
 

       , setting each coefficient to zero, and solving the resulting system with the 

aid of Maple, we obtain the following sets of solutions 

1.     
  

 
           

2.     
  

 
     

 

 
√

  

  
      

 

 
√

 

  
  

3.     
  

 
      

 

 
√

  

  
      

 

 
√

 

  
. 

Using Eq. (20), the solution of Eq. (4), and the above sets of solutions [1-3], we get 

  (   )  
  

 
     trivial solution 

For     , we obtain  

     (   )   
 

 
 

 

 
 (  

    (√   )     (√   )

    (√   )     (√   )
)  

where     are arbitrary constants and   
 

 
(    )    

For     , we obtain 

     (   )   
 

 
  

 

 
(  

      ( √|  | )       ( √|  | )  

      ( √|  | )       ( √|  | )  
). 
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4.2.2 Using the tanh method: By using the above technique in (4.2.1), the solution of Eq. 

(19) has the form 

                  (  )                         (21) 

Substituting Eq. (21) in Eq. (19) and using Eq. (9). Collecting of each power of     

     , setting each coefficient to zero, and solving the resulting system with the aid of 

Maple, we obtain the following sets of solutions 

1.    
 

 
    

 

 
      

 

  
 

2.     
 

 
     

 

 
      

 

  
 

The above set of values yields the following exact solutions for cmVP 

  (   )   
 

 
 

 

 
     ( )  where   

 

 
(    )  

The solutions   

      (   )   
 

 
  

 

 
  (

    (√   )     (√   )

    (√   )     (√   )
)  by using the (

  

  )- expansion method is, the 

same solution 

  (   )   
 

 
 

 

 
     ( )  by using the tanh method if we put          

5. Conclusion:  In this paper, we have been looking for a comparison between the (
  

  )
 

- 

expansion method and tanh method. we have analyzed the two new form of Equal-Width 

(EW) equation and Vakhnenko-Parkes (VP) equation. Exact traveling wave solutions are 

constructed including periodic wave solutions and kink wave solutions. Many solutions 

represent graphically with the aid of Scientific WorkPlace by choosing the suitable values of 

involved parameters. We have succeeded in identifying the equivalence of two methods under 

special conditions. We proved that the tanh method is a special case of  (
  

  )
 

- expansion 

method. It is also a promising methods to solve other nonlinear partial differential equations. 
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لخطيةا غيرهقارًة بيي طريقتيي لإيجاد الحلول الذقيقة لٌوارج جذيذة هي الوعادلات التفاضلية الجزئية   
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هالة صالح بافرج  
2

 

 خاهعت عذى -كليّت الخشبيت عذى -قسن الشياضياث         خاهعت عذى -كليّت الخشبيت عذى -قسن الشياضياث
 

 

 

)الهذف هي هزا البحث هى حقذين اسحباط بيي طشيقخيي، طشيقت  :الولخص
  

  )
 

، اللخيي حسُخخذهاى tanhالوىسعّت وطشيقت -

الطشيقخيي (، وقذ حىصلٌا أى هاحيي NLPDEsلإيداد الحلىل الذقيقت للوعادلاث الخفاضليت الدزئيت غيش الخطيت )

باسكس  -( وهعادلت فاكيٌكىEWهخساويخاى ححج ششوط هعيٌت. للخىضيح، ًقذم ًوارج خذيذة لوعادلت العشض الوخساوي )

(VP حن الحصىل على حلىل دقيقت لوىخاث هخٌقلت والخعبيش عٌها  بىاسطت الذوال الزائذيت، الذوال الوثلثيت والذوال ،)

 . Mapleالكسشيت، بوساعذة بشًاهح 

 لتباسكس الوعذّ  -، هعادلت فاكٌيٌكى(VP) باسكس -، هعادلت فاكٌيٌكى(EW) هعادلت العشض الوخساوي : الكلوات الوفتاحية

(mVP) الوىسعّت  ، الحلىل الذقيقت، طشيقت  (
  

  
 . tanh وطشيقت (


